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Abstract

The market portfolio efficiency remains controvatsiThis paper develops a new test of
portfolio mean-variance efficiency relying on tlealistic assumption that all assets are risky.
The test is based on the vertical distance of Hgdar from the efficient frontier. Monte Carlo
simulations show that our test outperforms the iptess mean-variance efficiency tests for
large samples since it produces smaller size distar for comparable power. Our empirical
application to the U.S. equity market highlightattthe market portfolio is not mean-variance

efficient, and so invalidates the zero-beta CAPM.

Keywords: Efficient portfolio, mean-variance efficiency, iefency test.

JEL codes:G11, G12, C12.



1. Introduction

This paper proposes a new test of portfolio meaianee (MV) efficiency based on the
realistic assumption that all assets are riskytiigshe mean-variance (MV) efficiency of the
market portfolio, or equivalently testing the valdof the Capital Asset Pricing Model
(CAPM) of Sharpe (1964) and Lintner (1965), is gonaask for financial econometricians.
The debate on this issue dates back to the breaighrtheoretical contributions of Roll
(1977) and Ross (1977) questioning the efficientyhe market portfolio. In the wake of
these contributions, numerous empirical studiesbl§Gms, 1982; Gibbonet al, 1989;
MacKinlay and Richardson, 1991; among others) foilvad the market portfolio may indeed
lie far away from the efficient frontier. Ironicgllthis debate was recently fuelled by Levy
and Roll (2010), who published an article entitfethe market portfolio may be mean-
variance efficient after &ll We take a fresh look at this issue.

All portfolio managers are—or should be—faced wifth issue of checking whether a given
portfolio is optimal within a predefined investmemntiverse. For this purpose, MV efficiency,
as defined by Markowitz (1952, 1959), remains tleg kptimality concept. Currently, the
econometric literature offers a wide variety oftsefor MV efficiency. Most are designed for
universes that include a riskless ass&his represents a considerable constraint when it
comes to practical implementation. By contrast fraper focuses on MV efficiency tests that
allow all assets to be risky.

The assumption that all assets are risky is higélgvant given that riskless assets are no
longer realistic in modern financial markets. Tkeant debt crisis has highlighted that even

the supposedly safest assets, namely sovereignshisaded by developed countries, are

! When the investment universe includes a risklgsstathe efficient frontier is a straight line,igthmakes the
derivations far simpler (Gourierowet al, 1997). Tests falling in this category have besyppsed by Gibbons
(1982), Jobson and Korkie (1982), and MacKinlay Richardson (1991), among others. The test intred oy
Gibbonset al (1989) has since then become the standard. MickBa@89) and Green and Hollifield (1992)
discuss the limitations of this framework. Besiddy, efficiency tests must be distinguished from Mpanning
tests, which examine whether the efficient fronkigilt from a given set of assets intersects tbatfer resulting
from a larger set (see De Roon and Nijman (200da feurvey).



exposed to default risk. In the same way, the frgeaf the money markets and the Lehman
Brothers’ bankruptcy underlined the counterparty &quidity risks associated with money
market investments (Bruche and Suarez, 2010; Kaistunthy, 2010; Acharyat al, 2011).
Investors can thus meet severe restrictions onowimg (Black, 1972), and the riskless
borrowing rate can largely exceed the Treasury fisite (Brennan, 1971). For all these
reasons, MV efficiency is better tested withoutasisig the availability of a riskless asset.
Two broad classes of MV efficiency tests for riskgset universes exist in the literature:
likelihood-based tests and geometric tests. Thaditikod-based tests are directly inspired by
the formulation of the CAPM. While the riskless etsgs needed to establish the original
CAPM, further refinements by Black (1972) allow thiskless asset to be replaced by the
zero-beta portfolio. To address the nonlinearigesbedded in the Black CAPM, Gibbons
(1982) builds a likelihood-ratio test statisticy fwhich Kandel (1984, 1986) derives the exact
asymptotic chi-square distribution. However, beeaubkis test uses the Gauss-Newton
algorithm, practical implementation turns out to bemplex (Zhou, 1991). Moreover,
Shanken (1985) shows that Gibbons’ (1982) teststéadver-reject MV efficiency in finite
sample<. Levy and Roll (2010) (henceforth, L&R) offer a mivikelihood-ratio test for MV
efficiency. This test is based on implicitly estimg the zero-beta rate by determining the
minimal changes to sample parameters that makeketaoxy efficient

On the other hand, the first geometric test of Bagagannathan and Sun (2002) (henceforth,
BJS) is based on the “horizontal distance” betwidbenportfolio whose MV efficiency is in
question and its same-return counterpart on the e¥fi¢ient frontier Unfortunately, some

portfolios lack such a counterpart (Geratdal, 2007), which in turn limits the applicability

% In reaction to these criticisms, several auth@kafken, 1985, 1986; Zhou, 1991; Velu and Zhou9199
Beaulieuet al, 2008) provide lower and upper bounds to thepeatlues.

% Small variations in expected returns and volagitmay indeed lead to significant changes in thedfficient
frontier (Best and Grauer, 1991; Britten-Jones,9)99

* The null hypothesis is that the “horizontal distehis zero. BJS derive the asymptotic distributifnthis
distance. Interestingly, the BJS test can be imphged with and without restrictions on short-sglliBesides,
the BJS test can also be used to compare effitiemtiers (Ehling and Ramos, 2006; Drut, 2010).



of the BJS test. Moreover, while this horizontadttes particularly suitable in the case of
investors seeking to minimize the risk of theirastments with an expected return goal, this
is not the case for all categories of investoran&mf them have instead a well-defined
objective of risk they cannot afford to go beyorithey will thus try, given that risk
constraint, to obtain the highest possible retlims is the case, for example, of benchmarked
portfolio managers, which represent a substanéigl gf the asset management industry. Their
objective is to maximize the excess return of thefplio over the benchmark and at the same
time make sure that the risks do not exceed a divaoking error” fixed in the objectives of
the funds (Roll, 1992; Jorion, 2003). The vertiest proposed in this paper allows to address
an audience of investors with different objectivasd circumvents the aforementioned
limitations. It is based on the vertical inefficagn measure proposed by Kandel and
Stambaugh (1995), Wang (1998), andetial. (2003), namely the difference between the
portfolio’s expected return and the expected retfrits same-variance counterpart on the
MV efficient frontier. Both tests are in fact corepientary. As for testing the efficiency of
the market portfolio, where both dimensions (retanal risk) should be simultaneously taken
into account, the vertical and horizontal testddde used simultaneously.

Our contribution is twofold. First, we define thertical test statistic for MV efficiency,
establish its asymptotic distribution, and comptesize and power performances to those of
the L&R and BJS tests through Monte Carlo simufetioNhile no clear hierarchy emerges
for small samples, the vertical test outperforrmscampetitors for large samples as it exhibits
equivalent power for a smaller size. Secondly, weexamine the market portfolio MV
efficiency using the three tests under review (L&RS and the vertical tests). Irrespectively
of the number of stocks in the universe, we findttthe market portfolio is never MV
efficient according to both the BJS and the veltieats. For the L&R test, the conclusion

depends on the value given to the coefficienhich determines the relative weight assigned



to sample mean changes against standard devidtammges. In other words, the L&R test
reaches no clear-cut and definitive conclusion ndigg the market portfolio efficiency.
Although still frail, the evidence points to theefficiency of the market portfolio, supporting
the Roll's (1977) critique of the CAPM.

The paper is organized as follows. Section 2 pitsstre vertical test and its asymptotic
properties. Section 3 assesses the size and pdwles vertical test and its two competitors.

Section 4 tests the Black CAPM on the U.S. equidyket. Section 5 concludes.

2. The Vertical Test of Mean-Variance Efficiency
Consider an investment universe composedNoprimitive assets with stationary returns

characterized by &-dimensional vectdR, withE(R) = ¢, and CoR) =2. The tested
portfolio, P, is composed of primitive assets. Letlenote its return, withE(r) = 8 and
Var(r) =v?.

Given a sample of returns of siZedenoted(R ),., ; for the N primitive assets an,),., ;

for portfolio P, the empirical counterparts of paramejer& , 3, and v> are respectively

given by:
~ 1
=L YR (1)
~ 1 o
£=F YRR LA 2)
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whereR and r, are the daté-returns on th&l primitive assets and on portfoli®,

respectively.

Figure 1. Horizontal and vertical distances betweeportfolio P and the efficient frontier

Vertical distance
(Vertical test)

Expected return

. . — Efficientfrontier
Horizontal distance

(BJS test) B Tested portfolio P

Variance

As illustrated by Figure 1, the horizontal distanoederlying the BJS test measures of
portfolio P inefficiency is the difference between the var@md P and the variance of its
same-expected-return counterpart on the efficramitier.

Our vertical test is conceived by transposing tl#kS B2002) methodology to the vertical
inefficiency measure introduced by Kandel and Staungh (1995), Wang (1998), anddtial.
(2003). Hence, the vertical test statistis the distance between the expected return of

portfolio P and the expected return of its same-variance Mftieht counterpart. The

estimated distance, denoted Byis the solution to the following program:

®> Another possibility would be to take the minimaldiidian distance between portfol® and the efficient
frontier. This approach would certainly be moregal&, but would also be much more tedious as itldvaux
up first and second order parameters.
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The following proposition states that, under th# tinat portfolioP is MV efficient, estimator

i asymptotically follows a normal distribution.

Proposition 1
i asymptotically follows a normal distribution:
JT(6-6) ~ N(O,¢?) asT - o ©6)

with ¢ =lim, %A% whereA is given by Equation (A2) in Appendix A and reets

the asymptotic covariance matrix of the distinemeénts of iz, <, ,5’ andv, and (%J is

given by (A6) in Appendix A.

Proof: See Appendix A.

As for the BJS test, this asymptotic result dodsreguire normality assumptions on the asset
returns® Moreover, as demonstrated in Appendix A, this ltelsolds both with and without

short-selling restrictions.

3. Power and Size Performances
In this section, we assess the size and powereofditical test and compare its performances

to those of the BJS and L&R tests. To this endsimaulate series of returns drawn from the

® Here, returns are assumed identically and indepehd distributed. The impact of autocorrelationdan
heteroskedasticity in returns could be investigakeohks to the block bootstrap methodology, aldrgglines of
Topaloglou and Scaillet (2010).



investment universe imagined by Detsal. (2010), including three assets with jointly normal

returns having the following parameters:

005 0.00250.00000.0000
#=|010 2 =| 0.00000.04000.0200 (7)
025 0.00000.02000.2500

Daset al. (2010) interpret the first asset as a bond, tlvers® as a low-risk stock, and the
third as a highly speculative stock. For the sakeomparability’ we focus here on the case
where short-selling is allowed.

We simulated 1,000 series of returns of lengths1@0, 180, and 240, respectively. In each
case, two groups of portfolios were composed. Thefglios in the first group were
generated on the efficient frontier in order tareate the risk of type | error (false rejection of
the true hypothesis that portfolios are mean-vagagfficient). The portfolios in the second
group were generated below the efficient fronteeestimate the risk of type Il error (failure
to reject the false hypothesis).

We follow the assessment of statistical tests sstggdeby Wasserman (2004). This procedure
is based on power maximization (i.e., minimizatanthe risk of type Il error) for a given
small size (i.e., risk of type | error). Figureeatures all tested portfolios on a grid in the MV

plane. To each of them, we successively apply tH& B&R, and vertical tests.

" L&R solely apply their test to cases where shetiirsg is allowed. Actually, the performances ogithtest
when short-selling is restricted have not beenstigated so far.
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Figure 2. Efficient frontier and tested portfolios

30%

25%

20%

15% T

Expected return

10% T A A A A A

— Efficientfrontier

5% A B Efficienttested portfolios

A nefficienttested portfolios
0% T T T T T T
0% 5% 10% 15% 20% 25% 30% 35%
Variance

BJS measure the difference in variandebetween the tested portfolband its MV efficient

counterpart with same expected return. The estuohtadeizontal distance is the solution to the

following program:

N VAN
min{ & 2 w—v*
w

st.wjii=p3 (8)

AN
11

Zp:a), =lLw=0 fori=1..,p
i=1

Under the null that portfolioP is MV efficient, A asymptotically follows a normal

distribution: T (i -1) = N(0,6?) asT - o.
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The L&R test draws on the evidence that slightataons in the sample parameters may make
a portfolio MV efficient. More precisely, the L&Rest statistic is built from asset-return
parameters(;f*,a*) that minimize a given distance to the sample palalrs(éz,é) while
making portfolioP MV efficient:

(ur0*)= argmin  d((u.0).(2.6))

() ©

where distancd is defined by:

(10)

N
=1

d((u.0), (m»=Jaﬁz

=i . . 1&(g -4
T aeat o

i i=1 i

and a is a coefficient determining the relative weighsigeed to deviations in means relative
to the deviations in standard deviatidns.

For simplicity, L&R reduce the number of parametergstimate by imposing that covariance

matrix Z* computed from(x*, o*) is based on the sample correlation matrix:

ox, 0 0 o*, 0 0
. o*, ) :o*,
pad : C : (11)
0 0
0 0 o] |O 0 g%y

where C is the sample correlation matrix. In that way, yotlhe variances have to be
estimated.
Under the hypothesis that th¢ original assets follow a jointly normal distriboni, the

likelihood ratio is given by:

(12)

T{.og[gj N tracels (5 (e ) -m-))}

8 See Equation (2) in L&R (2010).
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This test statistic asymptotically follows a chusge distribution with 2N degrees of
freedom’

The choice of the trade-off parameter in Equation (10) is instrumental to the
implementation of the L&R test. Indeed, a low (rebmh) value ofr would create a bias
towards standard deviations (resp. means). Inmetigasesq =0 anda =1), the asymptotic
distribution of the L&R test statistic degenerates a chi-square witiN degrees of freedom.

In our performance assessments, we follow L&R atdre value of to 0.75.

3.1. FalseRegection of Efficient Portfolios

We first assess the type | error. The four simdla#icient portfolios have expected returns
of 10%, 15%, 20% and 25%, respectively. The ragjactrequencies of the null of portfolio
efficiency at the 5% probability level are displelyjia Table 1:° The results show that the size
is uniformly the lowest for the vertical test, fmNed by the L&R test. Nevertheless, the
vertical test, and to a lesser extent the L&R teshibit rejection frequencies that lie below

the theoretical threshold of 5%.

% It should be noticed that L&R do not take into @aat that £/* and 0 * are sample-dependent (as is the case

since the determination gfi * and 0 * results from the minimization of distan&((,u, 0),(u,0) Sam), which

depends on the sample). As a consequence, théhttcthe asymptotic distribution of the test statishould
follow a chi-squared distribution may be questianed
1% The results for the 1% and 10% probability lewsets given in Table B1 in Appendix B.
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Table 1. Rejection frequencies (in percent) at th€% probability level for the efficient

portfolios

T BJS Vertical L&R
60 7.6 0.6 3.7
120 5.5 0.4 1.8

0,
10%| 150 5.1 0.4 1.4
240 4.1 0.2 1.3
60 6.1 0.6 2.9
g 1506| 120 6.4 0.4 1.9
2 °l180| 5.1 0.0 1.3
= 240| 4.6 0.0 15
s 60 | 86 0.6 3.1
o 120 5.8 0.4 1.7

o 0,
X 20%| 150 5.4 0.3 15
240 4.6 0.2 1.6
60 6.4 0.6 2.8
120 6.3 0.4 1.7

0,
25%| 150 5.6 0.0 15
240 4.9 0.0 0.0

Note: BJS: Basakt al (2002) test; Vertical: vertical test; L&R: Levp@ Roll (2010) test. T is the sample size.

3.2. Regjection of Inefficient Portfolios

We now apply the three MV efficiency tests undesie® to thirteen portfolios simulated as
inefficient in order to assess the probability afsély concluding that the portfolio was

efficient. The results are given in Table 2 for peébability*

Table 2. Rejection frequencies (in percent) at th&% probability level for the inefficient

portfolios
Variance
5% 10% 15% 20% 25%

T BJS Vertical L&R BJS \Vertical L&R BJS Vertical L&R BJS Vertical L&R BJS \Vertical L&R

60 | 89.8 49.1 66.6 94.4 62.0 76.4 96.8 69.0 76.7 96.8 70.3 79.9 98.2 72.3 80.6

10% 120 99.2 85.4 93.9 | 100.0 934 96.4 | 100.0 94.7 96.2 | 100.0 96.6 95.9 99.7 96.4 96.1
180 100.0 96.7 99.1 | 100.0 98.9 99.6 | 100.0 995 99.7 | 100.0 99.3 99.3 | 100.0 99.9 99.4

240| 100.0 99.5 99.9 | 100.0 99.7 100.0 | 100.0 100.0 100.0 | 100.0 100.0 100.0 | 100.0 100.0 99.9

60 715 24.8 35.1 86.5 38.0 55.4 89.4 49.9 66.7 93.8 55.4 72.3

g 15% 120 92.1 51.7 64.5 98.5 72.6 87.2 99.1 83.1 92.5 99.7 86.8 94.9
© 180 98.8 75.3 86.5 99.6 92.7 97.4 | 100.0 96.2 98.9 [ 100.0 97.6 99.5
- 240 99.8 88.9 93.8 | 100.0 979 99.5 [ 100.0 99.2 99.9 [ 100.0 99.7 99.9
% 60 35.6 5.2 5.9 64.5 19.2 27.2 75.7 285 44.6
s 20% 120 56.3 12.9 12.2 84.2 41.7 53.0 93.8 56.3 71.6
3 180 73.6 25.8 24.8 95.7 67.1 75.6 99.5 814 90.5
240 83.8 38.1 36.6 99.0 82.0 89.9 99.8 93.0 97.0

60 31.9 3.3 5.6

120 44.6 9.2 11.5

25% 180 58.2 14.7 19.0
240 72.0 24.0 28.6

Note: BJS: Basakt al (2002) test; Vertical: vertical test; L&R: Levp@ Roll (2010) test. T is the sample size.

1 The results corresponding to the 1% and 10% piiitydlevels are given in Tables B2 and B3 in AppenB,
respectively.
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For sample sizes below 180, the power is the lovoesthe vertical test, and the highest for
the BJS test. The powers of the vertical and L&Rstare also low for the expected returns
and variances (20%, 15%) and (25%, 25%). Thikalyidue to the vertical proximity to the
efficient frontier. However, for larger samplese thertical test outperforms both the BJS and
the L&R tests since its size is the lowest for goiealent power. On the whole, Tables 1 and
2 indicate that the vertical test rejects the o@lMV efficiency less frequently than the two
other tests.

The differences in power and size between the cartest and the BJS test might look
surprising since both are similar in spirit, nam#igy are both built from a geometric one-
dimensional measure of inefficiency in the MV plambis counterintuitive result stems from
the fact that the standard deviation of the veriicaasure of inefficiency is higher than the
standard deviation of the horizontal measure usedhé BJS test. Indeed, the standard
deviations of both tests depend on the absolutgesabf the weighting loads of the tested-
portfolio efficient counterpart (see equations A&daA7 in Appendix A). However, the
efficient “vertical counterparts” are mostly locdten the top of the efficient frontier while
the efficient “horizontal counterparts” are mosthcated at the bottom of the efficient
frontier. Since absolute weighting loads are tyibydaigher on the top of the efficient frontier
(riskier portfolios are less diversified), the veat distance is subject to higher standard
deviations than the horizontal BJS test. Consedyyetiie t-statistic generally takes lower
values for the vertical test than for the BJS tast] hence the former rejects MV efficiency
less frequently than the latter. This feature istipaarly relevant when short-selling
restrictions are imposed (see Best and Grauer,;1G8den and Hollifield, 1992; Britten-

Jones, 1999).

15



3.3. Robustness Checks on the Slope of the Efficient Frontier

Both the horizontal and vertical measures of podfmefficiency are restricted to a single
dimension in the MV plane. They are, therefore sga to the slope of the efficient frontier.
For this reason, we check the robustness of owiqare findings by substantially modifying
the slope of the efficient frontier. This is achedvby running simulations under two
alternative scenarios for the expected return am dpeculative stock (15% and 35%
respectively instead of 25%) while keeping all otharameters in Equation (7) unchanged.
As Figure 3 shows, the first case (15%) producdkateer efficient frontier, whereas the
second (35%) leads to a steeper MV efficient flemtihe minimum-variance portfolios of
the three efficient frontiers still remain very séoto each other. As previously, we apply the
three efficiency tests to a grid of efficient arahrefficient simulated portfolios.

Figure 3. The three efficient frontiers under congieration

30%

25% +

20%

15% +

Expected return

Das etal. (2010) efficient frontier

10% +

Steep efficient frontier

Flat efficient frontier

O% T T T T T T
0% 5% 10% 15% 20% 25% 30% 35%

Variance

The results are reported in Tables C1 to C4 in AdpeC. They can be summarized as
follows. For the flat efficient frontier, the BJ8st produces the highest size distortions, while
the vertical test exhibits the lowest. Given tl BJS test outperforms the other two tests in

terms of power irrespective of the sample sizesasonable procedure for practical use is to

16



combine the BJS and the vertical tests when thedffi¢ient frontier is flat. In the case of a
steep efficient frontier, the results are similartiose obtained in the benchmark case. The
vertical test exhibits the lowest size distortioramd its power strongly increases in
comparison to the benchmark case, especially f@lssamples. On the whole, our results
show that the vertical test is preferable whendfiieient frontier is steep and samples are

large.

4. Is the Market Portfolio Efficient?

In this section, we apply the BJS, the L&kd the vertical tests of MV efficiency to the
capitalization-weighted market portfolio made uptteé 100 largest U.S. stockdy market
capitalizations as measured on December 31, 20i@.data are monthly returns over the
period January 1988 — December 2010 (276 obsengtido gauge the sensitivity of our
results with respect to the number of availableckstd® we also run the tests in stock

universes of different sizesN(= 10,20,... ,100).* In each case, we select the largest stocks

of the sample. For the L&R test we follow the onaji paper when assessing MV efficiency
and use a value of equal to 0.75. As robustness checks, we alsegt)the MV efficiency
for a valuea (0.98)—which gives a similar importance to dewias from variance and
meart®—and (i) apply the three tests to equally-weightedfolios.

Figure 4 shows the efficient frontiers (without ghgelling restrictions) made of 10, 50 and
100 assets, respectively, and the correspondingkenaortfolios. Noticeably, the MV

characteristics of the market portfolio are stakith respect to the number of assets, but the

12\We selected the 100 largest stocks of the S&Pirbdex.

3 The data are extracted from the Datastream databascriptive statistics are given in Appendix D.

1 In reality, individual investors rarely hold pafiibs containing 100 assets (Barber and Odean, ;2000
Polkovnichenko, 2005; Goetzmann and Kumar, 200Bg diversification benefits tend to be exhausteckan
equity portfolio contains several tens of stocksaiis and Archer, 1968; Elton and Gruber, 1977;n&taf
1987).

!> This value is actually very close to the 0.98-eatwnsidered in L&R as more realistic than the W3&d to
test the MV efficiency.
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efficient frontier becomes steeper wherincreases. In particular, this feature shows #tflat
configurations explored in Section 3 are realistic.

Table 3 summarizes the outcomes of the three tésits.findings stand out. Firstly, for all
sample sizes, both the BJS and the vertical tegstrthe null of market portfolio efficiency.
Regardless of the number of stocks in the univettse, market portfolio is never MV
efficient. Similar results are found for equallyigleted portfolios (see Table 4).

Figure 4. Efficient frontiers and market portfolios for the 10, 50 and 100 largest U.S.
stocks, respectively. January 1988 — December 2010

35%

30% A

25% A

20% A

— Efficientfrontier 10 stocks

% L 4
15% — Efficientfrontier 50 stocks

= Efficientfrontier 100 stocks

0,
10% 4 Market portfolio 10 stocks

X Market portfolio 50 stocks

Annualized expected return

5% A

® Market portfolio 100 stocks

0% T T T
0% 5% 10% 15% 20%
Annualized variance

Secondly, for all values d{, the L&R test does not reject market portfolio @fincy fora =
0.75, confirming the findings of L&R® However, fora = 0.98 the L&R test rejects market
portfolio efficiency. This indicates that the L&Rest is sensitive to the value taken by
parametew. In fact, fora higher than 0.902, MV efficiency is always rejectey the L&R

test.

'8 Even though our sample period is longer than irRL&
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Table 3. MV efficiency tests for the capitalizatioaweighted market portfolio

Annualized
Nb.of  Expected Volatility ) L&R test L&R test
BJS test Vertical test
stocks Return (in %) (a=0.75) (a=0.98)
(in %)
10 14.84 1549  -3.11(0.00)  1.28(0.10) 6.09 (1.00) 161.27 (0.00)
20 15.55 16.36  -4.58(0.00) 2.14(0.02) 15.54(1.00) 579.43 (0.00)
30 14.92 15.63 -4.67(0.00) 2.32(0.01) 18.87(1.00)  773.40 (0.00)
40 15.21 15.64 -5.25(0.00) 2.94(0.00) 28.49(1.00) 1597.15 (0.00)
50 15.05 15.48 -5.54(0.00) 3.25(0.00) 37.61(1.00) 2562.73 (0.00)
60 15.20 1554 -5.90 (0.00) 3.78(0.00)  48.73 (1.00) 3357.71 (0.00)
70 15.27 15.40 -6.56 (0.00) 4.46 (0.00) 65.54 (1.00) 3106.69 (0.00)
80 15.33 15.31 -6.53(0.00) 4.58(0.00) 76.76 (1.00) 3491.16 (0.00)
90 15.23 1522  -6.83(0.00) 4.74(0.00) 89.71(1.00) 3542.50 (0.00)
102.27

100 15.25 15.22  -7.17(0.00) 5.05 (0.00) (1.00) 4045.07 (0.00)

Coefficienta denotes the MV trade-off in the L&R test statispevalues are given in parentheses

Table 4. MV efficiency tests for the equally-weighegd market portfolio

Annualiz
Nb. of Volatility L&R test L&R test
Expected ) BJS test Vertical test
stocks (in %) (a=0.75) (a=0.98)
Returns
(in %)
10 14.29 1495  -322(0.00) 1.33(0.09) 6.78(L.00)  197.70 (0.00)
20 15.34 16.79  -456(0.00) 2.18(0.01) 15.75(1.00)  706.71 (0.00)
30 14.32 1550  -4.54(0.00) 2.39(0.01) 19.37(1.00) 979.52 (0.00)
40 15.17 1572 -4.99(0.00) 2.90(0.00) 28.48(1.00) 1771.03 (0.00)
50 14.79 1547  -527(0.00) 3.23(0.00) 36.90(1.00) 2681.93 (0.00)
60 15.22 15.76  -5.65(0.00) 3.75(0.00) 47.80(1.00) 3381.66 (0.00)
70 15.39 1546  -6.14(0.00) 4.36(0.00) 64.71(L.00) 3453.09 (0.00)
80 15.53 1528  -6.00(0.00) 4.45(0.00) 75.95(1.00) 3938.86 (0.00)
90 15.21 1513 -6.29(0.00) 4.60(0.00) 89.03 (1.00) 4137.95 (0.00)
100 102.12
15.30 1517  -6.68(0.00)  4.92 (0.00) (1.00)  4535.09 (0.00)

Coefficienta denotes the MV trade-off in the L&R test statispevalues are given in parentheses

The large difference in the results depending oretiwr one considers the vertical and

horizontal tests on one side, and the L&R testhendther (the latter depending crucially on
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the value ofa chosen), is striking. Two possible issues in ti&RLtest might however

explain this difference. First, L&R do not acknodde that y*and o*are sample-

dependent. Indeed,u*and o* are derived from the minimization of distance
d((y,a),(,u,a)sam)in Eq. (10), where(u,0)®" is made of sample parameters. As a

consequence, the asymptotic distribution of the $tatistic could deviate from the chi-
squared distribution. Despite this, the L&R testapplied as ifu*and o* were simple
numbers.

Second, to prove the efficiency of the market didf L&R argue that their test should not
reject the null for at least one value af between 0 and 1. To illustrate their point they
choose foor a value very close to 1, namety= 0.98. This raises additional issues regarding
the power of their likelihood-test. More precisellge number of degrees of freedom of the
chi-square variable used in the L&R test is eqodRtN + 2) when 0 « < 1, but reduces to
(N + 2) whena =1. The case&x = 0.98 is borderline. Indeed, as displayed by fegiE1l and
E2 in Appendix E, forr = 0.98 the modified asset mean returns changeatieaily, whereas
standard deviations remain almost unchanged. L&pdrtea likelihood-ratio test statistic
equal to 156.8 (L&R, p. 2472). This number corregfsoto the 0.011 fractile of the chi-
square distribution with 200 degrees of freedont, diso to the 0.9998 fractile of the chi-
square distribution with 100 degrees of freedoms Tuge difference suggests that the L&R
test has low power farr = 0.98, which favors the argument of mean variaftieiency.

On the whole, while the conclusion of the L&R tdspends on the trade-off coefficiemtthe
two other tests unequivocally conclude that theketaportfolio is never MV efficient. The
validity of the zero-beta CAPM, relying on the efincy of the market portfolio, is thus
strongly called into question. In a nutshell, thedamental contributions of both Roll (1977)

and Ross (1977) remain highly relevant for portf@ianagement.
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5. Conclusion

Our new test of portfolio MV efficiency is basedanmpthe vertical distance of a portfolio from
the efficient frontier. While the evidence is mixied small samples, our test outperforms the
previous MV efficiency tests proposed by Basalal (2002) and Levy and Roll (2010) for
large samples since it produces lower size distastifor comparable power. The empirical
analysis shows that the L&R test is sensitive ® \hlue taken by the nuisance parameter
determining the relative weight assigned to sampd&n changes against standard-deviation
changes. Furthermore, both the vertical and hotaédests are based on intuitive measures in
the MV plane and are, therefore, easy to visualidech makes them more appealing than the
L&R test.

The ideally balanced distance in the MV plane reimahowever, the orthogonal distance.
Even though a test based on this distance is feasibtheory, deriving its closed-form
asymptotics could prove challenging. We leave forsfurther work. Meanwhile, the best
alternative for practitioners to test portfolio ieféncy is probably the dual approach
combining the vertical and horizontal tests. In fihal decision, the weight to be allocated to
each test could then take into account the curgatfithe efficient frontier and may depend
on the investor’s sensitivity to the risk or retgrdimension of his investment.

Both vertical and horizontal MV efficiency testsubt of course be improved. Implementing
the jackknife-type estimator of the covariance imaleveloped by Basadt al. (2009) could
offer a promising extension since this estimatamdpces a more accurate covariance matrix
than the sample one.

Lastly, our empirical application to the U.S. eguitarket highlights that the market portfolio
is not MV efficient, invalidating the zero-beta CKP Consequently, our findings indicate
that scepticism on the validity of the CAPM seerossurvive the recent rehabilitation

attempts made by Levy and Roll (2010).
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Appendix A: Proof of Proposition 1

We first derive the asymptotic distribution of thertical distance@, defined in Equation (5)
in the case where short-selling is forbidden. At ¢imd of this Appendix, we extend the results

to the case where short-selling is allowed
Let xbe ak-dimensional vector, and denoté =(x,x.,,....X.)'. Consider a symmetric
matrix B of orderk, and B=[B, : B, :...: B, WhereB, is thei" column of B. Let veqB) be
the stacked vector of the columnsBof

veqB) =(B”,B{,...,BXY)
Next, letV be the vector formed by stacking the sample mdarRo the elements of

cov(R), the sample mean af , and the sample variance of

— ~ 2y B N ,
V = (&, (ved2)), B,V°)
Vector V thus summarizes the first and second momentseo$dmple returns. Similarly to

BJS (2002), we express vectdr as a function of the sample non-central first aadond

moments ofR, andr,. The transformed vectod, , is defined by:
U, =(R.(vedRR "))\ 1 17)'= (R, W)’
and its sample medd, , is:

U =

1
T

1 M—|

TR w]

|~

t

Let g(.)denote the function that maps vectbrto vectorV :

A

i (A “
o | Y ||y | Ve
g(U) g ,é Ié ﬂ
w) \w-p2 2

By applying the delta method, whértends to the infinite, we have:
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JT(V-V)=vT(dD- da)) - NoA) (A1)

where A=DA,D'’ (A2)

j

D= [%) and A\, being the covariance matrix bf,, and from BJS (2002, p. 1208):

p pxpv px2
Kl
= % e o Opic (A3)
K

1:0
02><p 02><pv _ 2[& 1

Wherepv:w; K = _|_0(p—i+l)x(i—1) :/}m :O(p—i+1)x(p—i)]_[li|_O(p—i+1)x(i—l) : lp—i+1]; f stands

for thei™ element ofiz, and|, stands for the identity matrix of rank Z.

The asymptotic distribution of vectas is given by (Al). Let us now move to the vertical

distance,@, which is a differentiable function of vectdf . Consequently, the delta method

establishes that the asymptotic variaggeof o is Iime%A%, where derivativegvg

needs to be computed. With this aim, we expreslsém\ainimizes the following Lagrangian

function:

| = B 1+ 8,1 -1) + S, (WS w—VP) - ¢ w (Ad)

By differentiation, we have:

06 _a _, . )
—=—=(—l-@¢'+0/'+0,2 W) —
N gy CHTPHOIHO202) -5

+52[01xp:(a)l2:2wla)2 20w ... 200, :0)22:...:a)pz):O:—1J+(—w':01xpV :1:0) (A5)
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From the first order condition applied to (A4), oletain:

ol A o
A =0,4 = ~H=V+0 +0,(22 )
And consequently:
06 ,
67=(—a)201xpv :1:0)+52[O1xp (W2 20w, 200, : ... 200, :0122:...:%2):0:—1] (AB)

Combining the results in (A1), (A4) and (A6), wetain the asymptotic varianceg’ of the

vertical distanceé’:

06 00
M ., —=0A—=
v oV

(A7)
When there are no short-selling restrictions, tifieient frontier is modified because the sole

constraint applied tais that its components add up to one. &t denote the vertical

distance in this case. The modified Lagrangiantionas:

I* = B 1+ 3w -1) + 3, (WS w-V?) (A8)

By differentiating both sides of (A7), we get:

al* ,
:(—a):lepV :1:0)+52[01xp:(64)12:2ajla)2 2w ... 200, :wzz:...:a)pz):o:—l] (A9)

ov

*

Substitutinggl—\7 in (A8) by 9 from (A5) gives the asymptotic variangg of*the vertical

ov

distance@* when there are no short-selling restrictionseXgression stands as:

. 06* 98
*=|im — AN —
g =lim .o Ay

(A10)

Lastly, as mentioned by BJS, bringing all the Valea in the same scale by imposing

constraint \/ajia):\/ﬁ would likely improve the test efficiency and redudhe
corresponding bias.
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Appendix B: Rejection Frequencies at the 1% and 10%°robability Levels

Table B1. Rejection frequencies (in percent) at th&% and 10% probability levels for
the efficient portfolios

1% probability error 10% probability error
T BJS Vertical L&R BJS Vertical L&R
60 1.7 0.0 2.2 16.7 2.2 4.7
10% 120 0.9 0.0 0.6 12.3 1.3 3.0
180 0.6 0.0 0.7 12.8 1.3 2.6
240 0.5 0.0 0.4 11.2 1.2 2.1
60 2.2 0.0 1.7 13.6 2.3 4.0
= 120 1.6 0.0 0.7 14.2 15 2.7
S 15%
D 180 1.3 0.0 0.5 12.4 1.6 2.3
- 240 0.9 0.0 0.4 12.1 1.0 1.8
% 60 24 0.0 1.7 17.8 23 4.1
(]
S 20% 120 1.0 0.0 0.6 145 1.3 2.9
0 180 0.8 0.0 0.6 13.7 1.3 2.3
240 0.8 0.0 0.4 12.1 1.2 2.1
60 2.2 0.0 14 14.1 24 4.1
120 15 0.0 0.7 14.3 1.6 2.9
25%
180 13 0.0 0.5 125 14 2.2
240 0.9 0.0 0.0 12.2 1.1 0.0

Note: BJS: Basakt al (2002) test; Vertical: vertical test; L&R: Levy@ Roll (2010) tesfT denotes the
sample size.

Table B2. Rejection frequencies (in percent) at thel% probability level for the
inefficient portfolios

Variance
5% 10% 15% 20% 25%

T BJS Vertical L&R BJS \Vertical L&R BJS Vertical L&R BJS \Vertical L&R BJS \Vertical L&R

60 | 785 14.7 55.3 86.8 244 65.8 92.0 324 70.4 92.7 35.7 73.2 95.3 38.8 75.4

10% 120| 96.8 441 87.6 99.5 65.4 92.6 99.6 71.1 92.8 99.7 75.0 93.2 99.5 76.5 91.4
180 99.7 75.2 97.7 99.9 89.2 99.0 | 100.0 93.0 99.0 99.9 93.2 98.5 [ 100.0 95.6 98.5

240 99.9 91.1 99.7 | 100.0 979 99.5 | 100.0 985 100.0 [ 100.0 99.0 100.0 | 100.0 98.7 99.8

60 49.8 3.2 23.8 68.1 9.0 42.4 78.3 18.0 55.8 84.8 17.7 61.2

g 15% 120 76.1 13.7 51.6 92.2 30.7 77.3 96.2 42.9 86.5 98.4 51.2 89.3
@ 180 91.1 31.9 75.2 98.0 59.2 95.1 99.6 75.2 97.1 99.8 79.2 98.7
-; 240 96.8 47.5 89.0 99.7 79.6 98.5 [ 100.0 905 99.3 [ 100.0 96.0 99.9
% 60 17.1 0.7 3.1 41.9 25 16.3 56.4 4.9 31.0
s 20% 120 32.6 0.7 5.0 64.6 8.3 39.3 815 18.6 56.4
3 180 46.3 3.1 12.1 83.7 19.1 63.6 95.0 40.9 83.4
240 59.6 6.5 19.4 94.3 38.2 80.0 98.6 60.5 94.9

60 13.9 0.1 3.6

120 20.4 0.8 4.9

25% 180 31.7 0.9 9.0
240 44.0 2.0 14.2

Note: BJS: Basakt al (2002) test; Vertical: vertical test; L&R: Levya@ Roll (2010) tesfT denotes'the sample
size.
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Table

B3. Rejection frequencies (in percent) at thel0% probability level for the

inefficient portfolios

Variance
5% 10% 15% 20% 25%
T BJS Vertical L&R BJS Vertical L&R BJS \Vertical L&R BJS \Vertical L&R BJS \Vertical L&R
60 94.7 70.6 71.8 96.8 79.5 79.7 98.8 84.5 80.7 98.6 86.8 83.6 98.9 87.9 83.1
0% 120| 999 951 956 | 1000 987 981 [ 1000 987 97.9 | 1000 992 969 | 99.9 989 976
180| 100.0 994 99.6 100.0 100.0 99.8 100.0 100.0 99.8 100.0 99.7 99.6 100.0 100.0 99.9
240] 100.0 99.9 999 | 1000 100.0 100.0 | 100.0 100.0 100.0 | 100.0 100.0 _100.0 | 100.0 _100.0 _100.0
60 81.3 45.0 429 91.5 60.8 63.0 93.2 69.9 71.3 96.2 76.0 76.4
S eyl 220 9.5 748 724 | 996 898 90.8 | 998 940 949 | 99.8 962 97.2
15 180 996 904 90.1 | 100.0 97.7 982 | 1000 99.6 99.4 | 100.0 995  99.6
-; 240 99.9 97.0 96.4 100.0 99.3 99.6 100.0 99.9 99.9 100.0 100.0 100.0
2 60 503 157 88 | 754 377 340 | 833 518 510
s 20% 120 71.3 35.1 19.4 91.0 66.0 61.8 96.7 77.5 78.8
X 180 843 487 335 | 981 848 828 | 999 939 935
240 92.0 63.9 46.2 99.8 95.5 94.0 99.8 98.4 98.4
60 437 140 7.8
120 59.8 228 154
25% 180 72.3 34.6 25.0
240 82.9 492 37.1
Note: BJS: Basakt al (2002) test; Vertical: vertical test; L&R: Levy@ Roll (2010) tesfT denotes the
sample size.
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Appendix C: Robustness Checks

Table C1.Flat efficient frontier. Rejection frequencies (inpercent) at the 5% probability

level for the efficient portfolios

Note: BJS: Basakt al (2002) test; Vertical: vertical test; L&R: Levy@ Roll (2010) testT denotes the

sample size.

T BJS Vertical L&R
60 14.8 0.6 5.9
120 10.0 0.2 2.7
0,
10%| 150 8.3 0.1 1.2
240 8.9 0.3 1.2
60 15.5 0.7 3.9
o
S 150 120 10.7 0.5 2.4
5 180 9.8 0.1 15
o 240 8.6 0.1 0.9
z 60 16.2 1.0 6.5
0 120 11.4 05 2.4
o 0,
5 2% 180 9.7 0.3 2.0
240 9.5 0.6 1.4
60 15.1 0.5 4.3
120 11.3 0.2 2.4
0,
5% 180 9.8 0.3 2.1
240 8.8 0.1 0.6

Table C2. Flat efficient frontier. Rejection frequencies (in percent) at the 5% probability
level for the inefficient portfolios

Variance
5% 10% 15% 20% 25%

T BJS Vertical L&R BJS Vertical L&R BJS Vertical L&R BJS Vertical L&R BJS Vertical L&R

60 50.8 10.6 24.2 73.1 19.5 21.3 76.7 28.2 30.2 79.4 32.8 354 81.3 33.3 37.9

g 10% 120 | 67.7 16.1 20.7 88.3 41.2 30.2 94.1 53.2 43.9 95.2 59.6 51.3 95.1 59.1 53.0
@ 180 | 81.2 30.4 31.3 95.9 63.5 51.2 98.4 70.8 60.6 99.0 80.1 715 99.4 79.3 71.0
-; 240 | 87.6 41.7 42.6 97.9 76.8 67.1 99.3 83.6 76.5 99.8 89.7 84.4 99.9 91.4 85.2
% 60 14.5 0.5 35 375 3.3 15.9 48.7 9.6 15.9 58.5 12.9 15.6
15% 120 11.9 0.3 2.0 44.8 6.9 19.2 67.8 17.9 21.3 77.2 23.9 15.0
n} 180 9.7 0.3 1.6 56.3 10.8 21.8 78.9 28.9 31.2 88.4 41.6 27.4
240 9.5 0.1 0.9 60.5 13.4 25.3 86.5 38.2 39.6 94.8 54.3 41.0

Note: BJS: Basakt al (2002) test; Vertical: vertical test; L&R:

sample size.

Levyd Roll (2010) testT denotes the
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Table C3. Steep efficient frontier. Rejection frequencies (in percent) at the 5%
probability level for the efficient portfolios

T BJS Vertical L&R
60 3.0 0.2 4.2
120 2.1 0.2 3.5
0,
10%1 150 2.6 0.3 3.1
240 1.0 0.0 1.9
60 4.1 0.3 5.3
[
S 5| 120 35 0.3 3.4
g 180 35 0.3 3.3
= 240 3.6 0.0 3.1
g 60 3.6 0.1 5.3
o 120 4.5 0.3 4.1
o 0,
X 20% | 150 3.6 0.0 4.1
240 25 0.3 25
60 4.2 0.5 4.1
120 3.4 0.2 3.3
(0]
25% | 150 3.4 0.4 3.2
240 2.6 0.0 2.2

Note: BJS: Basakt al (2002) test; Vertical: vertical test; L&R: Levy@ Roll (2010) tesfT denotes the
sample size.

Table C4. Steep efficient frontier. Rejection frequencies (in percent) at the 5%
probability level for the inefficient portfolios

Variance

5% 10% 15% 20% 25%

T BJS Vertical L&R BJS Vertical L&R BJS Vertical L&R BJS Vertical L&R BJS Vertical L&R
60 99.7 91.2 98.0 99.6 96.1 98.2 | 100.0 95.2 98.3 99.9 96.7 97.5 99.6 96.1 98.2
120 100.0 100.0 100.0 | 100.0 100.0 100.0 | 100.0 100.0 100.0 | 100.0 99.9 100.0 | 100.0 100.0 100.0
180 | 100.0 100.0 100.0 | 100.0 100.0 100.0 | 100.0 100.0 100.0 [ 100.0 100.0 100.0 | 100.0 100.0 100.0
240| 100.0 100.0 100.0 { 100.0 100.0 100.0 { 100.0 100.0 100.0 | 100.0 100.0 100.0 | 100.0 100.0 100.0
60 85.4 44.6 78.2 97.5 76.8 94.8 99.3 88.0 97.8 99.9 92.1 98.4 99.6 89.5 98.5

10%)

g 15% 120 | 98.8 81.3 96.7 | 100.0 99.2 100.0 [ 100.0 99.8 100.0 | 100.0 99.8 100.0 | 100.0 99.9 100.0
@ 180 | 99.7 97.2 99.6 | 100.0 100.0 100.0 [ 100.0 100.0 100.0 | 100.0 100.0 100.0 | 100.0 100.0 100.0
- 240( 100.0 99.7 100.0 [ 100.0 100.0 100.0 | 100.0 100.0 100.0 | 100.0 100.0 100.0 | 100.0 100.0 100.0
% 60 78.8 37.3 68.8 92.2 61.9 88.2 97.7 74.1 93.9 97.9 80.5 94.7
e 20% 120 96.2 71.9 93.9 99.9 94.2 99.6 | 100.0 974 99.9 99.9 99.0 99.9
) 180 99.4 93.0 99.4 | 100.0 99.7 100.0 [ 100.0 99.9 100.0 | 100.0 100.0 100.0
240 100.0  98.0 99.6 [ 100.0 100.0 100.0 | 100.0 100.0 100.0 | 100.0 100.0 100.0

60 57.9 19.2 46.1 81.2 40.6 73.5 92.5 61.6 87.9

250/ 120 87.5 53.0 79.9 98.2 83.8 97.3 99.5 94.0 99.6
180 96.2 75.7 94.4 99.9 96.5 99.7 | 100.0 99.7 99.9

240 99.1 92.8 98.5 | 100.0 995 100.0 | 100.0 100.0 100.0

Note: BJS: Basakt al (2002) test; Vertical: vertical test; L&R: Levy@ Roll (2010) testT denotes the
sample size.
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Appendix D: Descriptive Statistics for the Consideed U.S. stocks

Company Annualized Annualized Market
mean return volatility (in %) capitalization
(in %) in billion USD
as of
December 31,
2010
EXXON MOBIL 9.8 16.1 368.7
APPLE 26.9 47.8 295.9
MICROSOFT 24.6 34.6 238.8
GENERAL ELECTRIC 10.3 25.9 194.9
WAL MART STORES 14.8 23.5 192.1
CHEVRON 11.1 19.7 183.6
INTERNATIONAL 11.3 28.6 182.3
BUS.MCHS.
PROCTER & GAMBLE 13.2 20.8 180.1
AT&T 7.7 23.8 173.6
JOHNSON & JOHNSON 13.2 20.5 169.9
JP MORGAN CHASE & CO. 13.9 34.9 165.8
WELLS FARGO & CO 17.1 29.9 162.7
ORACLE 34.6 49.0 158.1
COCA COLA 14.0 22.0 152.7
PFIZER 11.9 24.4 140.3
CITIGROUP 12.7 41.6 137.4
BANK OF AMERICA 12.0 394 134.5
INTEL 22.3 39.3 117.3
SCHLUMBERGER 15.2 30.1 113.9
MERCK & CO. 10.1 26.5 111.0
PEPSICO 13.4 21.3 103.5
VERIZON 6.1 23.6 101.1
COMMUNICATIONS
CONOCOPHILLIPS 13.1 25.2 100.1
HEWLETT-PACKARD 15.1 35.3 92.2
MCDONALDS 14.0 22.4 81.1
OCCIDENTAL PTL. 12.4 26.3 79.7
ABBOTT LABORATORIES 11.3 20.0 74.1
UNITED TECHNOLOGIES 15.2 23.9 72.7
WALT DISNEY 12.5 26.3 71.0
3M 9.8 20.4 61.7
CATERPILLAR 16.0 31.1 59.4
HOME DEPOT 22.0 29.6 57.5
FORD MOTOR 12.8 46.3 57.1
AMGEN 25.4 35.6 51.9
US BANCORP 15.7 29.2 51.7
AMERICAN EXPRESS 13.2 33.0 51.7
ALTRIA GROUP 15.4 26.7 51.4
BOEING 12.2 28.0 47.9
CVS CAREMARK 10.8 26.2 47.2
EMC 33.5 52.1 47.2
UNION PACIFIC 12.8 23.7 457
COMCAST ‘A’ 15.2 32.8 457

Table D1. Descriptive statistics of the stocks’ mdhly returns over the period January
1988 — December 2010
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Company Annualized Annualized Market
mean return volatility (in %) capitalization
(in %) in billion USD
as of
December 31,
2010
E | DU PONT DE NEMOURS 8.7 24.9 45.5
BRISTOL MYERS SQUIBB 6.8 23.2 45.3
APACHE 214 35.3 43.5
EMERSON ELECTRIC 10.9 22.1 43.0
TARGET 17.2 28.1 42.6
HONEYWELL INTL. 131 30.2 41.5
ELI LILLY 9.3 27.1 40.4
MEDTRONIC 17.7 26.0 39.8
UNITEDHEALTH GP. 30.6 35.1 39.7
DOW CHEMICAL 8.6 35.4 39.6
COLGATE-PALM. 145 23.2 38.8
TEXAS INSTS. 19.0 41.8 38.2
ANADARKO PETROLEUM 16.6 34.7 37.7
BANK OF NEW YORK MELLON 13.6 30.9 375
HALLIBURTON 15.0 37.5 37.1
WALGREEN 16.9 26.3 35.9
DEERE 15.8 29.5 35.1
LOWE'S COMPANIES 22.7 35.7 34.6
DEVON ENERGY 25.5 39.3 33.9
NIKE 'B' 24.8 33.6 33.2
SOUTHERN 8.8 17.5 32.1
PNC FINL.SVS.GP. 8.8 29.1 31.9
DANAHER 23.1 28.5 30.8
CORNING 19.7 52.0 30.2
NEWMONT MINING 10.9 38.9 29.9
BAXTER INTL. 10.3 24.8 29.5
FEDEX 14.6 31.0 29.3
CARNIVAL 17.6 34.6 28.0
CELGENE 37.1 68.4 27.8
EXELON 8.6 22.9 27.5
GENERAL DYNAMICS 13.8 26.1 26.8
AFLAC 20.1 32.1 26.6
ILLINOIS TOOL WORKS 14.2 245 26.5
JOHNSON CONTROLS 16.4 29.7 25.9
HESS 13.6 28.9 25.8
KIMBERLY-CLARK 9.1 20.2 25.7
TRAVELERS COS. 9.8 25.9 25.6
FRANKLIN RESOURCES 22.6 34.2 25.4
DOMINION RES. 5.9 17.3 25.2
BAKER HUGHES 12.2 35.7 24.7
CSX 13.0 26.8 24.2
DUKE ENERGY 6.1 20.4 23.6
STATE STREET 17.6 32.8 23.3
NORFOLK SOUTHERN 11.9 26.8 22.8
AUTOMATIC DATA PROC. 12.2 215 22.8
GENERAL MILLS 10.1 18.3 22.6
THERMO FISHER 17.3 30.9 22.0
SCIENTIFIC
CUMMINS 20.4 39.0 21.8
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Company Annualized Annualized Market

mean return volatility (in %) capitalization

(in %) in billion USD
as of

December 31,
2010
NEXTERA ENERGY 6.9 18.5 21.6
STRYKER 235 32.6 21.3
MOTOROLA SOLUTIONS 11.5 36.9 21.3
PACCAR 18.3 31.8 20.9
CHARLES SCHWAB 30.7 45.3 20.4
PREC.CASTPARTS 20.2 34.6 19.9
AIR PRDS.& CHEMS. 13.0 26.4 19.5
ARCHER-DANLS.-MIDL. 12.2 27.9 19.2
BECTON DICKINSON 13.6 24.0 19.1
NORTHROP GRUMMAN 10.6 30.0 18.9
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Appendix E: Sample versus modified parameters in tb L&R paper

Figure E1. Sample vs. modified expected returns in the L&R pagr

0,02

M modified

0,030

0,020

0,015

=}
o
=
o

0,005

0,000

5

0,000

0,005 0,010

0,015 0,020

psample

0,025 0,030

0,035 0,040

0,045

Figure E2. Sample vs. modified standard deviations in the L&Rpaper
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