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Abstract

We study the optimal decumulation of retirement wealth
under longevity and market risk. In particular, we focus
on the transition between drawdown, which preserves
liquidity and bequest potential, and annuitization, which
provides a guaranteed lifetime income. We develop a flex-to-
fix framework in which retirees remain invested and liquid
before converting part or all of their wealth into an annuity
at a later date. The flex-to-fix strategy has two limiting cases:
immediate annuitization (fix-now) and permanent drawdown
(fix-never). A static actuarial analysis shows that the optimal
fixed conversion date depends strongly on the bequest motive,
the withdrawal rate, and the return of the drawdown portfolio.
There is no single optimal annuitization age across retirees,
although optimal dates tend to concentrate around age 65
(retirement) or ages 75-80. Then, we develop two dynamic
formulations that allow the conversion decision to respond
to the retiree’s realized wealth-income state. An optimal-
stopping formulation shows that a well-chosen fixed date
already captures most of the value of delaying annuitization,
while state-contingent timing adds only a small further gain.
A Hamilton-Jacobi-Bellman variational inequality (HJBVI)
formulation characterizes the free boundary governing a
gradual transition from drawdown to annuity income. It
also reveals an implicit bond effect of annuities on optimal
equity allocation, and shows that spreading purchases over
time substantially reduces market timing and ruin risk
compared to single-date conversion rules. Finally, we propose
approximating the HIBVI strategy with a simpler rule that
spreads annuity purchases evenly across the flex window,
once the optimal target date has been calibrated.

Keywords: Retirement planning, lifecycle investing,
decumulation, withdrawal, annuity, income drawdown, fix-
now, flex-to-fix, fix-never, mortality modeling, Lee-Carter
model, mortality credit, bequest, dynamic programming,
optimization, Hamilton-Jacobi-Bellman variational
inequality.
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1 Introduction

Population aging is transforming retirement into a complex problem of financing consump-
tion over an increasingly uncertain horizon. Rising life expectancy and sustained improve-
ments in mortality have extended the length of retirement, putting pressure on public and
occupational pension systems. As a result, a growing share of retirement risk is being trans-
ferred from collective institutions to households. This makes individual savings and invest-
ment decisions increasingly important for achieving financial security in old age. This evo-
lution presents three related challenges. First, demographic aging generates systematic and
idiosyncratic longevity risks, creating uncertainty regarding retirement duration and cost.
Second, despite greater participation in financial markets, many households are still con-
cerned about their ability to accumulate enough wealth to maintain their standard of living
throughout retirement. Third, these concerns emerge in a context where traditional defined-
benefit pension plans are gradually being replaced by funded and defined-contribution plans,
increasing individuals’ exposure to financial market risk.

What does longevity risk mean for retirement? According to United Nations (2024), the
global population aged 65 and older grew from 126 million in 1950 to about 880 million in
2026. This figure is projected to surpass 1 billion by 2030, reaching roughly 1.6 billion by
2050 and 2.4 billion by the end of the century. This corresponds to an old-age dependency
ratio! that has risen from 8 in 1950 to 16 in 2025, and is projected to reach 26 in 2050
and 40 in 2100. This means that the number of retirees has grown, and will continue to
grow, putting pressure on public pension systems that were designed for a much younger
population. Because this trend affects the whole population simultaneously and its future
pace is uncertain, it is a source of systematic longevity risk. At the same time, the global
population aged 90 and older was under 2 million in 1950, stands at around 26 million today,
and is expected to reach 260 million by 2100. This concentration of very old age increases
idiosyncratic longevity risk at an individual level, since it becomes difficult to predict how
long anyone will need care (Vaupel et al., 2021). It also drives up health and long-term care
expenses for the population as a whole and for individuals. In this case, retirement planning
becomes a long-term problem of financing consumption and expenditures over an uncertain
lifetime.

Consequently, retirement security has become a major financial objective for households.
For example, the 2026 Amundi Annual Report, based on a survey of 18 000 retail investors
across 26 countries, highlights “a greater individual responsibility for long-term financial se-
curity with personal investments expected to become the largest source of retirement income”
(Amundi Investment Solutions, 2026, page 4). While wealth accumulation and income gener-
ation remain the primary motivations for investing in financial markets — cited by 53% and
37% of respondents, respectively — retirement planning has become an increasingly impor-
tant objective. Globally, 36% of respondents reported investing to fund their retirement and
strengthen their long-term financial security. However, this global figure masks substantial
differences across age groups. The importance of retirement-related investment objectives
steadily increases over the life cycle. Among individuals aged 21-30, only 27% report pri-
marily investing to fund retirement. This proportion increases to 34% among those aged
31-40 and to 36% among individuals aged 41-50. For investors over 50, retirement funding
becomes a dominant investment motive, with approximately 43-44% citing it as their main
objective. These findings suggest that retirement concerns become increasingly salient as
individuals approach the end of their working lives. However, recognizing retirement as an
important financial objective does not necessarily imply confidence in achieving it. Survey

1The old-age dependency ratio is defined as the number of people aged 65 and older per 100 people of
working age (15-64 years old).
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results show a significant discrepancy between households’ short-term optimism and their
long-term fear of a financial shortfall. The 2025 GSAM survey describes this discrepancy as
an optimism gap. While 68% of respondents consider that their retirement savings are on
track, largely thanks to the strong performance of financial markets since the Covid-19 cri-
sis, 58% of respondents also anticipate that they will run out of money during their lifetime
(Goldman Sachs Asset Management, 2025, page 11). The Amundi survey points in the same
direction, with confidence varying sharply by age. More than 30% of individuals under 40
are confident of achieving long-term financial security, compared to only 15% of those over
50 (Amundi Investment Solutions, 2026, pages 28-29). This fear is not unfounded for some
households. For example, 13% of pensioners in Europe continue to work?, and about 30%
of them are working for financial necessity® (Eurostat, 2024, pages 17-22).

In this context?, as pillar 1 and pillar 2 defined-benefit (DB) plans come under pressure,
we observe strong growth in pillar 2 defined-contribution (DC) occupational plans, and,
above all, in pillar 3. Three factors reinforce this trend. First, high public debt limits
the fiscal ability of governments to absorb rising pension liabilities (OECD, 2025). Second,
employers are increasingly unwilling to take on longevity risk in addition to business risk.
Third, the nature of careers has changed. In the past, workers expected stable employment
with a single employer. Today, many hold multiple jobs with different employers for shorter
periods of time. This pattern is not well suited to DB plans. The shift from DB to DC is
therefore no accident, but this shift transfers a growing share of longevity risk to households,
making the accumulation and decumulation phases central to retirement finance.

Figure 1: Accumulation and decumulation

Consumption
Consumptlon
/r Consumption
Accumulatlon Decumulatlon
5 m 10
Age 35 36 62 65 Bequest
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As shown in Figure 1, a complete pension scheme consists of two phases: pre-retirement
accumulation and post-retirement decumulation. The accumulation phase is the period dur-
ing which a person saves and makes long-term investments to accumulate retirement funds.

2There is significant heterogeneity among countries. For example, countries with a proportion greater
than 25% include Cyprus, Czechia, Estonia, Iceland, Ireland, Finland, Latvia, Lithuania, Norway, Sweden,
and Switzerland. Those with a proportion smaller than 5% include Croatia, Greece, Romania, and Spain.

31t is also worth noting that about 35% continue to work because they enjoy it.

4Retirement systems are generally analyzed using the World Bank’s pension conceptual framework (Holz-
mann and Hinz, 2005, Table 1, page 10), which distinguishes five pillars: a non-contributory zero pillar that
provides general social assistance; a mandatory first pillar, comprising public pension plans financed through
pay-as-you-go (PAYG) arrangements; a mandatory second pillar of privately funded pensions financed by
employer and employee contributions (DB/DC); a voluntary third pillar, including personal savings and
voluntary individual retirement accounts; and a non-financial fourth pillar, providing non-financial sources
of retirement support, such as family assistance.
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In contrast, the decumulation phase is the process by which investors convert their retire-
ment savings into income to meet their needs while continuing to invest their remaining
funds (Martellini and Milhau, 2020; Bruder et al., 2023). During this phase, there is a
regular outflow of cash from the reserve. The two phases are closely interconnected. The
adequacy of decumulation depends critically on the wealth accumulated beforehand, while
accumulation choices depend on expectations about retirement consumption. Rising life
expectancy complicates this balance by increasing the necessary resources for an adequate
income and extending the period over which savings must be managed. Consequently, volun-
tary savings and supplementary pension plans are necessary to bridge the gap left by public
and mandatory programs. This interdependence highlights the fact that retirement planning
is an ongoing process in which saving, investing, and spending decisions are continuously
linked. The accumulation phase is particularly important in this context. Without sufficient
wealth at retirement, the choice of decumulation options becomes largely irrelevant. This
highlights the importance of sound accumulation strategies (Bruder et al., 2025). Yet accu-
mulating enough does not settle the retirement problem. What also matters is the ability
to transform that wealth into a reliable stream of lifetime income, and the two phases pose
different challenges. During the accumulation phase, individuals can gauge their progress
through contribution rates and investment performance. During retirement, however, they
must decide how to convert wealth into consumption without exhausting it prematurely,
while many key variables are uncertain: lifespan, inflation, healthcare or disability expenses,
and market returns. Decumulation is therefore a major challenge.

In fact, decumulation is certainly a more complicated mathematical and financial problem
than accumulation:

“I believe decumulation is a more difficult challenge than accumulation. My gen-
eration, the baby boomers, have begun retiring, and the ones who have managed
to build up a nest egg are going to need a lot of help figuring out how to make
it last. At least from my perspective, this is the sort of problem that would be
fun to think about.” (Thaler, 2019).

Similarly, Sharpe (2017) described decumulation as the “nastiest, hardest problem in fi-
nance”, pointing to the many dimensions of the problem (actuarial mortality tables, market
return scenarios, inflation pathways, etc.). Decumulation is not a new problem, but the shift
from DB to DC plans has renewed it. In a DB plan, the tangible variable is the retirement
income, not the wealth behind it. In France, for instance, the Agirc-Arrco statement (a
mandatory complementary pension plan) reports the number of points accumulated. Mul-
tiplying this number by the current value of the point gives the annual or monthly gross
pension that those points would provide today. By contrast, statements for DC and volun-
tary schemes usually report the current value of the accumulated wealth, and typically keep
the retirement income it would finance hidden from the saver. The dynamics of accumu-
lation also differ. In a DB plan, accrued retirement income is a nondecreasing function of
time. This is a true accumulation process. In a DC plan, however, retirement wealth is not
a nondecreasing function of time since it depends on the performance of the invested assets.
Robert Merton emphasizes the importance of this difference:

“Qur approach to saving is all wrong: We need to think about monthly income,
not net worth.” (Merton, 2014).

Although these three Nobel laureates in economics all stress the importance of decumulation,
most of the academic literature, policy work, surveys, and industry publications still focus
on accumulation. Decumulation has received less attention, even though it represents 50%
of the retirement problem.
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For example, the famous reports Global Pension Assets Study and Pensions at a Glance
published by the Thinking Ahead Institute (TAI) and the OECD focus on the size, allocation,
and performance of pension assets, but they say little about payouts (Thinking Ahead
Institute, 2026; OECD, 2025). According to the TAI, the value of pension assets worldwide is
around $73 trillion. This figure is comparable to the value of mutual funds ($74 trillion), but
much higher than the value of insurance assets ($43 trillion) and sovereign wealth funds ($15
trillion). However, this figure represents assets under management by pension funds, not the
total value of the retirement market. On the one hand, individuals also save for retirement
through mutual funds, insurance products, and bank deposits, and retirees may continue to
use these investment vehicles during the decumulation phase. On the other hand, pension
fund assets combine accumulation assets (those of active members) and decumulation assets
(those funding the pensions of retirees). Therefore, it is very difficult to measure the split
between accumulation and decumulation assets, and very few study provide this information.
For instance, according to The Investment Association (2026), the total value of assets in
the UK private pension system is approximately £3.8 trillion, comprising £1.7 trillion in DB
schemes and £2.2 trillion in DC schemes. Within the DC assets, around 70% are held in
the accumulation phase, while the remaining 30% are in the decumulation phase. Within
the decumulation assets, about £260 billion is invested in income drawdown products and
£420 billion in annuities, representing 38% and 62% of decumulation assets, respectively.

Table 1: Net pension replacement rates from mandatory (public and private) and voluntary
pension schemes for men (in %)

Earnings | Earnings
Country Low Medium High ' COWY Low Medium High
Australia 82.7  53.0 38.1 | Switzerland 59.2 475  25.0
Canada 56.0 45.1 25.0 : United Kingdom  76.2 54.2 39.5
Canada* 79.4 70.6 50.4 | United States 62.5 51.3 40.0
France 66.1 70.0 58.9 : United States* 111.4 100.7 92.2
Germany 57.7 53.3 38.8 | OECD 75.4 63.2 52.9
Germany™* 71.6 68.0 52.7 : OECD* 81.2 69.2 59.9
Ireland 56.5 33.7 20.1 | EU27 76.5 68.3 59.7
Ireland* 93.3 72.3 61.1 : Argentina 103.1 78.6 66.4
Italy 70.4 79.0 81.9 | Brazil 95.9 97.5 87.7
Japan 61.8 42.4 34.0 ' China 130.3 103.6 91.2
Netherlands 97.2 96.0 89.7 : India 44.6 44.6 24.2
Norway 74.4 54.9 36.6 ' Indonesia 55.6 55.6 55.3
Spain 78.6 86.3 57.9 : South Africa 16.8 8.9 4.9
Sweden 67.4 66.3 84.4 1 South Africa* 30.3 32.0 34.6

* Includes voluntary pension schemes in addition to mandatory ones.

Source: OECD (2025, Table 4.5, page 171).

One of the key questions is what level of retirement living standard can be supported
by pension income. Generally, three components of financial needs in retirement can be
distinguished: (1) basic needs such as housing, food, transportation, basic leisure, and
clothing; (2) unexpected expenses such as healthcare and old-age dependency expenses,
and (3) discretionary expenditures for a more comfortable lifestyle such as holidays, cars,
leisure activities, and other non-essential consumption (OECD, 2024, Figure 5.1, page 118
and Table 5.1, page 120). Table 1 reports the net replacement rates® for men by country
and by earnings group (low, medium, and high). For example, in the OECD countries, the

5The gross pension replacement rate is defined as gross pension entitlement divided by gross pre-

10
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Table 2: Net pension wealth provided by mandatory (public and private) pension schemes
for men (in multiple of annual earnings)

Earnings ‘ Earnings
Country Low Medium High ! Country Low Medium High
Australia 15.4 10.4 7.1 | Spain 15.9 17.5 11.7
Canada 11.3 9.1 5.1 ' Sweden 11.6 11.4 14.5
France 13.5 14.3 12.0 : Switzerland 13.5 10.8 5.7
Germany 12.4 114 8.3 I United Kingdom 15.1 10.4 7.5
Greece 19.1 17.0 15.4 : United States 11.5 9.4 7.4
Ireland 12.7 7.6 4.5 1+ OECD 14.7 12.2 10.1
Italy 12.2 13.7 14.2 : EU27 14.4 12.8 11.1
Japan 13.2 9.0 7.2 1 Argentina 19.9 15.2 12.8
Korea 11.0 7.7 4.9 : Brazil 16.8 17.1 15.4
Lithuania 6.4 4.9 3.7 | China 27.3 21.6 18.9
Luxembourg 25.1 22.6 20.5 : India 9.0 9.0 4.9
Netherlands  17.9 17.0 15.6 | Indonesia 8.0 8.0 8.0
Norway 15.6 11.5 7.6 ' South Africa 3.0 1.6 0.9

Source: OECD (2025, Table 4.7, page 175).

average net replacement rate is 75.4% for low earners, 63.2% for medium earners and 52.9%
for high earners. When voluntary pension schemes are included, these figures rise to 81.2%,
69.2% and 59.9%, respectively. Three remarks can be made. First, most net replacement
rates are below 100%. This means that retirees have a lower income in retirement than
when they were working. In some countries, such as South Africa, the net replacement
rate is even below 20% for all earnings groups. Exceptions above 100% are China (low and
medium earners), Argentina (low earners) and the United States when voluntary pension
schemes are included (low and medium earners). Second, there are significant differences in
net replacement rates across earnings groups within countries. For instance, in Australia,
the net replacement rate for low earners is more than 40 percentage points higher than
for high earners (82.7% versus 38.1%). Third, voluntary pension saving can considerably
improve retirees’ income. For high earners, the net replacement rates increase from 20.1%,
40.0% and 4.9% to 61.1%, 92.2% and 34.6% in Ireland, the United States and South Africa,
respectively. These results suggest that mandatory schemes alone leave many retirees with
a substantial gap in their living standards, and that voluntary schemes can play a key role
in closing or mitigating this issue. Another way to assess pension adequacy relative to the
pre-retirement situation is to compute net pension wealth®, which is expressed as a multiple
of annual earnings. Results are reported in Table 2. For example, a net pension wealth of 10
means that the discounted value of all pension payments received during retirement is equal
to ten times the annual net earnings (or ten years of net earnings). Some countries have
particularly generous schemes, with net pension wealth above 20 for some earnings groups:
Luxembourg (25.1, 22.6 and 20.5 for low, medium and high earners, respectively) and China
(27.3 and 21.6 for low and medium earners). Other countries are much less generous. In
South Africa, for instance, net pension wealth is 3.0, 1.6 and 0.9 for low, medium and high
earners, respectively. These figures must be interpreted in light of the expected lifetime’.

retirement earnings. The net pension replacement rate is defined as the individual net pension entitle-
ment divided by net pre-retirement earnings, taking into account personal income taxes and social security
contributions paid by workers and pensioners.

6Net pension wealth is defined as the present value, at the retirement age, of the lifetime flow of retirement
incomes from mandatory pension schemes. This is calculated after the personal income taxes and social
security contributions paid by pensioners. It is expressed as a multiple of annual net pre-retirement earnings.
The calculation uses a uniform real discount rate of 1.5% (OECD, 2025, pages 172 and 174).

"The life expectancy is 79.6 years in Europe and North America, 77.8 in Argentina, 84.3 in Australia,

11
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Retirement can also impact poverty levels. In many countries, the income poverty rate is
higher among older people (aged over 65) than in the total population. On average across
OECD countries, the poverty rate is 14.8% for people aged 65 and over compared to 11.5%
for the total population (OECD, 2025, Table 7.2, page 211). Moreover, old-age poverty also
tends to increase with age. In OECD, the rate is 17.2% for people aged 75 and over, versus
13.1% for those aged 65 to 75. In Australia, the income poverty rate reaches 22.6% for
people aged 65 and over, versus 12.6% for the total population. However, these averages
mask considerable heterogeneity between men and women, between singles and couples, and
between homeowners and renters. In particular, housing is an important component of the
retirement decumulation challenge (Callaghan et al., 2020, Chart 1, page 32). In Australia,
fewer than 10% of retired homeowner couples and around 15% of retired single homeowners
are classified as experiencing financial stress and living in poverty. In contrast, poverty
rates among retired renters are substantially higher, exceeding 20% for couples and reaching
approximately 60% for singles. These figures highlight the critical role that homeownership
plays in ensuring financial security in retirement.

These observations highlight that retirement risk is not just an accumulation problem.
While having enough money is necessary for financial security, it is not sufficient. Retirees
must also learn how to convert their savings into a steady income. However, they often
make this decision with little prior experience and under considerable uncertainty. Thus,
the decumulation phase presents a unique set of economic, financial, and actuarial chal-
lenges and is the natural counterpart of the accumulation phase. While the accumulation
problem addresses how much to save and how to invest, the decumulation problem ad-
dresses how to spend, invest, and insure against longevity risk. Consequently, the transition
from accumulating wealth to generating retirement income has become a central question
in modern pension finance (Milevsky, 1998, 2001, 2006). At retirement, households face a
wide range of payout options. These include fixed and inflation-linked life annuities, variable
annuities, phased withdrawals through income drawdown arrangements, lump-sum distri-
butions, and more recent forms of non-guaranteed lifetime income products. Examples of
these products include collective defined-contribution schemes, target-benefit plans, group
self-annuitization arrangements, and tontines (OECD, 2022b; Pensions Europe, 2025). Al-
though these products vary in flexibility, liquidity, and risk-sharing, they all address the
same fundamental challenge: providing income over an uncertain lifetime while managing
investment and longevity risks.

Among these payout options, life annuities occupy a special place in standard economic
theory, because they explicitly provide insurance against longevity risk and voluntary an-
nuitization has long been regarded as the optimal way to hedge this risk. In a seminal
contribution, Yaari (1965) uses a life-cycle utility framework to show that a rational con-
sumer with an uncertain lifetime and no bequest motive should annuitize 100% of their
wealth at an actuarially fair price. The intuition is straightforward. By pooling longevity
risk across individuals, annuities generate a “mortality credit”. Indeed, the accumulated
capital of deceased pool members is redistributed to survivors. Thus, conditional on sur-
vival, an annuity yields an effective return well above that of conventional risk-free assets
(Milevsky et al., 2006). However, mortality credits are not specific to insured annuities since
pooled annuity funds and tontines also deliver them, albeit without guaranteed payments
(Stamos, 2008; Milevsky and Salisbury, 2015; Denuit et al., 2022). Subsequent research has
shown that the theoretical appeal of annuities extends well beyond Yaari’s original frame-
work. Mitchell et al. (1999) document that individual annuities are not actuarially fair and
contain non-negligible loadings, but show that their money’s worth ratios remain relatively

76.4 in Brazil, 79.0 in China, 72.7 in India, 85.1 in Japan and 66.7 in South Africa (United Nations, 2024).

12
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high®. Combined with the utility value of longevity insurance, these findings suggest that
annuities may remain attractive despite administrative costs. Davidoff et al. (2005) further
relax Yaari’s assumptions and show that the full annuitization result is remarkably robust
and does not rely on actuarially fair pricing or restrictive assumptions about preferences. In
complete markets, access to annuities improves welfare under very general conditions”. More
recently, Milevsky (2013) emphasizes that life annuities are the most direct instrument for
hedging individual longevity risk. However, observed behavior differs sharply from the pre-
dictions of standard life-cycle models. This divergence was noted by Modigliani in his Nobel
lecture and his discussion of retirement saving and consumption behavior (Modigliani, 1986;
Deaton, 2005). Voluntary annuity demand remains low in most countries. For example,
in the U.K., only 5.9% of retired households in the 2002-04 English Longitudinal Study of
Ageing (ELSA) reported income from a voluntary annuity (9.6% among stock market par-
ticipants and 3.2% among stock market non-participants) (Inkmann et al., 2011). Similar
evidence has been documented in the United States and Australia (Brown, 2001; Benartzi
et al., 2011; Callaghan et al., 2020). This persistent gap between normative theory and ob-
served choices is known as the “annuity puzzle” (Benartzi et al., 2011; Hershfield et al., 2026).
The academic literature has proposed numerous explanations for this discrepancy, which can
be broadly grouped into two categories: rational frictions that reduce the attractiveness of
annuities in real-world settings, and behavioral or psychological factors that cause individ-
uals to depart from the predictions of standard expected-utility models. The first category
remains within the rational agent framework and examines whether real-world market im-
perfections make annuities a “bad deal”. The bequest motive is one of these frictions. Many
retirees want to leave wealth to their heirs, but a standard single-life annuity eliminates
capital at death. Lockwood (2012) shows that even a modest bequest motive can make zero
annuitization optimal at market prices. However, the strength and heterogeneity of bequest
motives remain debated (Bernheim, 1991; Kopczuk and Lupton, 2007). Illiquidity is a sec-
ond friction. Annuitization is largely irreversible, locking up capital and exposing retirees to
uninsured shocks, such as large and uncertain healthcare and long-term care expenditures.
Peijnenburg et al. (2017) show that uninsured out-of-pocket medical expenses substantially
reduce the demand for annuitization, while Reichling and Smetters (2015) show that the
optimal annuity share depends on health-related and stochastic mortality risk. Adverse se-
lection is a third friction. Since buyers have private information about their own health and
longevity, insurers use annuitant mortality tables rather than population mortality tables to
price, which increases the effective cost for individuals with average life expectancy. Finkel-
stein and Poterba (2004) document this empirically for the U.K. annuity market. Finally, a
crowding-out effect is at work. Public pensions (Pillar 1) and occupational defined-benefit
plans (Pillar 2) already provide a substantial amount of annuitized retirement income, and
intra-household risk sharing among couples also reduces the incremental demand for vol-
untary annuities (Brown and Poterba, 2000; Dushi and Webb, 2004; Pashchenko, 2013).
Nevertheless, quantitative studies suggest that these rational explanations, taken together,
are insufficient to fully reconcile the observed annuity demand with the predictions of stan-
dard life-cycle models (Peijnenburg et al., 2016). The second category of explanations draws
on behavioral economics and cognitive biases that the standard capture. Annuitization ex-
changes liquid wealth for an irreversible income stream, a transaction that many households
view as a potential loss. Loss aversion plays a central role in this perception. The prospect

8The money’s worth ratio of an annuity is the expected present value of its payments, calculated using a
given mortality table and discount curve, divided by its market price. In other words, it is the ratio between
the actuarial fair price and the commercial market price. On average, the authors found that this ratio in
the U.S. is between 80 and 85 cents per dollar of annuity premium.

9They only requires the absence of a bequest motive and a return advantage over conventional assets,
namely the mortality credit.
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of forfeiting one’s capital to an insurer in the event of early death carries more weight than
the gain from higher payouts conditional on survival. Hu and Scott (2007) formalize this
argument with cumulative prospect theory and show that a loss-averse retiree may decline
even with an actuarially fair annuity. Framing compounds this effect. Brown et al. (2008)
show in a survey experiment that respondents favor annuities when they are framed as a
guaranteed income, but not when they are framed as an investment, in terms of returns and
principal. Agnew et al. (2008) find that gender, framing, and default settings significantly
affect annuity choices. Other behavioral mechanisms, including complexity, choice overload,
spending flexibility and decision avoidance, may also reduce annuity demand (Beshears et
al., 2014), as does limited financial literacy (Lusardi and Mitchell, 2014; Bavafa et al., 2026).
Ambiguity aversion regarding future survival prospects and the tendency to underestimate
individual longevity risk also play a role. Taken together, these findings suggest that no
single explanation resolves the annuity puzzle'®, which more likely reflects the interaction
of rational, behavioral, and institutional factors.

The main alternative to annuitization is drawdown. With this method, retirees keep
ownership of their accumulated wealth and finance their spending by making regular pro-
grammed withdrawals from an investment portfolio (Antolin, 2008; Banks and Crawford,
2022). Drawdown preserves liquidity, gives retirees control over their assets, and provides the
flexibility to adapt their spending to changing circumstances. It also enables the transfer of
residual wealth to heirs. These features make drawdown particularly attractive to households
with uncertain expenditures or strong bequest motives (Lockwood, 2012; Peijnenburg et al.,
2017). However, this flexibility comes at the cost of greater financial risk. Unlike annuitants,
retirees who rely on drawdown remain exposed to investment risk and bear the longevity
risk associated with financing consumption from their own assets. For example, the port-
folio could be depleted before death, especially if market performance is poor or longevity
exceeds expectations (Gerrard et al., 2004). A major concern is experiencing adverse invest-
ment returns in the early years of retirement when withdrawals have already begun, as this
can permanently impair the sustainability of future income (Bengen, 1994, 1997). Inflation
introduces an additional challenge as retirees must preserve the purchasing power of their
withdrawals over a retirement that may span several decades (Antolin, 2008). The limiting
case is the complete withdrawal of retirement wealth as a lump sum. The proceeds can then
be spent, kept in liquid assets, or invested outside the pension plan. However, in this case,
the withdrawn wealth no longer benefits from longevity-risk pooling. This makes the retiree
responsible for managing investment, inflation, and longevity risks (Financial Conduct Au-
thority, 2018). The growing importance of drawdown reflects broader institutional changes
in pension systems. In addition to the shift from DB to DC plans, new regulations can change
the retirement market. In the United Kingdom, for instance, the 2015 “pension freedoms”
substantially liberalized access to DC pension wealth. This was followed by a sharp decline
in annuity purchases and an increased use of drawdown arrangements (Financial Conduct
Authority, 2018). A similar trend can be observed in Germany, where the 2026 pension
reform will replace the Riester scheme. In 2027, the “Altersvorsorgedepot” will introduce
greater flexibility during the payout phase by permitting long-term withdrawal plans as an
alternative to mandatory lifetime annuitization. These developments have reinforced the
practical relevance of substantial literature on retirement income sustainability and post-
retirement portfolio management (Gerrard et al., 2004; Milevsky and Huang, 2011; Bruder
et al., 2023). A central question in this literature concerns sustainable withdrawal rates.

10As emphasized by Brown et al. (2008), many proposed solutions merely shift the puzzle elsewhere.
For example, if family risk-sharing substitutes for annuitization, annuity demand should increase following
widowhood. However, there is little evidence that this occurs. Similarly, if delayed annuitization were the
primary explanation, one would expect annuity purchases to substantially increase at advanced ages, but
this is not generally observed.
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The influential 4% rule, proposed by Bengen (1994), suggests that an initial withdrawal
equal to approximately 4% of retirement wealth, adjusted for inflation, would historically
avoid portfolio exhaustion over a 30-year retirement period for stock-bond portfolios. Ben-
gen (1996) subsequently explored the impact of asset allocation, and Cooley et al. (1998)
extended the analysis using historical simulations to estimate portfolio survival probabilities
across different withdrawal rates, investment allocations, and retirement horizons. Although
the 4% rule is highly influential among practitioners, it has been criticized because it does
not, adapt to stochastic longevity, changing market conditions, or evolving spending capac-
ity (Scott et al., 2009; Milevsky and Huang, 2011). Therefore, dynamic spending rules that
adjust withdrawals based on changes in portfolio wealth, remaining planning horizons, and
life expectancy have been proposed (Waring and Siegel, 2015).

Professional reports and household surveys suggest that decumulation is difficult in prac-
tice. In the United Kingdom, 77% of DC pension holders aged 40-75 who had not yet
accessed their pension did not have a clear plan to do so'! (Butt et al., 2025). The diffi-
culty persists after retirement begins. A recent U.S. survey of adults aged 45-79 with at
least $100000 in investable assets found that only 28% were comfortable with seeing their
savings decline to finance retirement expenses, while 49% were uncomfortable with doing so
(Corebridge Financial, 2026). Consistent with this reluctance to draw down wealth, Bavafa
et al. (2026) use longitudinal data from the Health and Retirement Study to show that the
median retiree retains about 68% of their non-housing financial wealth twelve years after
age 65, while nearly 40% of retirees in the sample increased their financial wealth during
the same period. The decumulation problem therefore has two dimensions. Retirees may
either exhaust their wealth too quickly or preserve too much capital at the expense of cur-
rent consumption. Several risks help explain this caution. In the Corebridge survey, 76%
of retirees reported that concerns about persistent inflation led them to spend less than
they would have liked. Other concerns include future healthcare costs (cited by 72%), long-
term-care costs (69%), a major stock-market decline (68%), and the possibility of living
substantially longer than expected (57%) (Corebridge Financial, 2026). Broader U.S. ev-
idence is consistent with these concerns. The Society of Actuaries’ 2024 Retirement Risk
Survey found that 58% of retirees and 78% of pre-retirees were worried that their savings
were not keeping pace with inflation. Additionally, 20% of retirees and 35% of pre-retirees
had experienced a financial shock that reduced their assets by more than 25% (Geddes et
al., 2026). Long-term care is a particular concern in Europe. According to the 2024 Pension
Adequacy Report, long-term care expenses for older adults with severe care needs could
reach one to six times the median disposable income by 2050, and may remain unaffordable
for most people, even with public support (European Commission, 2024; Pensions Europe,
2025). Some savers also underestimate their life expectancy. A 2023 U.S. study by Jackson
Financial and Boston College, which surveyed 1000 investors aged 55-84, found that more
than 32% underestimated their lifetime (Pensions Europe, 2025). Holding liquid assets is
a form of self-insurance against such risks. Moreover, Bavafa et al. (2026) show that decu-
mulation differs sharply across asset classes. Over the twelve years following age 65, stock
holdings decline by nearly 85%, IRA balances by around 50%, and checking and savings
balances by only about 25%. This preference for liquidity is particularly relevant to annu-
itization because life annuities are usually irreversible and reduce the available capital for
unexpected expenses and bequests. The OECD analysis of the payout phase highlights this
trade-off: lifetime income products protect against longevity risk, while managed drawdown
maintains flexibility (OECD, 2024). The OECD also finds that attitudes are more nuanced
than observed annuity purchases suggest. In 15 European countries, around 80% of respon-

11« This includes 56% who knew they had to make a choice but did not have a clear plan, and 21% who
were not aware they had to make a choice.” (Butt et al., 2025, page 17).
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dents preferred safety than performance, and 62% preferred an annuity for at least some
of their retirement savings. However, preferences changed when respondents were shown
their projected retirement outcomes. This illustrates how framing affects the apparent at-
tractiveness of annuitization. In the United Kingdom, 32% of individuals aged 50-69 who
were saving for retirement had never heard of a life annuity. A further 21% believed that
annuities were risky products with volatile income (OECD, 2024, page 126). Therefore,
low observed annuity take-up need not imply low demand for insurance against longevity
risk. In fact, the demand for guaranteed income is substantial. In the 2024 DWP survey,
in which respondents could select multiple objectives for their DC pension, 53% chose guar-
anteed lifetime income, 31% flexible lifetime income, and 12% flexible income followed by
guaranteed income (Butt et al., 2025, page 17). Actual choices are much more concentrated
in flexible access. Among U.K. adults who accessed a DC pension in the twelve months
to May 2024, 52% partially encashed a pension, 28% fully encashed a pension, and only
19% purchased an annuity (Financial Conduct Authority, 2025, page 38). Full encashment

Figure 2: Breakdown of pots and assets for the first time by method of access (U.K. data)
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is even more prominent when measured per pot rather than per adult. In 2025/26, it ac-
counted for 45.8% of pots accessed for the first time, while drawdown represented 38.3%
and annuities only 9.6% (Figure 2). The picture is very different when measured in as-
sets under administration (AUA). In 2025/26, drawdown accounted for 77.4% of AUA and
annuities for 9.5%, whereas full withdrawals represented only 6.3%. The gap between the
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two figures is partly due to small pots, since 68% of full cash withdrawals came from pots
under £10000. This suggests that savers make short-term decisions without considering
their total retirement wealth (Pensions Policy Institute, 2025). Another surprising figures
is the distribution of regular withdrawal rate (Banks and Crawford, 2022). In Figure 3, we
report the distribution of regular withdrawal rates by pooling the FCA data covering the
period from 2017 to 2026. Although some differences are visible across age groups, these are
relatively modest. By contrast, substantial heterogeneity emerges when plans are grouped
by pot size. In particular, average withdrawal rates decline as fund size increases. Overall,
approximately 12% of plans have a withdrawal rate below 2%, while a further 16% withdraw
between 2% and 4%. At the other end of the distribution, more than 40% of plans withdraw
more than 8% per year. Such withdrawal rates are difficult to reconcile with conventional

Figure 3: Annual rate of regular withdrawal by age band and fund size (U.K. data, 2017—
2026)
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sustainability benchmarks and may expose retirees to a significant risk of exhausting their
assets prematurely. As with full encashment, however, this pattern is largely driven by the
smallest pension pots, whose holders appear more likely to prioritise immediate access to
wealth over long-term income planning. These choices cannot necessarily be interpreted as
the result of fully informed preferences. The FCA’s Retirement Outcomes Review found
weak competitive pressure and low switching (Financial Conduct Authority, 2018). Many
consumers followed the “path of least resistance” by accepting drawdown from their existing
provider rather than shopping around. Approximately one-third of consumers who recently
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entered drawdown were unaware of where their money was invested. Some providers de-
faulted consumers into cash or cash-like assets, which are generally unsuitable for long-term
drawdown (Financial Conduct Authority, 2018). Thus, low annuity take-up may reflect a
combination of liquidity preferences, bequest motives, imperfect information, inertia, and
the complexity of comparing retirement income strategies. In other words, the institutional
environment can affect observed annuitization independently of households’ underlying pref-
erences. The difficulty is compounded by limited advice and financial literacy. According
to Pensions Policy Institute (2025), more than 70% of pension withdrawals occur without
regulated advice or pension-wise guidance, and advice is not perceived as accessible to all.
Awareness of charges is also limited. 55% of DC pension holders are unaware that fees
apply, and only 12% know the exact costs. Many savers lack a structured decumulation
strategy, with only 21% considering inflation risk and 21% investment risk when planning
withdrawals (Pensions Policy Institute, 2025). Pensions Europe attributes these difficulties
to the low level of financial literacy in Europe. According to the 2023 Eurobarometer, only
18% of EU citizens have a high level of financial literacy, 64% have a medium level and 18%
have a low level (Pensions Europe, 2025). The OECD highlights that financial planning and
education are particularly important during the decumulation phase when individuals must
simultaneously consider longevity protection, withdrawal rates, investment risk, and sources
of income (OECD, 2022a). The institutional context is also crucial. Many countries already
have mandatory public and occupational pensions that provide lifetime income, which af-
fects the marginal value of an additional private annuity. The Pension Adequacy Report
documents substantial cross-country differences in adequacy (European Commission, 2024).
For instance, the stronger mandatory income floor in France leaves a different role for private
annuitization than in the United Kingdom, meaning that the same private pension balance
can have very different implications for retirement security depending on the lifetime income
supplied by the pension system.

The relative appeal of drawdown and annuitization evolves throughout retirement. Early
in retirement, the flexibility of drawdown is valuable because retirees face substantial un-
certainty regarding future spending needs, health care expenses, market conditions, and
personal circumstances. At the same time, however, mortality credits are relatively modest
at younger retirement ages, reducing the attractiveness of immediate annuitization. Nev-
ertheless, as retirees age, the situation gradually reverses. The benefits of retaining full
liquidity and investment flexibility tend to decline, while the value of longevity insurance
increases as survival probabilities fall and mortality credits rise. Consequently, the choice
between drawdown and annuitization should not be viewed as a binary decision made once
and for all at retirement, but rather as a dynamic allocation problem whose solution may
evolve over time. This observation has motivated a growing body of literature on delayed
and partial annuitization, which seeks to combine the flexibility of drawdown during the
early years of retirement with the income security provided by life annuities later in life.
Milevsky (1998) shows that retirees with low risk aversion can benefit from delaying annuity
purchases to capture the equity premium until the rising mortality credit makes annuitiza-
tion attractive. Milevsky (2001) analyzes the options available to the retiree, and Milevsky
and Promislow (2001) value guaranteed future annuitization options embedded in variable
annuity contracts under stochastic mortality and interest rates. Milevsky and Young (2007)
formalize the problem by jointly determining the optimal asset allocation and the optimal
annuitization time, and Stabile (2006) treats it as a combined stochastic control and optimal
stopping problem. Milevsky et al. (2006) study the same trade-off when the objective is to
minimize the probability of financial ruin, while Horneff et al. (2008) compare single-date
conversion with gradual annuitization and quantify the cost of switching to annuities over
time. Delay can also be built into the product itself, as in the advanced life deferred annuity
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of Gong and Webb (2010). From a practitioner perspective, Boyle and Webb (2022) advocate
a “flex first, fix later” strategy, in which retirees remain flexible and switch to an annuity in
their late seventies or early eighties. Clare et al. (2024) study this strategy for the U.K. and
find, in their baseline calibration, a crossover from drawdown to annuitization at about age
73. However, this age is sensitive to market conditions and risk preferences'?. Building on
these works, we study a flez-to-fiz strategy, in which the retiree remains invested and liquid
during a flexible period before converting part or all of their wealth into an annuity at a later
date. The strategy encompasses two limiting cases: immediate annuitization (fiz-now) and
permanent drawdown (fiz-never). Our contribution is threefold. First, a static actuarial
analysis shows how the optimal conversion date depends on the bequest motive, the with-
drawal rate, and the return of the drawdown portfolio. We find that there is no single optimal
annuitization age, although optimal dates tend to concentrate around retirement age (65)
or between 75 and 80. Second, we develop two dynamic formulations: an optimal-stopping
problem, which assesses the value gained by making the conversion date state-contingent,
and a Hamilton-Jacobi-Bellman variational inequality (HJBVI), which characterizes the free
boundary that governs the gradual transition from drawdown to annuity income. We find
that a well-chosen fixed date already captures most of the value of delaying annuitization,
while the HJIBVI formulation reveals an implicit bond effect of annuities on the optimal eq-
uity allocation and shows that spreading purchases over time substantially reduces market
timing and ruin risk compared to a single-date conversion. Third, we propose a simple rule
that approximates the HJBVI strategy by spreading annuity purchases evenly across the
flex window once the target date has been calibrated.

The remainder of the paper is organized as follows. Section Two introduces the mortality
modeling framework. First, we examine the mortality data and emphasize the importance
of data cleaning and preprocessing. Then, we present the Lee-Carter (LC) model for cen-
tral death rate modeling, as well as two extensions based on Poisson and negative binomial
generalized linear models. We also consider the Cairns-Blake-Dowd (CBD) model. After
discussing how to calibrate these models, we show how to use them to forecast mortal-
ity rates and survival probabilities. Finally, we evaluate the models’ performance using
in-sample and out-of-sample backtesting exercises. Section Three focuses on annuity mod-
eling. First, we analyze the pricing of life annuities under deterministic and stochastic
mortality assumptions. Then, we investigate the sensitivity of annuity values to the under-
lying mortality model. Then, we examine the effects of discount rates, discuss mortality risk
premia valuation, and introduce mortality credits. The second part of the section is devoted
to portfolio risk analysis. After presenting a framework for modeling annuity liabilities, we
develop risk measurement tools and quantify the relative contributions of systematic and
idiosyncratic mortality risk. Section Four studies optimal retirement decumulation strate-
gies by comparing three approaches: immediate annuitization (fiz-now) which serves as
the benchmark, permanent drawdown (fiz-never), and the hybrid flez-to-fiz strategy, which
combines the first two. This section is divided into static and dynamic analyses. In the
static analysis, we investigate two methods for determining the optimal annuitization date
ex ante. One method uses mortality credits, and the other uses actuarial valuation prin-
ciples. The dynamic analysis considers a discrete-time Bellman framework with fixed-date
annuitization and a continuous-time portfolio optimization framework with withdrawals and
endogenous annuitization decisions. Numerical experiments and simulation results illustrate
the economic rationale behind these strategies and compare their performance with that of
alternative rule-based approaches. Finally, Section Five concludes and discusses potential
directions for future research.

121t moves to around age 78 when the lower annuity rates observed in February 2020 are used, and it
ranges from around ages 67-68 for highly risk-averse retirees to about 78.5 for risk-indifferent retirees.
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2 Mortality modeling

Modeling human mortality requires high-quality data and appropriate statistical models,
particularly when the objective is to analyze mortality trends and forecast future mortality
rates. Below, we mainly rely on the Human Mortality Database (HMD), which is widely
regarded as one of the most comprehensive and reliable sources of mortality data. We then
introduce two standard classes of stochastic mortality models: the Lee-Carter (LC) model
and the Cairns-Blake-Dowd (CBD) model, along with their principal extensions. These
models provide a statistical framework for capturing age- and time-related dynamics of
mortality and are widely used in actuarial science and pension risk management. Finally,
we discuss the forecasting methodologies and techniques used to project future mortality
patterns and assess the sources of uncertainty in these projections.

2.1 Mortality data

The choice of mortality database is critical, since different sources vary substantially in terms
of granularity, geographic coverage, historical depth, and update frequency. Below, we list
some examples of country-specific and international databases:

e Continuous Mortality Investigation (CMI) is a UK research organization offering mor-
tality projections widely used by UK pension funds and life insurers.

e The INSEE database provides official French mortality rates and life tables from 1957
to the present, calculated by the French national statistical institute.

e The Human Mortality Database (HMD) is maintained by the Max Planck Institute
for Demographic Research (Germany), the University of California, Berkeley (USA),
and the French Institute for Demographic Studies (France). It provides harmonized
death counts, population exposure, and life tables for approximately 40 countries and
regions.

e The WHO Mortality Database, maintained by the World Health Organization, is a
compilation of mortality data by country, year, sex, age and cause of death from 1950
to the present.

e World Population Prospects (WPP) is produced by the United Nations Population
Division. It is a global database covering more than 200 countries from 1950 to 2100.

Beyond these major international sources, many national and supranational statistical or-
ganizations (e.g., OECD, Eurostat) maintain their own mortality datasets.

2.1.1 Data description

In this research paper, we use the HMD because its data files are the result of a harmoniza-
tion procedure designed to create comparable mortality schedules over time and between
countries (HMD, 2026). In particular, the dataset contains two important statistics'®:

e The period deaths variable D (z,t) denotes the number of deaths at age x during year
t;

e The period exposure-to-risk variable E (z,t) denotes exposure-to-risk at age = during
year t, that is, the population at risk expressed in person-years over the calendar year.

13See Appendix B.1 on page 141 for more details about the HMD.
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Using these two quantities, we can compute the central death rate at age x during year ¢:

D (z,t)
E (z,t)

m(x,t) =

This quantity is central to mortality modeling, as it forms the basic input series on which
stochastic mortality models are fitted. The table below illustrates the historical coverage
available in the HMD and provides an example of how to compute m (75,2015):

France UK Italy Germany USA Japan
Period 18162023 1922-2022 1872-2023 1990-2020  1933-2024 1947-2024
- D(75,2015)  9441.00  12916.00  13977.00  26414.64  54432.84  25676.97
E(75,2015) 454188.97 458855.33 614 300.05 971203.48 1824538.24 1343110.93

m (75,2015) 2.08% 2.81% 2.28% 2.72% 2.98% 1.91%

To interpret these figures, we consider the example of France. D (75,2015) = 9441 means
that 9441 people, aged 75 but not yet 76 at the time of death, died in France in 2015.
E (75,2015) = 454 188.97 means that the equivalent* of 454 188.97 people were exposed to
the risk of dying at age 75 in 2015.

Remark 1 The exposure-to-risk E (x,t) is closely related to population size P (x,t), which
is the number of individuals aged x on January 1st of year t. In the example of France,
we have P (75,2015) = 455726 versus E (75,2015) = 454 188.97. In fact, E (z,t) takes into
account people entering or leaving age x during year t.

Table 3: Central death rate m (z,t) in % (z = 75 years)

t France UK TItaly Germany USA Japan

1900 11.44 12.62
1925 9.28 948  9.17
1950 701 7.69 6.67 6.70  8.64
1980 4.64 571 526 4.73 484

2000 293 411  3.30 3.58 3.83 2.61
2010 224 293 245 3.01 3.09 2.18
2020 220 290 252 2.76 3.25 1.89
2021 215 271 241 3.30 1.83

Table 3 presents the central death rate m (z,t) when z is set to 75 years. While the period
covered by the HMD differs from one country to another, the age variable is standardized
and can take 110 finite single-year values (z = 0,1,...,109) and one open-ended value
(z = 110+). Moreover, the data are available for three categories: female, male and total.
We observe that the central death rate at age 75 has decreased dramatically since 1900.
For instance, the rate was equal to 11.44% in 1900 in France, compared to 2.15% in 2021.
There are also significant differences between countries. While the US death rate m (75,t)
was below the equivalent French, British, and Japanese rates in 1950, it is now the highest
among the six countries considered. In addition, the decline in m (75,¢) slowed markedly
since 2010 and even reversed slightly in some countries. In the US, for example, the rate
rose from 3.09% to 3.30%. Table 4 presents the central death rate m (x,t) for 2015. We

14The exposure-to-risk uses pro-rata rules. For instance, if one person turned 75 at the beginning of 2015,
and lived until the end of the year, he contributes 1.0 to the exposure. If he turned 75 on July 1st, he
contributes 0.5. A person who was already 75 at the start of 2015 and died on April 1st, 2015 contributes
0.25 person-years
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observe a relative high value for £ = 0, corresponding to infant mortality, followed by a
sharp decrease during childhood. The death rate then increases monotonically with age,
gradually at first and accelerating from around age 60.

Table 4: Central death rate m (z,¢) in % (¢t = 2015)

x France UK  TItaly Germany USA Japan
0 0.36 0.39 0.29 0.33 0.61 0.20
1 0.03 0.03 0.02 0.03 0.04 0.04
10 0.01 0.01 0.01 0.01 0.01 0.01
50 0.30 0.28 0.21 0.28 0.41 0.21
60 0.71 0.67 0.55 0.78 0.90 0.50
70 1.38 1.62  1.37 1.80 1.87 1.25
80 3.65 4.95 4.31 5.04 4.83 3.55
90 13.76 16.98 16.37 17.84 1541 12.15

2.1.2 Data cleaning

The HMD uses several sources of raw data'®, combines them to produce standardized time
series, and applies filtering procedures to clean the dataset. However, the harmonized HMD
time series may still exhibit irregularities, in particular at older ages, for several reasons.
First, age misreporting in the early twentieth century can lead to underestimated mortality
rates at very high ages. As data quality improves, this may create a spurious increase in
observed old-age mortality over time (Wilmoth and Lundstrém, 1996). Second, exposure-
to-risk is smaller and death counts are sparser at these ages. Therefore, individual age-year
cells are more sensitive to reporting errors and random annual fluctuations, resulting in
noisier estimated rates'®. For these reasons, we apply a cleaning procedure to detect outliers
and smooth mortality rates before further analysis'” The procedure may also attenuate
temporary mortality shocks associated with exceptional events such as wars or epidemics.
Since the models considered here do not include a separate mechanism for such event-specific
shocks, we treat these episodes as transitory disturbances when estimating the underlying
mortality dynamics. Since our objective is to model and forecast mortality, it is important
to work with a dataset in which these irregularities have been addressed.

2.2 Lee-Carter model

The model of Lee and Carter (1992) is certainly the most well-known stochastic model used
to estimate and forecast mortality rates. Since then, the model has been expanded in several
ways. Most notably, the original Gaussian error assumption has been replaced with models
in which death counts follow a Poisson or negative binomial distribution. This allows for a
statistically better treatment of small death counts at high ages. Below, we present these
models, explain how they are calibrated, and report empirical results based on the HMD.

15For example, the HMD series for France uses several historical and contemporary sources, including
official French statistical publications, historical mortality reconstructions, the Vallin-Meslé historical mor-
tality tables, and modern INSEE population estimates. A crucial feature of the French HMD series is that
territorial coverage is not artificially held constant over the entire historical sample. Each annual observation
refers to the statistical territory covered by French national statistics at that time. For modern years, the
HMD continues to use France métropolitaine in order to maintain continuity from 1946 onward.

16This is particularly true for older-age cells, since exposure-to-risk is very low. For example, Figure 4
shows the years for which exposure is exactly equal to zero for ages above 100.

17See Appendix B.2 on page 141 for a description of the cleaning procedure.
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Figure 4: Zero exposure-to-risk (France)
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2.2.1 Model specification and calibration

Lee and Carter (1992) assume that the log-mortality rate is given by:
Inm (z,t) = oy + Pkt + € (2,1) (1)

where o, is the age-specific average log-mortality level, 3, is the age-specific loading on the
period factor, k; is the time-varying index, and € (z,t) ~ N (0, 02) is the residual error. The

parameters 6 of the model are'®:

0={az, B,k :x=0,1,.... n—1;¢=1,...,T}

This implies that the model summarizes nT observations into 2n 4+ T parameters. For
example, if n = 110 and T = 208 (the case of France), there are 22880 observations, while
the number of parameters is 428. This corresponds to a reduction in the degree of freedom
by a factor of approximately 53. Once these parameters are estimated, we obtain the fitted
mortality surface:

i (1) = exp (A + Bof ) 2

The time index k; can then be extrapolated using a time series model to forecast mortality
beyond the sample period. For a forecast horizon h > 0, the mortality rate at age = and
year T + h is given by:

i (2,7 +h) = exp (@ + Bufirin ) (3)

18For notational convenience, we use the integer time scale ¢t = 1,...,7T rather than the calendar year
scale t = 1900, ...,2023.
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Figure 5: Lee-Carter model estimation (female)
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Figure 6: Lee-Carter model estimation (male)

Ay Ba (X102)

[0} 20 40 60 80 100
x x
100 r
50
ol France
........... UK

-50

-100

-150

1850 1900 1950 2000

24



Optimal Decumulation: Annuitization, Drawdown, and the Flex-to-Fix Strategy

There are two popular methods'® for estimating the Lee-Carter model. The first, pro-
posed by Lee and Carter (1992), uses the singular value decomposition (SVD). One drawback
of this method is that the n x T matrix A, whose entries are Inm (z,t), must be fully speci-
fied. In particular, if D (z,t) or E (x,t) is equal to zero for some values of = and ¢, lnm (z, t)
is not a number. This requires removing the corresponding rows (ages), even if only a few
cells are affected. The second approach, proposed by Wilmoth (1993), consists in estimating
the parameters using weighted least squares (WLS):

n—1 T

0= arg min Z Zwm (lnm (z,t) — oy — met)Z

=0 t=1

In this case, we can set wy; = 0 if Inm (z,¢) is missing, and w,, = 1 otherwise. In the
absence of missing values, the two methods produce identical results. In practice, when
some values are missing, the two estimates remain very close. We verify this in the case of
France (see Figures 71 and 72 on page 169). The main advantage of the WLS method is
that it allows us to estimate «, and S, even if Inm (z,t) is missing for some values of z,
without discarding entire ages from the estimation.

Figures 5 and 6 show the WLS estimates for France and the UK for the female and male
groups. We note differences between females and males, and also between France and the
UK. Nevertheless, there are also many common patterns. For instance, the correlation of
the «, series exceeds 99% in all cases. It is 99.9% and 99.8% between males and females in
the UK and France, respectively, and 99.5% and 99.4% between France and the UK for the
male and female groups, respectively. The correlation is also very high for the time index ky,
ranging from 97% to 99.5%. The correlation is lowest for the loading coefficient 3., ranging
from 92% to 98%. The Lee-Carter model reproduces some well-known patterns in mortality.
For example, mortality decreases over time, which is reflected by the downward slope of k.
However, we note three peaks in k¢, corresponding to three wars: the Franco-Prussian War
(1870-1871), the First World War (1914-1918), and the Second World War (1939-1945).
Nevertheless, a form of plateau emerges after 2010, consistent with the slowdown in old-age
mortality improvement discussed earlier. The dependence to age has two components. «,
shows that infant mortality is relatively high, and then decreases through childhood before
rising again with age. «, can thus be related to the average mortality level at each age. [,
is more difficult to interpret because it interacts with x;. It measures the sensitivity of each
age to the general trend in mortality captured by x;. Globally, 5, tends to be higher at
young ages (x < 5 years), indicating that these ages are more responsive to changes in the
overall mortality trend?".

Remark 2 Comparing the fitted and observed values of m (x,t) shows that the Lee-Carter
model closely captures the overall shape of the mortality surface (Figures 7 and 8). How-
ever, the model fits females better than males. This is confirmed by the residual sum of

squares. Indeed, RSS (é) is equal to 816.97 for females compared to 1305.24 for males.

This represents a reduction of 37.5% in residual error for the female group. We have also
1

computed the mean absolute errors MAE (t) = EZ ‘Th(x,t) —m(m,t)’ and MAE (z) =

1
T

where the absolute error |m(x,t) —m(x,t)’ 1s replaced by the absolute percentage error

m (z,t) —m (x,t)|, and the mean absolute percentage errors MAPE (t) and MAPE ()

19They are presented in Appendix C.1 on page 145.
20We also observe an increase of 3, at very old ages (xz > 100 years).
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Figure 7: Fitted vs. observed values of m (z,t) (France, female)
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Figure 8: Fitted vs. observed values of m (z,t) (France, male)
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Figure 9: Mean absolute error of the central death rate (France, Lee-Carter model)
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Figure 10: Mean absolute percentage error of the central death rate (France, Lee-Carter

model)
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m(x,;z (xrg(m,t) . The results are shown in Figures 10 and 9. Since MAE (t) and
MAPE (t) are relatively erratic, we also report the 15-year moving average (black line).
Depending on the metric, the story differs. We observe that MAE (t) has decreased in recent
years, while MAPE (t) has increased in recent years but remains, on average, at 12% for
females and 13% for males. This apparent contradiction is explained by the general decline
in mortality rates m (x,t) over time. The plots of MAE () and MAPE (x) are more in-
formative because they display greater variability. In particular, we can see that both errors
increase dramatically at older ages (above 100 years). This is consistent with the data spar-
sity and reporting issues at very old ages. Further reducing in-sample error may therefore
amount to fitting observation noise rather than improving the mortality signal.

2.2.2 Extension of the Lee-Carter model

The Poisson LC model Wilmoth (1993) and Alho (2000) suggested extending the Lee-
Carter model by considering a Poisson generalized linear model. Brouhns et al. (2002) for-
malized this Poisson LC model by assuming that death counts follow a Poisson distribution
with parameter u (z,t):

D (z,t) ~ P (u(z,1))

Since D (z,t) = m (z,t) E (z,t), and assuming that E [m (z,t)] = e®=T#="* we deduce that:
w(z,t)=E [D (x,t)] =E [m (z,t) E (;Cﬂf)] =FE(z,t)E [m (x,t)] = E (x,t) e¥Thare
It follows that:
Inp(xz,t) =InE (x,t) + ay + Beke
The parameters have the same interpretation as in the original Lee-Carter model. «, is
the age-specific mortality level, 3, is the age-specific loading on the period factor, and k;
is the common time index. Thus, the Poisson specification preserves the bilinear age-period

structure of the original model, while replacing the Gaussian log-mortality assumption with
a count likelihood that is consistent with the discrete nature of deaths and exposures.

Remark 3 In the original Lee-Carter model, Inm (x,t) = az+Byri+e (x,t) wheree (z,t) ~
N(O,Ug). Since m (x,t) is a log-normal random wvariable, the mathematical expectations

1
is E [m (:I:,t)] = exp <a1 + Buki + 205>. This shows that the assumption E [m (m,t)] =
e Bkt s not derived from the Gaussian LC model but is instead a modeling choice.

The estimation of the parameters is based on the log-likelihood function of the Pois-
son distribution. Let {k1,...,k,} be a sample of counts. We recall that the Poisson log-
likelihood function takes the form:

Zln :Z A+ k;iIn X\ —Ink;!)

Applying this formula to the death counts D (z,t) with A = u (z,t) gives:
L) = Z (—p(z,t) + D (z,t) Inp (z,t) — In D (z,)!)
x,t
_ Z (—E (z,t) e* o5t 4 D (z,t) (InE (2,t) + o + Bekiy) —In D (x,t)!)

x,t

= Z (D (z,t) (g + Buks) — E (x,1) e“’”‘w’”‘) + Z (D (z,t)InE (z,t) —In D (z,t)!)

x,t x,t

this term does not depend on 6
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where 0 = (ay, Bz, k). The estimated parameters are then obtained by maximising the
log-likelihood function subject to the normalization constraints:

n—1 T

0 = argmaxz Z (D (2,t) (g + Buki) — E (z,1) eozIJrﬁzm)

z=0 t=1

n—1 T
s.t. Zﬁx =1 and Zfit =0
=0 t=1

Empirical results and a comparison with the original Gaussian LC model are presented
in the Appendix (Figures 73 and 74 on page 170). The results suggest that there are only
minor differences in the age-specific mortality level parameter «,. In contrast, significant
differences are observed in the common time index «;, particularly at older ages, as well as
in the age-specific loading parameter 3,. Comparing the mean absolute error of the central
death rate reveals that the Poisson model provides a better fit at older ages (Figure 75 on
page 171). However, for data since 1950, the Gaussian model generally outperforms the
Poisson model.

The negative binomial LC model In the Poisson LC model, death counts D (x,t)
follow a Poisson distribution P (\) with parameter A = p(x,t). This implies the equidis-
persion property: E [D (x,t)] = var (D (z,t)). In count theory, a natural competitor to
the Poisson distribution is the negative binomial distribution, i.e., a Poisson-gamma mix-
ture: NB(r,p) ~ P(A) and A ~ G(«a, ) where @« = r and 8 = (1 —p) /p. This means
that the Poisson parameter becomes stochastic and follows a gamma distribution. Since

ENB (rp)] = 7y and var (VB (r,p) =
erty:

(1]97)2, we obtain the overdispersion prop-
- P

var (NB(r,p)) = - E [NB(r,p)] > E [NB(r,p)]

If we set p = E [NB(r,p)] and § = 1/r, we deduce that:

" 2,2
var (NB (r,p)) = lp—p +5(1p7p)2 = p+op?

The probability mass function of the negative binomial distribution is:

L(r+k) ok
k)= ———(1-
p (k) FIT () (I-p)'p
Using p = - on another expression of the pmf is:
r+p  1+6p ’

-2 (ko)

1
LT <> 1+ 1+0p
4]
Delwarde et al. (2007) propose modeling death counts with this distribution:

1 op(x,t)
D(m,t)NNB((S’Héu(x,?f))
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where p(z,t) = E(x,t) exp (ay + Bzke). The vector of parameters is 0 = (ay, By, kt, 0).
The negative binomial LC model has one more parameter than the Poisson LC model. The
estimated parameters are calibrated by maximizing the log-likelihood function:

n—1 T
6 = argmaxZZE(a:,t,G)
=0 t=1
n—1 T

s.t. Z}szl and z;/it:O
Tr= t=

where?!:

£(x,t,0)

In

r <(1;+D(x,t)> < 1(96725)>1/5< S (2, 8) ))D(x,t)

1
D (1)1 <§) 1+ 14+ 6u(z,t

T <(1S +D(x,t)> T (D (2,6) + 1) —InT (;) _

((15 + D (z, t)) In (14 6p(z,t)) + D (2,t) In (6 (2,1)) (4)

Results are reported in Figures 76, 77 and 78 on pages 171-172. Curiously, the results
are similar to those of the original Lee-Carter model. However, the negative binomial speci-
fication is used because substantial overdispersion was observed in the death counts relative
to the Poisson Lee-Carter model. Under Poisson equidispersion, the Pearson residual disper-
sion?? ¢ should be close to one. In the fitted data, however, the estimated residual dispersion
is 36.7 for females and 169.2 for males. These values are far above one and therefore in-
dicate strong extra-Poisson variability in both sexes. After re-estimating the Lee-Carter
model under the negative binomial specification, the residual dispersion falls to about 1.04
for females and 0.99 for males. Thus, the negative binomial model absorbs more than 95%
of the Poisson residual overdispersion. This is precisely the type of empirical pattern for
which Delwarde et al. (2007) proposed the negative binomial extension. In fact, we obtain
0 = 1.63% and § = 3.86% for the female and male groups, respectively. The larger value of §
for males implies stronger variance inflation relative to the Poisson benchmark. Defining the
variance inflation factor (VIF) as the ratio of the negative binomial variance to the Poisson
variance, we obtain an average VIF of about 54 for females and 139 for males, with medians
of about 37 and 96, respectively. The difference between the mean and median VIFs reflects
the fact that u(z,t) increases with the fitted death count. Cells with larger populations
exhibit far greater absolute overdispersion, even though § remains constant across ages and
years. In many such cells, the negative binomial variance is several times greater than the
Poisson variance.

21'We replace D (z,t)! by I' (D (z,t) 4+ 1) because D (z,t) may be a non-integer.
22We have:

1 (D (z,t) — p (2, 1))
0= df Z var (D (z,t))

x,t

where df = nT—(2n + T)—2 and var (D (z,t)) = p (2, t) for the Poisson model, and df = nT—(2n + T + 1)—
2 and var (D (z,t)) = p (z,t) + 6p? (z,t) for the negative binomial model.
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2.3 Cairns-Blake-Dowd model
2.3.1 Model specification

The Cairns-Blake-Dowd (CBD) model was developed for the valuation and securitization of
mortality risk (Cairns et al., 2006a,b). Rather than aiming for the best possible fit across the
full age range, the model was designed to focus specifically on old-age mortality, particularly
for pricing financial instruments such as annuities and retirement insurance products. In
what follows, we consider the parameterization proposed by Cairns et al. (2009). Unlike the
Lee-Carter model, which models the central death rate m (x,t) on the log scale, the CBD
model works with the one-year death probability ¢ (z,¢). More specifically, for each age x
and year t, the basic CBD specification is:

n M :n(l) 5(2) r— x
i (FHED) — i) 4kl - 0) e o)

where nﬁ” controls the overall mortality level at year t, KZ?) controls the slope of mortality

with respect to age at year ¢, and € (z,t) is the residual error. The age covariate is centered
around its mean Z. In contrast with the Lee-Carter model, the CBD model includes no
age-specific parameters. In fact, the age dependence is imposed through a linear function of
z. This makes the model parsimonious and interpretable, but also more restrictive than the
Lee-Carter model in its ability to reproduce the full shape of the observed mortality curve.

Remark 4 The original CBD model assumes that the realized mortality rate is:
exp (4" + 4 (2 +1))
1+ exp (Ai“ + AP (21 t))

Q(x’t) =

We have the following correspondence: mgl) = Agl) + AEQ) (Z+t) and m§2) = A§2).

Remark 5 The LC model uses the central death rate m (x,t), while the CBD model uses the
one-year death probability q (xz,t). Cairns et al. (2009) define the force of mortality A (x,t)
as the instantaneous death rate at exact time t for an individual aged exactly x at time t. In
survival analysis literature, A (z,t) is more commonly known as the hazard function. Under
the standard assumption that the force of mortality A (x,t) is constant over each unit age-time
square — X\ (z + s,t +8) = X (x,t) for s € [0,1) — we have the following relationship®3:

q(xz,t)=1—exp (—m (x,t))

In particular, if m (x,t) is small, then q (x,t) = m(x,t).

2.3.2 Model calibration
To estimate the parameters of the CBD model, we use the weighted least squares (WLS):
2
{/%,gl), /%%2)} = arg min Z Z w(x,t) (Y (x,t) — mil) - H§2) (x — i))
teEQ xEQ,
where T denotes the average age over ), and the response variable is:

. B 1 —exp (—m(z,t)) B -
Y (z,t) = logit (¢ (z,t)) = In ( b (—m (@, 1)) > =In (e (z1) _ 1)

23The proof is given in Appendix C.2 on page 146.
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The condition ¢t € €, indicates that the model is fitted on a subset of the time sample.

Since mgl)and m§2) are indexed by year, the most common approach is to estimate them year

by year (Cairns et al., 2009). However, other calibration strategies can also be considered.
For instance, the model can be calibrated block-wise (e.g., 5-year blocks) to obtain more
observations per fit, or with a moving window (e.g., a 10-year window) to smooth the
parameter estimates over time. The condition z € ), indicates that the model is calibrated
on a subset of ages. The rationale is that the linear assumption may not hold uniformly
across all ages, particularly at very young or very old ages. For instance, in the context
of retirement solutions, we are typically interested only in ages above the retirement date,
and mortality below the age of 60 is not practically relevant. Figure 11 illustrates this
by comparing a calibration over the entire age range with one restricted to ages above 60.
The latter clearly provides a better fit. Moreover, we note that working on the logarithmic
scale can be misleading in this context because it compresses errors at older ages?*. This is
an issue when designing a decumulation retirement solution, since precisely these older-age
mortality rates are the most consequential.

Figure 11: Calibration of the CBD model (France, female, 2010-2023)

log (1 (2, 1)) . m (2, t)
8
- = =0-109 :
0.8 °
0.6
0.4r
0.2
i o
] 25 50 75 100 (6]
X X

The previous results were obtained using uniform weights, corresponding to ordinary
least squares. One issue with OLS is the sensitivity of the estimates to noisy observations
at the oldest ages. For instance, comparing Figures 79 and 80 on page 173 shows that
0, = {z : © > 60} produces more volatile estimates of n§2) than Q, = {z : > 60,z < 100}.
This is because a low-exposure observation at age 105 receives the same weight as a much
more reliable observation at age 75, despite its sampling variability being much larger. To
reduce this sensitivity, the weights can be defined proportional to the inverse of the variance

24We have 7 (z,t) = In (1 + exp (/%El) + 1%52) (z — i)))
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Figure 12: WLS estimated values of k; (France, female, 60-109)
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Figure 13: WLS estimated values of ko (France, female, 60-109)
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of the response variable Y (z, t):

(2,1 1
w(z,t) = —F——=
var (Y (z,1))

A first approach consists of replacing var (Y (x,t)) by its empirical variance. The second
approach is to compute the theoretical variance. In Appendix C.3 on page 147, we derive

the optimal weighting schemes when death counts follow Poisson and negative binomial
distributions (Equations (31) and (32)).

Figures (12) and (13) show the estimates of /#) and 11,52) using Q, = {z : > 60} under
different WLS approaches. The first panel corresponds to uniform weights, i.e., the OLS
method. The second panel uses the 10-year rolling-window empirical variance of Y (z,t)
to calculate the WLS weights. There is less noise and greater stability than with the OLS
method. The third and fourth panels present the estimates obtained using Poisson and
negative binomial weights?®, respectively. We observe that the Poisson specification produces
the smoothest estimates.

Remark 6 We observe some erratic behavior of ko, for instance in the case of the empirical
weighting scheme. In Appendiz C.4 on page 147, we develop an outlier detection procedure to
obtain better smoothness. This procedure is particularly important for forecasting, since the
projection of k1 and ko is highly sensitive to outliers and noise in the estimated time series.
Figures 81 and 82 on page 17/ show the results obtained after applying the outlier correction
procedure.  The removal of outliers significantly reduces the moise in the estimated time
series, particularly for the uniform and empirical weighting schemes. Although the Poisson
and negative binomial weighting schemes also benefit from the correction, the improvement
1s less pronounced. This result is expected, as these methods naturally assign lower weight
to the extreme observations. In other words, they already provide a partial adjustment for
the influence of outliers during the estimation process.

2.4 Model backtesting

Several considerations may motivate the choice of a statistical model. For example, a model
may be chosen because it is parsimonious, computationally efficient, or easy to interpret.
However, these characteristics alone are not sufficient to justify its use in practice. A model
must also be evaluated based on its ability to accurately reproduce and predict the behavior
of the underlying data. To assess the model performance, one must measure its predictive
accuracy and the potential biases associated with its specification. This is typically achieved
through a backtesting procedure in which model forecasts are compared with observed out-
comes. It is important to note that forecasting performance depends on the estimation of
model parameters and the forecasting methodology itself. Different forecasting procedures
may lead to different results, even when based on the same underlying model. Therefore,
the assessment of a model should jointly consider the quality of parameter estimation and
the effectiveness of the forecasting approach.

25We use the ML value of §, which was calibrated previously (§ = 1.63%). An alternative approach
is to fit the CBD model with uniform weights, calculate the model-implied central death rate m (z,t) =

In (1 + exp (’%gl) + f%,E?) (x — 5}))), set fi (z,t) = E (z,t) m (z,t), and maximize the negative binomial log-

likelihood function (Equation (4) on page 30) with respect to parameter ¢ only.
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2.4.1 Forecasting

The LC and CBD models depend on two types of parameters: those that depend on age z
and those that depend on year ¢t. In what follows, we assume that the age parameters are
stationary and remain fixed over time. This implies that the forecasting procedure only needs
to project the time-varying parameters. Assuming that the mortality model is estimated on
a window of data ending in year ¢, the forecasting procedure produces a projection of the
variable of interest for years t+h with i > 1, conditional on the information set F; available
at time ¢. For instance, in the case of the LC model, the variable of interest is the central
death rate:

Inim(z,t+h) = El[lnm(z,t+h)|F]
E [az + Bukten +e(x, t+h) | .7-',5]
= oy +5:E [Ht+h|ft]

It follows that forecasting the LC model reduces to forecast the time-varying index ;. In
the CBD model, the variable of interest is the one-year death probability:

g(z,t+h) _ (1) @ (-
ln<1t§(x,t+h) = E|nfh s -2 e @) | A

E (a0 | 7] +E [ | B] @ —2)
Forecasting the CBD model is equivalent to forecast the variables Ii,El) and K,EQ).

Two models are commonly used to predict the time index k; in the LC model: the
random walk with drift and the autoregressive integrated moving average (ARIMA) model.
These approaches are used, for instance, in Lee and Carter (1992), Lee (2000), Cairns et al.
(2009), and Booth et al. (2006). Carter (1996) also proposes using the structural time series
models (STSM) of Harvey (1990). The specifications of these models are given below.

e The random walk with drift (RWD) is defined as:
Kiy1 = Kt + B+ &
where &, ~ N (0,02).
e The ARIMA (p,d,q) is defined as:
(L)1 —-L) 'k =0 (L)e,
where ® (L) =1-3"  ¢;,L, (L) =1-3Y7  6;,L" and &, ~ N (0,02).

e The local linear trend (LLT) model is given by>°:

Kt = Ht + €t
pe = pe—1 + Br—1 + M
Bt = Br—1 + G

where g, ~ N (0,02), n, ~ N (0,0,27) and ¢; ~ N (O,Jg).

261f a% =02 =0, then Bt = Bt_1 = B. It follows that put = us—1 + B8 = po + Bt and ky = po + Bt + &1
This means that the LLT model is a stochastic trend model.
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Figure 14: Forecast of Lee-Carter time index r; (France, female, WLS)
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Figure 15: Forecast of Lee-Carter time index ¢ (France, male, WLS)
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We consider the WLS estimates of the Lee-Carter time index x;, with the in-sample pe-
riod set to 1950-2000. We forecast k; from 2001 to 2023 using three models: RWD,
ARIMA(1,1,0), and LLT. Results are reported in Figures 14 and 15. We observe that
the three models produce equivalent forecasts for females, while for males the LLT model
performs better over the first 15 years but yields higher errors thereafter, due to a structural
break in k; after 2015.

Remark 7 The previous figures show the average forecast only. When we calculate the
associated confidence intervals, however, we find that they can be quite wide, particularly for
the RWD and LLT models. Figure 83 on page 175 illustrates this for the ARIMA(1,1,0)
model, for which the 95% confidence interval is already quite wide.

Remark 8 We investigated several variants of the ARIMA (p,1,0) model. First, we found
that the MA component adds little value and does not significantly change the projected
trajectories. Second, the autoregressive coefficients ¢; are generally not significant for i >
3. Therefore, the choice was therefore ARIMA(1,1,0) and ARIMA(2,1,0). The optimal
specification appears to depend on the projection window (t + 1,t + h). We ultimately selected
ARIMA(1,1,0), for two reasons. First, ARIMA(2,1,0) can produce erratic forecasts for

certain calibration dates. Second, (;31 is markedly more stable than the pair (él, 4132) across

years. Therefore, we chose the more parsimonious specification for robustness.

2.4.2 In-sample backtesting

For the in-sample comparison, each model is fitted to the cleaned mortality data from 1950 to
2023 for ages 50 to 95. The results are given in Table 5. They clearly separate the Lee-Carter
family from the CBD family. On the log-mortality scale, the three LC variants have a female
MAE close to 0.037 and a male MAE close to 0.030. By contrast, the CBD variants have a
female MAE around 0.136-0.141 and a male MAE around 0.081-0.084. In this calibration
window, CBD errors are therefore markedly larger than LC errors — roughly three times as
large for males and nearly four times as large for females. This is consistent with the model
structures. The LC model incorporates flexible age profiles a,and age loadings /3, while
the basic CBD specification imposes a linear old-age logit profile for each year.

Table 5: In-sample comparison on the log central death-rate scale (France, 1950-2023, age
50-95)

Statistical Inm (z,t logit q (x,t q(x,t
Sex Model  thod MAE (RI\BISE MAE (RM)SE MAE( PBMSE
Female LC WLS 0.0363 0.0455 0.0374 0.0468 0.0018 0.0034
Female LC Poisson 0.0374 0.0497 0.0382 0.0505 0.0014 0.0029
Female LC NB 0.0362 0.0456 0.0372 0.0468 0.0017 0.0034
Female CBD  OLS 0.1362 0.1678 0.1395 0.1715 0.0056 0.0106
Female CBD  Poisson WLS 0.1406  0.2005 0.1428 0.2019 0.0037 0.0063
Female CBD NB WLS 0.1366 0.1676 0.1402 0.1717 0.0060 0.0114
"Male LC  WLS 0.0206 0.0384 0.0310 0.0404 0.0021 0.0046
Male  LC Poisson 0.0297 0.0390 0.0311 0.0413 0.0022  0.0049
Male  LC NB 0.0296 0.0385 0.0310 0.0406 0.0021  0.0047
Male CBD OLS 0.0810 0.1047 0.0844 0.1091 0.0054 0.0101
Male  CBD  Poisson WLS 0.0842 0.1090 0.0880 0.1139 0.0060 0.0114
Male CBD NB WLS 0.0808 0.1044 0.0844 0.1095 0.0058 0.0110
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Regarding the LC model specifically, the statistical estimation method (WLS, Poisson,
or NB) has a minimal impact on the accuracy of the fitted values. For females, LC NB has
the lowest MAE on the log-mortality scale (0.0362), while LC WLS has the lowest RMSE
(0.0455). For males, LC WLS and NB are tied for the lowest MAE (0.0296), and LC WLS
again has the lowest RMSE. LC Poisson is extremely close to both alternatives in MAE, but
its RMSE is noticeably higher for both sexes (0.0497 for females and 0.0390 for males, versus
0.0455/0.0456 and 0.0384/0.0385 for WLS and NB), suggesting that its fit is comparably
accurate on average but somewhat less stable across the sample. The logit and ¢ (z,t) scale
comparisons lead to the same broad conclusion. The LC models outperform the CBD models
on the fitted sample. On the death-probability scale, LC Poisson yields the smallest g error
for females, while the three LC variants are nearly tied for males. The CBD variants are
less accurate on all reported scales, with g-scale MAE roughly two to four times larger than
their LC counterparts. Consequently, the CBD model is useful as a parsimonious model,
but the in-sample evidence favors the LC model for the French dataset.

2.4.3 Out-of-sample backtesting

The out-of-sample backtest uses an expanding calibration window. For each forecast origin ,
the mortality model is re-estimated using only the observations available up to year t. The
estimated time-varying parameters are projected using the selected forecasting method,
and the resulting forecasts are used to reconstruct the mortality rate m (z,¢t+ h) for a
given forecast horizon h. This forecast is compared with the mortality rate m (z,t + h)
subsequently observed at the same age and calendar year. Then, the forecast origin advances
by one year, and the entire estimation and forecasting procedure is repeated. Here, we
consider forecast horizons h = 1, h = 5 and h = 10. Forecast accuracy is measured on the
log central death-rate scale. For each age x, forecast origin ¢t and horizon h, the forecast
error is defined as e (x,t,h) = Inm (z,t + h) —lnm (z,t + h). For each horizon, the mean
absolute error (MAE) and root mean squared error (RMSE) are obtained by pooling the
forecast errors across all forecast origins and ages. These statistics measure the out-of-
sample prediction error. To illustrate the procedure, consider the WLS Lee-Carter model
combined with an ARIMA(1,1,0) forecast of k;. The calibration sample begins in 1950,
and the minimum period-factor estimation window is set to 15 years. The first forecast
origin is therefore 1964. The Lee-Carter parameters oy, B, and k; are first estimated over
1950-1964. Then, the ARIMA(1,1,0) model is fitted to the 15 estimated values of x; over
this same period and used to forecast x; for 1965, 1969 and 1974, corresponding to h = 1,
h =5 and h = 10, respectively. The forecast mortality rate is obtained using the formula
Inm (x,t + h) = az + BeRien. These forecasts are compared with the observed mortality
rates in the corresponding years. Then, the forecast origin is moved forward by one year.
In the second iteration, the Lee-Carter model is re-estimated from 1950 to 1965, while the
ARIMA(1,1,0) model is fitted to the most recent 15 estimated values of k¢, I.e., from 1951 to
1965. Forecasts are then produced for 1966, 1970 and 1975. This process continues with the
Lee-Carter calibration window expanding by one year with each iteration, while the period-
factor estimation window remains fixed at 15 observations. Since the last observation is
2023 and the longest forecast horizon is ten years, the final forecast origin is 2013. The
Lee-Carter model is estimated from 1950 to 2013, the ARIMA(1,1,0) model is fitted to the
values of k; from 1999 to 2013, and mortality forecasts are produced for 2014, 2018 and
2023. Thus, the backtest contains 50 forecast origins, ranging from 1964 to 2013. Since
the forecast errors are evaluated for ages between 50 and 95, each forecast horizon contains
50 x 46 = 2300 age-origin observations. The reported statistics are therefore MAE (h) =

1 2013 95 1 2013 95 2
7300 2ot—1964 2a—s0 |¢ (¥,1, )| and RMSE (h) = \/2 300 2t=1964 2a—50 ¢ (Z: 1, 7).
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Table 6: Out-of-sample forecast errors of Inm (z,t) (France, 1964-2023, age 50-95)

Statistical Forecasting h Female Male
method method MAE RMSE MAE RMSE
1 0.0383 0.0497 0.0353 0.0441

ARIMA 5 0.0563 0.0711 0.0526 0.0650

Model

LC WLS RWD 5 0.0571 0.0721 0.0539 0.0666

LC Poisson RWD 5 0.0659 0.0874 0.0515 0.0637

LC NB RWD 5 0.0593 0.0758 0.0524 0.0648

CBD OLS RWD 5 0.1585 0.1908 0.0960 0.1203

CBD  Poisson WLS RWD 5 0.1657 0.2287 0.0964 0.1221

CBD NB WLS RWD 5 0.1587 0.1907 0.0955 0.1199
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Table 6 reports the forecast accuracy of mortality models fitted to the mortality rates of
French men and women aged 50-95. Forecast performance is evaluated over three projection
horizons (1, 5, and 10 years). For each mortality model (Lee-Carter and Cairns-Blake-
Dowd), estimation method (WLS, Poisson, and negative binomial), and forecasting approach
(ARIMA, RWD, and LLT), we report the mean absolute error and root mean squared error.
We obtain the following results:

e The Lee-Carter model substantially outperforms the Cairns-Blake-Dowd model by a
wide margin.
Across all specifications, the LC model produces forecast errors that are typically three
to four times smaller than those of the CBD model. For example, at the one-year
horizon (h = 1), the best-performing LC specification (LC/WLS/ARIMA) achieves
an MAE of 0.0383, whereas the best CBD specification (CBD/OLS/ARIMA) achieves
an MAE of 0.1463. This performance gap persists at longer forecasting horizons. The
superior accuracy of the LC model likely reflects its ability to capture age-specific
mortality improvement through the parameter 3.

e The choice of mortality model is more important than the choice of estimation method.
Within the LC family, the differences between WLS, Poisson, and NB estimation are
relatively small compared to the substantial gap between the LC and CBD models.
A similar pattern is observed within the CBD family, where the choice among OLS,
Poisson WLS, and NB WLS has only a limited impact on forecast accuracy.

e Forecast accuracy deteriorates as the projection horizon increases.
As expected, out-of-sample forecast errors increase with the forecasting horizon. For
instance, for the LC/NB/LLT specification applied to male mortality, the RMSE rises
from 0.0458 at h = 1 year to 0.0815 at h = 5 years and 0.1267 at h = 10 years.

e Male mortality is forecast slightly more accurately than female mortality.
On average across all model specifications, the MAE is 0.1160 for females compared
with 0.0796 for males, while the corresponding RMSE values are 0.1483 and 0.1004,
respectively. Overall, forecast errors are approximately 30% lower for males than for
females.

3 Annuity modeling

Life annuity pricing is the valuation of survival contingent cash flows. For an individual of
age z, the value of a continuous annuity?” paying one monetary unit per year is commonly
written as follows?®:

a(z) = /0 T ety (o, 1) dt (6)

where p is the discount rate and p (z,t) is the probability that the annuitant, alive at age z,
survives at age x + t. Thus, the basic structure is a discounted survival-weighted cash-flow
valuation.

2"Depending on the timing of payments, an annuity may be expressed as an annuity-immediate a (z), paid
at the end of each period, an annuity-due a (z), paid at the beginning of each period, or a continuous annuity
a (x), paid continuously. We have the following relationship under standard approximations: & (z) =~ a (z)+1
and a (z) =~ d(z) — 0.5 = a(z)+0.5.

28In discrete time, the analogous expression is:
a(z) =S 2@

S +of

()
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3.1 Literature review

The literature is distinguished by how it treats non-diversifiable longevity risk, in particu-
lar the distinction between idiosyncratic mortality risk and systematic longevity risk. Id-
iosyncratic mortality risk refers to deviations of individual lifetimes from their expected
distribution. This component can be reduced by pooling many similar contracts, as in the
standard annuity-pricing argument of Milevsky and Young (2007). By contrast, systematic
longevity risk refers to changes in mortality rates that affect an entire portfolio, such as
persistent improvements in mortality at retirement ages. Biffis (2005) distinguishes explic-
itly between such random fluctuations around expected mortality and systematic departures
from it, arguing that both financial and demographic sources of uncertainty must be consid-
ered jointly when valuing life insurance contracts. How this systematic component is treated
is what distinguishes one strand of this literature from another. We will first examine the
classical actuarial framework, in which systematic longevity risk is incorporated into pru-
dent assumptions rather than priced separately. Then, we will move on market consistent
and risk-neutral valuation, which prices systematic longevity risk when survival contingent
claims are traded or hedgeable. Finally, we will consider indifference pricing approaches,
which address the residual, unhedgeable component of systematic risk, before turning to the
institutional evidence on how far markets for these instruments have actually developed.

3.1.1 Insurance premium, actuarial valuation and annuity

In actuarial science, the premium is the amount paid by the policyholder to the insurer in
exchange for the benefits provided by the insurance contract. Dickson et al. (2020) define
the insurer’s future loss as the difference between the present value of future outflows and
the present value of future inflows associated with the policy. For a contract priced on a net
premium basis, the insurer’s loss random variable is given by:

L§" = PV (benefit outflows) — PV (premium inflows)

When pricing on a gross premium basis, expenses incurred by the insurer are also taken into
account, and the loss random variable becomes:

L5 = PV (benefit outflows 4 expenses) — PV (gross premium inflows)

Both L§°* and L§'*™ are random variables, since the timing and amount of future cash flows
depend on uncertain events, most notably the future lifetime of the insured. A fundamental
principle in actuarial pricing is the equivalence principle, which states that the premium
should be determined such that the expected present value of future inflows equals the
expected present value of future outflows. Therefore, the expected value of the insurer’s loss
at policy inception should be zero:
E[Lo) =0
Dickson et al. (2020) use this framework to derive premiums and actuarial present values for
a variety of life contingent contracts. For a life annuity, if the benefit is the annuity itself,
then PV (benefit outflows) = a (x). In the case of a single premium annuity, the equivalence
principle then implies:
Premium = a (x)

The equivalence principle justifies then Equations (5) and (6). Milevsky (2013) reviews
this actuarial framework from the perspective of retirement income economics. Milevsky
traces the actuarial valuation of annuities back to Halley (1693), where survival probabilities
were first combined with the time value of money. He also discusses the central role of
the Gompertz annuity pricing model?. However, this classical treatment leaves implicit

298ee Appendix C.5 on page 148.
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whether the survival probabilities p (x,t) used in Equation (6) should be interpreted under
the historical (real-world) or risk-neutral measure. Carriere (1999) solves this problem by
providing a no-arbitrage foundation. He shows that classical actuarial valuation formulas for
life insurance and annuities are compatible with the financial no-arbitrage pricing principle
when the time of death is independent of bond prices. This result formally justifies the use
of real-world survival probabilities p (x,t) in Equation (6) and builds a bridge between the
actuarial equivalence principle and the no-arbitrage framework of financial economics.

3.1.2 Contingent claim pricing and risk-neutral valuation

The early 2000s literature on longevity-linked securities builds on this bridge by introducing
traded, or potentially traded, survival contingent claims. This requires that the valuation of
annuity cash flows must be consistent with the observed prices of such instruments. Blake
and Burrows (2001) initiated this stream by proposing survivor bonds as instruments for
transferring longevity risk. Under this view, a life annuity can be represented as a portfolio
of payments of the form b, 1{7 > T} }, where b, is paid at time T} if the annuitant is alive,
i.e., if the survival time 7 exceeds Tj. A market-consistent value can then be written as
follows:

Tk
V(t)=> bE? |exp (— / T ds> 1{r > Ti}| F (7)
k t

where Q is a pricing measure consistent with traded financial assets and traded longevity-
linked instruments. In the same year, Milevsky and Promislow (2001) develop this idea from
a different angle, by studying mortality derivatives and the option to annuitize, treating
annuitization itself as a financial option whose value depends jointly on future interest rates
and future mortality rates. Dahl (2004) then embeds this logic in a full stochastic framework,
specifying an equivalent martingale measure under which both financial and mortality risks
enter the valuation (the financial market component through a Brownian market-price-of-risk
term, and the mortality component through an adjusted mortality intensity). The resulting
market reserve applies to contracts exposed to stochastic mortality generally, including, but
not limited to, mortality-linked contracts.

A recurring difficulty in this literature is that mortality risk does not correspond to a
single, well-defined financial risk category. Some authors treat mortality risk as analogous
to interest rate risk, while others treat it as a form of credit risk. This has motivated the
adaptation of established financial models of interest rate and credit risk to the mortal-
ity setting. For instance, Cairns et al. (2006b) developed an arbitrage-free framework for
mortality-linked instruments by adapting term structure methods from interest rate model-
ing. They model spot mortality rates, forward mortality rates and survival probabilities in
a manner similar to short rate, forward rate, and market model approaches in fixed income.
Valuation examples include survivor bonds, survivor swaps, annuity futures, mortality op-
tions, and guaranteed annuity options (Blake et al., 2006). Their framework allows for
stochastic interest rates and stochastic mortality rates simultaneously, which is necessary
when payments depend on both survival and discounting over long horizons. In this case,
an annuity paying b at dates T} is represented by Equation (7), where exp (— ftT’“ Ts ds)
captures stochastic interest rate discounting and 1 {7 > T} captures survival contingency.
If interest rates and mortality are independent under Q, the expectation decomposes into
a zero-coupon bond price and a risk-neutral survival probability. Biffis (2005) takes this
integration further with an affine-process formulation, modelling asset prices and mortal-
ity dynamics jointly via the analogy between death and default. Mortality intensity plays
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the same role as a default intensity in credit risk, survival benefits correspond to default-
able zero-coupon claims, and annuities are built from survival contingent payments. This
yields valuation expressions for life contingent claims with stochastic demographic factors,
stochastic interest rates and asset-linked benefits.

3.1.3 The issue of incomplete markets

The above valuation methods are based on an implicit assumption: that the price of
longevity-linked claims can be determined in the same way as the price of a European
option using the Black-Scholes model, i.e., by replication in a complete market. In practice,
this assumption fails because longevity-linked instruments do not trade in sufficient volume
to span systematic mortality risk. Incomplete market approaches address this gap directly.
Young and Zariphopoulou (2002) develop a dynamic equivalent utility pricing method for
insurance risks precisely because insurance cash flows often depend on risks that cannot
be replicated by trading financial assets. The resulting pricing rule yields buyer and seller
reservation prices that depend on preferences, risk aversion, and wealth rather than a sin-
gle arbitrage-free price. Ludkovski and Young (2008) apply this indifference pricing logic
directly to pure endowments and temporary life annuities under stochastic hazard rates
and interest rates. They assume an insurer with exponential utility and a financial market
consisting of a money-market account and default-free zero-coupon bonds. The market is
driven by a stochastic hazard rate that governs conditionally independent, homogeneous
lives. They derive PDEs for the indifference price of pure endowments and temporary life
annuities®®. Barrieu et al. (2012) takes a step back from these specific models to classify
pricing methodologies by market structure. They distinguish classical static actuarial pric-
ing under the real-world measure, risk-neutral pricing in a liquid longevity market, and
indifference pricing under incomplete markets. This classification directly aligns with the
focus of this review. Actuarial valuation is appropriate for pooled liabilities valued using a
mortality basis and loading factors, risk-neutral valuation is appropriate when survival con-
tingent claims are traded or hedgeable, while indifference pricing applies when systematic
mortality risk remains partly unhedgeable.

3.1.4 Market development and practice

The evolution of longevity-linked products provides the institutional context for the above
trade-off. Cairns et al. (2006b) discuss survivor bonds, short-dated mortality-linked securi-
ties, survivor swaps, annuity futures, and mortality options. They note a trade-off between
standardized and customized hedges. Standardized instruments can support liquidity but
leave basis risk for specific annuities or pension portfolios, while bespoke solutions fit lia-
bilities more closely but are less liquid. Blake et al. (2019) document how this trade-off
played out after the first wave of capital market proposals. For example, the EIB/BNP
Paribas longevity bond did not attract sufficient demand. Similarly, later capital market
instruments such as longevity-spread bonds, g-forwards, and tail-risk protection, reached the
market only in limited volumes. By contrast, insurance-based solutions — including buy-
outs, buy-ins, and longevity insurance — developed more successfully. Their explanation is
comparative rather than purely structural. Once basis risk, credit risk, regulatory capital,
collateral, and liquidity were taken into account, index-based capital market instruments
were often less attractive than customized insurance solutions. Basis risk arises because

30In particular, their comparative static analyzes show that the price per contract can increase with the
number of contracts when the hazard rate is stochastic, because the common hazard rate process induces
dependence across lives — the opposite of the diversification benefit obtained under idiosyncratic mortality
risk alone.
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an index hedge references a population that may differ from the annuitant portfolio in
terms of age, sex, socioeconomic composition, underwriting status, geography and mortality
improvement. Credit risk reflects the long maturity of longevity transactions and the possi-
bility that a counterparty cannot meet its obligations. Although collateralization mitigates
counterparty exposure, it introduces funding costs, valuation disputes, and operational com-
plexity. Regulatory treatment affects transaction value because a hedge that leaves material
basis risk generates less capital relief. Liquidity affects both the entry price and the exit
value, especially for customized contracts that do not trade on secondary markets. Blake
et al. (2019) treat these features as central to the comparison between capital market and
insurance-based risk transfer. Blake and Cairns (2021) extend this account by documenting
the continued use of buy-ins, buy-outs, longevity swaps, reinsurance, and funded reinsur-
ance. They also note the withdrawal of several investment banks from longevity risk transfer
following changes in bank capital requirements, even as insurers and reinsurers expanded
their role!. Taken together, these institutional developments explain why the incomplete
market theory remains empirically relevant. Two decades after the first capital market
proposals, systematic longevity risk is still predominantly transferred through customized
insurance and reinsurance arrangements rather than through a liquid market of standardized
instruments.

3.2 Annuity pricing

The literature reviewed above documents the limited liquidity and trading activity of longevity-
linked instruments. In this context, the current empirical implementation does not draw from

a sufficiently rich set of observable longevity-linked market prices from which a market price
of longevity risk could be calibrated. Therefore, the empirical analysis in this paper uses
a physical measure actuarial valuation, with annuity values computed as expected present
values under the real-world mortality forecasts. In other words, valuation is performed using
the historical probability measure P, rather than the risk-neutral probability measure Q.

3.2.1 Contract value

We assume that the valuation is performed at the end of calendar year ¢, so that the first
projected mortality year is ¢ + 1. Here ¢t may be the end of the sample period T or any
other date before or after T. Let x denote the issue age, and x* the limiting age®?. The
maximum payment horizon is then H = 27 — 2. We consider an annuity-immediate paying
an annual amount B in arrears. Let F; denote the information available at the valuation
date t. Conditional on F;, the fitted age parameters are treated as fixed, and future mor-
tality uncertainty enters solely through the future period factors. The probability that an
individual aged x at the valuation date ¢t survives to the payment horizon h is:

h
p(a:,t,h):H(1—q(x+j—1,t—|—j—1))

with p(x,t,0) = 1. The random present value of the contract is:

LB 1{r>t+h
Az, t) =
o 1;1 1+ o))"

31In the UK pension risk transfer market, for example, funded reinsurance now allows an insurer to transfer
both asset risk and longevity risk associated with pension and annuity liabilities in a single structure.
3227 can be set to co.
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where 7 is the survival time of the annuitant. For a specified future mortality path, the
actuarial value of the contract is the conditional expected present value:

H

B N _ B . pxth
a(z,t) =E[A(z,1) | F] ;(1+Qt)hE[ﬂ{ >t+h}|F] = Z Gioy ©

This is the classical survival-weighted annuity valuation. As explained by Pitacco et al.
(2009), the presence of survival probabilities does not itself make the valuation stochastic.
Once the mortality path and the discount factor are fixed, the survival probabilities simply
serve to determine the expected cash flows.

Remark 9 To simplify notation, we do not distinguish in this paper between a random
variable and its realization. For instance, depending on the context, p (x,t,h) may be either
a scalar quantity or a random variable. This is why a (x,t) may deterministic or stochastic,
depending on whether the underlying mortality path is fixed or random.

3.2.2 Deterministic valuation

The deterministic valuation fixes a single (historical/projected) mortality path and evalu-
ates the annuity along this path. This corresponds to the deterministic actuarial approach
described by Pitacco et al. (2009), under which one age-pattern of future mortality gives
one actuarial value. In the case of LC model, we have®?

i _ Kt+h lft+h§T (9)
th E [kt | Fe] ift+h>T

where K;yp is the estimated value when ¢ + h < T and &.yj is the forecast value when
t 4+ h > T. The projected central death rates are then:

m(x+j—1,t+j—1) =exp (atj—1 + Botj—1Rttj—1)

where «, and (3, are the estimated age-specific parameters. Applying the constant force
approximation, it follows that:

Glz+j—1Lt+j—1)=1—exp(—m(z+j—1,t+j—1))

Equation (8) becomes:

H
a(z,t) = BZ Hexp ( exp a,;ﬂ 1+ Botj—1Rigj— 1)) (10)
h=1 (1 + Qt
In the case of the CBD model, we apply the same rule (9) to the coefficients ng +) 5, and Aii)h
Finally, we obtain:
H h
1 1
a(z,t)=DB (11)

R
i (e |2 11+eXp(’iE+)g 1"”%&)] 1($+j—(5?+1)))

where Z denotes the mean age used to fit the CBD model. This projection-to-valuation
procedure is implemented directly by Brouhns et al. (2002). The Lee-Carter period index is
forecast using an ARIMA model, the resulting forecasts are then used to generate projected
age-specific mortality rates, and the projected life table is used to calculate life-annuity net
single premiums.

33Generally, t is greater than or equal to 7.
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3.2.3 Stochastic valuation

A single projected mortality path does not account for uncertainty about the future mortality
trend. Olivieri (2001) analyzes this source of systematic risk in life insurance valuation, aris-
ing when a projected mortality table may not correctly represent future mortality. Pitacco
et al. (2009) subsequently formulate this distinction in terms of mortality scenarios. A single
mortality scenario produces a deterministic actuarial value, while assigning probabilities to
alternative mortality scenarios permits an unconditional valuation. For instance, the deter-
ministic valuation above corresponds to the expected mortality path, since the g-values are

computed using the forecast parameters E [0,y | F¢], where 6, is s, for the LC model, and

/#) or n?) for the CBD model. More generally, we can consider other parameter scenarios.

Let s be a specific scenario. The annuity value conditional on this scenario is:

2T (1= @t =1t + - 1)

h
e (I+ Qt) el (1+o0:)

Here, the g-values are derived from the specific scenario s. For instance, ¢(*) (z,t) can be
computed from the simulations of Kéi)h generated by the conditional probability distribution
Kith | Kegn—1 ~ Fy,, (k). Calculating the average annuity value across simulated mortality
scenarios provides an estimate of the expected annuity value under mortality uncertainty.
However, this average does not necessarily coincide exactly with the annuity value com-
puted from the expected path of the period factors since the mapping from future mortality
dynamics to annuity values is nonlinear. In the numerical results, however, the difference
between the two valuations remains below 0.1%. In addition to the mean annuity value,
the Monte Carlo approach provides the full probability distribution F,(, ;) of annuity values
resulting from uncertainty in future mortality.

Remark 10 An alternative Monte Carlo approach consists in simulating the survival time
T given a scenario s, rather than simulating the probability q (x,t) via the time index k¢. In
this case, we have:

a® (z,t) = {A(S o ] Z ABT) ()
where:
H
Alsm) (z,t) :}; l—l—gt {T(S’T)>t+h}

3.2.4 Empirical analysis

Average annuity values The empirical analysis is based on historical French mortality
data for both sexes. We compute the time series of the central death rate m (x,t) and use
it to calculate the historical annuity value®* via Equation (8), with a unit payment B = 1,
a limiting age ¥ = 95 years, and a discount rate g, = 3% (Table 7). For an issue age of
x = 60 years, for instance, a (z,t) equals 13.88 in 1950 and 16.51 in 1980. As expected,
a(x,t) increases with the valuation year ¢ and decreases with the issue age x. The former
reflects the improvement in survival probabilities over time, while the latter reflects the
higher mortality rates and shorter expected remaining lifetimes associated with older ages.

34Here, we calculate the historical value a(z,t) = E [A (z,t) | Fr] conditional on information available
upon 7.
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For some combinations of (z,t), a(z,t) cannot be computed because the required central
death rates are not observed historically. This occurs when ¢t + 2™ — 2 > T, i.e., when the
realized survival probability®® p (z,t, h) can not be evaluated over the full payment horizon
H due to insufficient historical data. In these cases, we forecast the central death rate. To
this end, we calibrate the Lee-Carter WLS model on the period ¢t € [1950,2023] and ages
x € [50,95], and use an ARIMA(1,1,0) model to forecast the period index r; for ¢t > 2023.
This allows us to complete the previous table and obtain the results given in Table 8. In
this case, the computation of a (x,t) combines historical and forecast values of m (z, t).

Table 7: Historical value of the annuity contract (France, female, o, = 3%, ™ = 95)

t
1950 1960 1970 1980 1990 2000 2010 2020
55 16.16 17.04 17.88 18.68
60 13.88 14.67 15.70 16.51
65 11.41 12.16 13.09 14.02 14.86
70 9.06 9.72 1046 11.51 1231
75 673 734 793 879 958 10.34
80 482 533 573 629 708 7.62
8 327 360 3.88 422 475 5.08 5.50
90 2.06 224 235 249 272 286 3.07

X

Table 8: Value of the annuity contract (France, female, o; = 3%, ™+ = 95, historical /forecast
combination)

1950 1960 1970 1980 1990 2000 2010 2020
55 16.16 17.04 17.88 18.68 19.26 19.47 19.70 20.13
60 13.88 14.67 15.70 16.51 17.16 17.56 17.75 18.16
65 11.41 1216 13.09 14.02 14.86 15.44 15.63 15.95
70 9.06 9.72 1046 11.51 1231 1296 13.27 13.52
7o 673 734 793 879 958 10.34 10.79 1091
80 482 533 573 629 708 7.62 807 820
8 327 360 388 422 475 508 550 5.61
90 2.06 224 235 249 272 286 3.07 3.09

Remark 11 In practice, the annuity contract is priced using only the forecast values of
m(x,t), since an annuitant of age x subscribing at time t has, by definition, no mortality
observations beyond the subscription date. Therefore, the most realistic approach relies ex-
clusively on forecast values obtained in real time36. At each valuation date t, the Lee-Carter
WLS model is estimated using only the mortality data available up to t, rather than the full
historical sample used in Tables 7 and 8. Specifically, Table 9 reports the results obtained
when the Lee-Carter WLS model is calibrated at each date t using the previous 30 years of
observations and when the period index k; is forecasted using an ARIMA(1,1,0) model fitted
to the last 15 estimated values®™. As expected, the resulting annuity values differ from those
obtained above. For an issue age of x = 60 years, for example, a (x,t) is now equal to 13.28

35In fact, it is more a survival rate than a survival probability when using historical central death rates.

36This means that a (z,t) = E [A (z,t) | F¢] and not a (z,t) = E [A (z,t) | Fr].

37Two distinct estimation windows are involved: one for the mortality model and another for the ARIMA
model. These windows do not necessarily coincide.
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in 1950 and 15.94 in 1980, compared to 13.88 and 16.51, respectively, using the full historical
time series.

Table 9: Value of the annuity contract (France, female, o; = 3%, 2+ = 95, real-time rolling
forecast)

The value of an annuity a (z,t) depends on several parameters and modeling choices

1.

Y1950 1960 1970 1980 1990 2000 2010 2020

55 1552 16.74 16.85 18.12 19.24 19.72 19.94 20.01
60 13.28 1447 1464 1594 1712 17.66 1799 18.14
65 10.97 12.06 12.29 13.56 14.74 15.36 15.80 16.04
70 868 9.62 9.88 11.03 1215 12.84 13.37 13.68
75 6.57 732 757 852 946 10.15 10.74 11.10
80 475 530 550 620 689 747 803 8.36
8 331 366 3.78 424 465 502 543 5.68
90 2.06 225 231 251 268 284 3.02 3.14

38.

First, it depends on the valuation date ¢, because mortality patterns today differ from
those observed 50 years ago and will differ again in 30 years. For instance, Figure 84
on page 175 shows the time evolution of a (z,t). It has increased since 1950 because
life expectancy has improved.

. Second, a (x,t) depends on gender. On average, females live longer than males, so they

theoretically have to pay a higher value. This pattern is again illustrated in Figure 84
on page 175.

. Third, the discount rate g; is also a determining factor and arguably the most impor-

tant factor influencing the level of the annuity contract value (Rabitti and Borgonovo,
2020). In fact, the annuity range with respect to g; is:

H
0<al(xt)<at (x,t) :BZp(x,t,h)
h=1

where the lower bound is reached as g, — oo and the upper bound is reached as g; — 0.
Figure 85 on page 176 illustrates the high sensitivity of a (z,t) to g;. Moreover, there
is no universally accepted value of p;. The appropriate choice depends heavily on the
prevailing economic environment, in particular the level of interest rates>®.

. Fourth, age x matters. As previously mentioned, the value of the annuity contract is

higher for younger individuals than for older ones (see Figure 86 on page 176).

. Fifth, the model parameterization plays a role. a(z,t) depends on the calibration

sample, the age range considered, the value of T, the choice of mortality model, and
the forecasting method (see Table 36 on page 168).

. Finally, Figure 16 below shows the impact of country on annuity value. For example,

a(x,t) is lower in the UK than in France, especially for females.

38The following empirical results use the historical /forecast combination, a limiting age of 95 years, a
discount rate of 3%, the Lee-Carter WLS model calibrated on the period 1950-2023 and ages 50-95, and an
ARIMA(1,1,0) model to forecast the period index.

39This issue will be discussed in Section 3.2.5 on page 55.
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Figure 16: Value of the annuity contract (France/UK, age 60, o; = 3%)
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Probability distribution of annuity values The probability distribution of annuity
values is estimated by computing the empirical distribution of the simulated values a(*) (z,t).
In what follows, we consider the valuation date 2023, ensuring that the calculation is fully
out-of-sample. To calibrate the Lee-Carter WLS model, we use the 30-year period from 1994
to 2023 and we obtain the estimates of «,, 8, and k;. The simulated values of K.y, are
generated using an ARIMA(1,1,0) model fitted on the last 15 observations of x; (from 2009
to 2023). Figure 87 on page 177 shows 100 simulated paths of x;1, from 2024 to 2050. For
each simulated path, we compute the annuity value:

H 1 h
a® (z,t) = B Z —_— (12)

o\ (_ exp (01 + 5f+j1"“§?j—1)>
h=1 t

Jj=1

where (/cgj_)l, R "Ei)H

cal to Equation (10), except that the average forecast & ; is replaced by the simulated value
ngj_)j. Figure 17 shows the probability density function of the annuity value*’, estimated with

ng = 50000 simulations. We note that it is close to the Gaussian approximation.

) is the s'" simulated path of the time index. Equation (12) is identi-

Table 10 reports several statistics about the probability distribution of the annuity value:
the deterministic annuity value a (z,t), the average annuity value*', the Jensen gap*? (in
bps), the standard deviation, the quantile at the 1%, 50% (median) and 99% confidence

4O0We use B =1, gt = 3% and =t = 95.
1

4174 3 (s) - ns (s)
It is equal to p (a (a:,t)) s Zs:l a'®) (z,t).
(5 )
a(wt)

421t is equal to Ta(z,t) =
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Figure 17: Probability density function of the annuity value (France, valuation year 2023,
issue age 65, o = 3%)
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Table 10: Statistics of the stochastic annuity value (France, 2023)

N SN TS TR
¥ (s»y“\\ &COQ% @y“\\ @@:V RO Q@
Q - "
RN SN NS N
&N 8 g o o §

o .
TES 70 13.337 13333 —3.4 0.196 12.865 13.336 13.774 13.837
£ 75 10.810 10.806 —3.3 0.169 10.405 10.809 11.192 11.246

80 8154 8151 —29 0.128 7.847 8153 8445 8.486
85 5552 5550 —22 0.077 5366 5551 5729 5753
90 3.084 3.084 —13 0029 3015 3084 3.151 3.160
© 55 17.930 17.923 —4.4 0.300 17.194 17.928 18.595 18.688
60 15997 15990 —4.4 0293 15286 15.993 16.652 16.744
65 13.948 13.942 —43 0276 13286 13.946 14.571 14.658
= 70 11.740 11735 —4.0 0244 11.159 11.736 12.291 12.369
= 75 9388 938 —35 0196 8925 938 9.834  9.897
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levels, and the conditional tail expectation®®. Several observations can be made from Table
10. First, the Monte Carlo average annuity value is very close to the deterministic annuity

value: p (a(s) (ac,t)) ~ a(z,t). The Jensen gap, which measures the discrepancy between

these two estimates, is less than five basis points in absolute value. Second, the standard
deviation of the Monte Carlo annuity value generally decreases with the issue age x. Third,
the 1%-99% inter-quantile range is approximately five times the standard deviation, indi-
cating that the Gaussian approximation does not accurately capture the tail behavior of
the distribution. Given the uncertainty surrounding the annuity value, one may question
whether the average annuity value constitutes an appropriate price. In actuarial practice,
this quantity is referred to as the best estimate (BE). However, it does not correspond to
the market price because it excludes several components, such as administrative expenses,
profit margins, and the cost of holding regulatory capital. Therefore, insurers may adopt
more conservative pricing rules. For example, they may use a high quantile, such as the 99th
percentile, or a conditional tail expectation of the annuity value distribution to account for
mortality-model risk. The choice of a conservative pricing rule depends strongly on the
regulatory framework. For instance, under Solvency II in the European Union, economic
capital is calibrated to a 99.5% value-at-risk over a one-year horizon. By contrast, in the
United States, capital requirements for annuity products rely more heavily on conditional
tail expectation measures.

Until now, the uncertainty was restricted to the time index x4, since the simulation
of a(® (z,t) assumes that all other model parameters are known with certainty and can
be treated as constant. However, the Lee-Carter model is subject to additional sources of
uncertainty. In particular, a(*) (x,t) can be computed by considering that «,, 8, kt+n and
e (x,t + h) are stochastic variables. In this case, a®) (z,t) is computed from the simulated

mortality rates ¢(*) (z,t +h) =1 — exp (—m(s) (z,t+ h)), where:
Inm® (z,t+h) =¥ + Bg(ﬁs)mgj_)h + @) (x,t 4+ h)

In this framework, the age-specific parameters a;(vs) and 6&”, as well as the innovations

e(®) (z,t + h) are treated as random. This differs from the previous approach, where only
(s)

i
a methodology for simulating paths of Inm(*) (x,t + h) generated by the joint simulation of

(agf)’ 9(35)’ "iii)h’ (®) (z,t + h)) Results are reported in Table 11. A comparison with Table

the time index x, ', was assumed to be stochastic. In Appendix C.6 on page 149, we propose

10 indicates that including uncertainty on ., 8., and € (x,t + h) has a negligible impact

s 1
on the results. Indeed, we can show that var (5(3) (x,t+ h)) =02, var (a& )) = TO’? and

1
var( Ef)) = —7——02. It follows that var( és)) < var (agf)) < var (5(8) (z,t+ h))
I K7
Moreover, empirical results demonstrate that var (E(S) (z,t+ h)) < var (Iigi)h) while the

magnitude of o2 is small. These findings suggest that the dominant source of uncertainty in
the Lee-Carter framework is the future evolution of the time index x;15. By contrast, the
uncertainty associated with «,, 8., and € (z,t + h) is of secondary importance and has only
a limited effect on annuity valuations.

431t is defined as follows:

CTE, (a(s) (:c,t)) —E {a@ (z,8) | a® (2,t) > Qa (a<5> (:c,t))}
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Table 11: Statistics of the stochastic annuity value (France, Monte Carlo method based on

the joint simulation of o™, Bz, Ky p,s

(s) g(s) (s)

and ) (x,t 4 h))

N
2 y“\\ @iv\\ Q\\ @\@
0¥ r&&\\ -&QQ ®® o O SING
RN I
R NP P A PN LN
22 o N e 6 Q Q Q O
55 10.615 19.608 —3.8 0.206 19.106 19.612 20.062 20.124
60 17.740 17.733 —4.0 0.211 17.223 17.737 18.204 18.266
o 65 15656 15.649 —4.0 0.209 15148 15.653 16.120 16.181
Tg 70 13.337 13.332 —4.0 0.197 12.865 13.334 13.777 13.835
S 75 10810 10806 —4.0 0.170 10.404 10.807 11.196 11.247
80 8154 8151 —4.0 0.130 7.844 8.151 8.449  8.492
85  5.552  5.550 —3.7 0.081 5.359 5.550 5.737  5.765
90 3.084 3.083 —-2.9 0.035 3.001 3.084 3.164 3.176
55 17930 17.917 —7.8 0.300 17.196 17.922 18.588 18.677
60 15.997 15.984 —8.0 0.293 15.280 15.989 16.644 16.735
65 13.948 13.937 —8.0 0.277 13.279 13.941 14.566 14.654
<70 11740 11731 —7.5 0245 11.152 11.734 12.289 12.373
= 75 9.388 9.382 —6.6 0.199 8.913 9.383 9.839 9.907
80 6.994 6.990 —55 0.142 6.657 6.991 7.318  7.369
85  4.733 4731 —4.6 0.083 4.536  4.731  4.923  4.951
90 2.691 2.690 —-3.7 0.038 2.602 2.690 2.778 2.791

Model comparison
the Lee-Carter WLS model to estimate the parameters (o, 8z, x¢) and an ARIMA(1,1,0)
process to generate the time index path k4. Moreover, the parameters were calibrated
over the last 30 years (1994-2023), while the ARIMA model was calibrated with the last
15 observations of k;. Here, we consider several alternative models. To obtain more stable
results, we calibrate the parameters over the 74-year period 1950-2023.

In the previous sections, the annuity values were computed using

Table 12: Comparison of the stochastic annuity value between mortality models (France,
issue age 65, valuation date 2023)

S A DD
(&& .QTOQ @zb\ \%\\@ﬂ \a\@“ \%\\rs’n
S
& @Ob 0 S N @\ &%\\ & N s\mQ o
NSNS R A N O
WLS 15701 15786 —3.1 0172 15376 15791 16.174 16.230
., LC  Poisson 15932 15926 3.8 0206 15430 15930 16380 16.442
s NB 15785 15780 30 0179 15349 15782 16152 16237
3 OLS™ ~ 15446 15444 —18 0178 15.000 15447 15.843  15.901
CBD Poisson 15454 15450 —2.1 0175 15035 15452 15.849 15.902
NBWLS 15480 15475 —3.6 0.177 15054 15478 15.875 15.928
WLS 14336 14331 —3.8 0255 13719 14333 14.902 14.978
LC  Poisson 14202 14283 —6.3 0281 13.610 14290 14.916 15.002
g NB 14312 14306 —43 0261 13.689 14309 14.893 14.976
= OLS 13742 '13.739 —2.4 0.270 13.096 13.740 14.357 14.446
CBD Poisson 13.836 13.832 —2.9 0270 13.199 13.832 14.449 14.541
NBWLS 13.781 13775 —3.9 0272 13137 13.776 14.397 14.495
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Results are reported in Table 12. At age 65, the three LC specifications imply female an-
nuity values ranging from 15.785 to 15.932, while the three CBD specifications imply values
between 15.444 and 15.480. For males, the corresponding ranges are 14.283-14.336 under
the LC model and 13.739-13.836 under the CBD model. Thus, the LC model yields higher
annuity values than the CBD model. It is also interesting to note the sensitivity of the results
to the calibration sample. Wen the age-specific parameters were calibrated over the shorter
period 1994-2023, we obtained values of 15.656, 15.651, 13.948, and 13.942. Using the longer
1950-2023 sample, these values become 15.791, 15.786, 14.336, and 14.331, respectively. The
dispersion ranking is approximately in line with the level ranking. LC Poisson exhibits the
largest female/male standard deviation. Overall, these differences between models are sub-
stantially larger than the deterministic versus stochastic mean difference observed within
any individual specification.

Remark 12 7To relate differences in projected mortality to annuity values and to understand
the discrepancies between models, we rewrite Equation (8) for a fixed future mortality path

as: H b
BZ H 1-q;)

h=1 1+9t j=1

where ¢; = q(z+j —1,t+j — 1). For any mortality horizon u, we have:

6G($,t) 1 1 L B < p($,t,h)
gant _ gy 1-q)=— <0
9 qu hz:: (1+gt)hj:£[¢u( ) (1—qu) hz:; (14 0)"

A higher one-year death probability at horizon u reduces both the expected payment at that
horizon and every subsequent survival-contingent payment. Mortality differences occurring
earlier in the cohort’s projected path therefore carry greater weight in the valuation.

For model M, we define the average one-year death probability and the average survival
probability as follows:

Mm@ +h—1,t+h—1)= Zq (x4+h—1,t+h—1)
and:
pm (T, t,h) = ZpMmth ;AH (I-—gum(z+j—1,t+j-1))
s=1 j=1

Note that paq (z,t, h) is not the product of the gaq terms, since averaging is performed at
the level of each simulated path rather than on the average death probabilities themselves.
The contribution of horizon h to the annuity value is then:

B
M (:Evt7h) = 717./\/1 (1’,t, h)
(1+0)"

so that a(x,t) ~ Zthl epm (z,t,h). To compare two models M; and Mjy, we define the
valuation gap at horizon h as follows:

Gap g m, (T,t,h) = ey (2,8, h) — cam, (2,1, 1)

The scenario-mean curve guq serves as a mortality diagnostic, whereas paq (x,t, h) and
em (z,t, h) provide an exact decomposition of the stochastic annuity value.
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Figure 18: Valuation gap analysis (France, female, age 60, baseline model = LC WLS)
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Figure 19: Cumulative gap analysis (France, female, age 60, baseline model = LC WLS)
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Remark 13 In Figures 18 and 19, we report the valuation gap Gapa,m, (x,t,h) and the

cumulative gap Z?:l Gap pmu\m, (2,1, 5) for the five models (LC Poisson, LC NB, CBD OLS,
CBD Poisson WLS, and CBD NB WLS) relative to the LC WLS model, which serves as the
baseline. We observe that the gap is mazximum for ages 85-95 for the alternative LC models,
and for ages 75-90 for the CBD models. However, these observations depend heavily on
the historical sample used. For example, for the male group, the results for the alternative
LC models differ substantially from those obtained for the female group, whereas the CBD
models remain consistent (Figures 89 and 90 on page 178).

3.2.5 Discount rate, risk premium and mortality credit

Evidence of time-varying discount rate Until now, we have assumed that the discount
rate is constant at 3%. However, under this assumption, it is impossible to replicate the
temporal dynamics of market annuity premiums as observed in practice. For instance,
Figure 20 shows the evolution of the CANNEX payout annuity yield index**. It is highly
time-varying, but this volatility cannot be explained by changes in survival probabilities
p(x,t,h), since they vary little from month to month. Considering the formula for the

Figure 20: CANNEX payout annuity yield index in % (USA, 2005-2025)
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Source: CANNEX (2026) & Authors’ calculations.

annuity premium, the only explanation for the high volatility of a (x,t) is that the discount
rate g; depends on the valuation date. KEconomic theory tells us that the discount rate
should track the prevailing macroeconomic interest rate environment: the discount rate
should be high when interest rates are high, and low when interest rates are low. In fact,
most actuarial research papers replace the discount rate p; with an interest rate r; in the
annuity valuation formula. This is the case, for instance, in several handbooks*®. However,

44The annualized payout yield (or rate) of an annuity contract is defined as yz+ = B/a(z,t) and is
expressed in %.
45Gee for instance Pitacco et al. (2009, Section 1.3.2, pages 9-12) and Milevsky (2013, Q17, pages 49-51).
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most research papers do not clearly distinguish between the two terms, and it is often unclear
which interest rate is used (a short-term or a long-term rate). To formalize the connection
with financial markets, we generalize the annuity pricing formula by introducing a term
structure of discount rates:

L p(a,t,h)
h=1 (1 + Qt,h)h

where g; ), is the annualized discount rate for time horizon h at valuation date ¢. A standard
approach is to set the discount rate g, to a constant interest rate depending only on the
valuation date. A typical benchmark is the 10-year interest rate: o, = R;°Y. With this
assumption, we can reproduce the volatility of the CANNEX payout annuity yield index, as
shown in Figure 20. While the levels are not exactly the same*%, the dynamics are very close.
The empirical correlation between the CANNEX index and our model with g, = R%Y is
equal to 92.3% and 92.8% for females and males, respectively. A second approach?” is to set
Ot.h = Rl where R! denotes the interest rate observed at time ¢ for maturity ¢ + h. Using
Oth = Rf instead of g;p = RtIOY has only a minor quantitative impact on the calculated
annuity values, as shown by the scatter plot in Figure 92 on page 179. Finally, a third
approach is to consider a time horizon equal to the duration of the cash flows, defined as
the survival-probability-weighted average maturity of the annuity payments:

h= (St h)-h) / (Silp (et h)

a(z,t)=B

Then, we set o, = Rl ie., a single interest rate observed at the maturity h corresponding
to this duration. Again, the impact on the annuity premium is relatively minor in our
example since h ranges from 9.72 to 10.20 years for males and from 12.92 to 13.44 years
for females over the period 2006-2025. Since h is close to ten years throughout the sample,
replacing o, = Ri%Y with g, = R} does not materially change the annuity premium
a (z,t) and the payout yield y, ;.

Computation of the risk premium Figure 21 compares the evolution of the annuity
value under two assumptions about the discount rate: a constant rate g.p = 3% and a
time-varying rate g;, = R;°Y. The left panel is based on the constant discount rate and
isolates the effect of improving survival probabilities over time, since the discount rate is held
fixed and cannot contribute to the observed trend. The right panel is based on g; = R;°Y
and combines the survival improvement effect with the fluctuations of the 10-year interest
rate. Its year-to-year movements are mainly explained by the latter. In this context, the
absolute value of the annuity premium a (z,t) is difficult to interpret since it results from
the combination of two distinct factors:

1. A demographic factor driven by the level and trend of survival probabilities p (z,t, h),
which reflects mortality improvements and is slow-moving and highly persistent over
time;

2. A financial factor driven by the level of the discount rate g;, which reflects the
prevailing interest rate environment and can vary substantially and relatively quickly
from one valuation date to another.

As these two factors operate on different timescales and have opposite implications for
insurers and annuitants, it is essential to disentangle them when interpreting changes in

46We assume that o+ = 95 years, which may explain some of the observed differences.
47The first approach is generally known as the benchmark method, and the second approach is called the
yield curve method.
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Figure 21: Impact of the discount rate on the annuity premium (France, age 60)

_ __ ploy
ot = 3% o = Iy
301 301
Female
25 - = = Male
20
— - = -
15 -~
-
PRS
- = d
. -
10
5 ! ! ! 4 ! !
1960 1980 2000 2020 1960 1980 2000 2020
t t

a (z,t) over time. For that, we generally calculate the internal rate of return i, ;, which is
defined as the solution of the following equation:

p(xz,t,h)
=a(z, 13
Z (Lt i) (2,t) (13)

where a (x,t) is the market value of the annuity premium. By construction, i, is the
single flat rate that reproduces the market premium after accounting for the demographic
factor. Therefore, it can be interpreted as the purely financial component embedded in the
annuity premium. To assess whether this financial component is consistent with prevailing
market conditions, we compare i, to the interest rate observed for a maturity matching
the duration of the annuity cash flows:

s (:L’,t) = ix,t - R?

The risk premium 7 (z,¢) measures the extent to which the implied return of the annuity
contract differs from what a comparable investment would offer at the same valuation date.
It can be interpreted as compensation for mortality uncertainty, liquidity, and model risks
borne by the insurer.

Figure 22 shows how the risk premium = (x,t) evolves when we assume that the annuity
premium is equal to 12.5 for both females and males at issue age 60. We use the 10-year
interest rate as the benchmark rate (R? = R!°Y). Overall, the risk premium is negative
before 2000 and positive after 2000. From the viewpoint of the annuitant, the risk premium
measures the expected excess return of buying the annuity rather than investing at the
duration-matched interest rate R?. Generally, we would expect 7 (x,t) to be negative, since
insurer typically pass on their expenses and profit margins to annuitants through pricing.
Therefore, the fact that 7 (z,t) turns positive after 2000 appears counterintuitive at first
sight, but it coincides with a period of low and even negative long-term interest rates.
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Figure 22: Annuity risk premium (France, age 60)
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One issue concerning 7 (x,t) is that the internal rate of return i, is not always well-
defined. Indeed, a solution to Equation (13) exists if and only if a (z,t) < a™ (z,t), where
a® (z,t) =B Zthl p(x,t,h) is the upper bound of the annuity premium reached when the
discount rate is zero. When the annuity premium exceeds this bound, i.e., a (z,t) > a* (x,t),
no solution i, , can reproduce the observed price, and the risk premium 7 (x,t) cannot be
computed. In this case, we can use an alternative measure:

' (Z’,t) = Yzt — R?

where y, ; = B/a(x,t) is the annuity payout yield. However, unlike 7 (z,t), n’ (z,t) is not
a pure financial risk premium since it does not isolate the pricing loading net of mortality.
For this reason, we refer to 7’/ (x,t) as the (gross) annuity yield spread, as opposed to the
(net) risk premium 7 (x,t):

o 7 (x,t) =i, — R isolates the pricing loading net of mortality.
e 7' (x,t) =y, — R} bundles the pricing loading together with the mortality credit.

Generally, we have 7’ (x,t) > m(z,t). This is confirmed in Figure 22, where 7’ (z,t) is
represented by green circle symbols and consistently lies above 7 (z, t).

Link to the mortality credit In fact, the difference between the yield spread and the
risk premium isolates the mortality credit embedded in the annuity:

7T/ (II?,t) — 7T(Ll',t) = Yot — ix,t

To understand this relationship, let us calculate the present value of a perpetual life annuity
with a constant discount rate g; and a constant mortality hazard rate \;, evaluated at age

z and time ¢:
B

0+ N\

a(r,t)= B/ e~ (@A) (u=2) gy —

58



Optimal Decumulation: Annuitization, Drawdown, and the Flex-to-Fix Strategy

The corresponding payout yield is equal to:

B
ot = a(x,t)
It follows that the mortality credit is equal to:

At = Yot — 0t = Yoit — layt

because i, ; = 0;. We deduce that the excess yield spread over the risk premium equals the
mortality hazard rate:
' (z,t) — (2, 1) = M\

Later, in Section 4.2.1 on page 71, we will see that this is exactly the definition of the
mortality credit.

3.3 Portfolio risk analysis

In this section, we extend the single-contract valuation framework to a collective portfolio
of annuities. The focus shifts from individual expected cash flows to the random present
value of aggregate benefit payments, which encapsulates non-systematic variations in indi-
vidual lifespans and macro-level uncertainty in future mortality rates. Using this frame-
work, we show that the mortality risk of an aggregate portfolio can be formally decomposed
into two components: idiosyncratic risk (independent longevity risk arising from individual
fluctuations in survival times) and systematic risk (non-diversifiable uncertainty governing
population-wide longevity trends). This risk decomposition plays a fundamental role in
evaluating the insurer’s liability distribution. In particular, idiosyncratic risk dominates the
central tendency of small portfolios, while systematic longevity risk dictates the heavy-tail
dynamics of large portfolios.

3.3.1 Portfolio liability modeling

For a given demographic category (e.g., gender), we consider a portfolio consisting of ng
issue-age groups. Each age group g € {1,...,n¢} contains N, annuitants aged x, at the
valuation date t. The total number of contracts in the portfolio is given by N = 2221 N,.
All contracts follow the annuity-immediate specification introduced in Equation (8) on page
45. For group g, the maximum payment horizon is H, = ™ — 24, where 27 is the limiting
age. Let Ny ; be the random variable representing the number of annuitants in group g
who survive to payment horizon h. Following Olivieri (2001), the portfolio liability L (¢) is
represented as the aggregate random present value of the constituent annuities:

nag Hg
= Ng.n (14)
g=1 h:1 1 + Qt

Given the information set F3, the best estimate of the portfolio liability is equal to the sum
of the individual actuarial present values weighted by group size:

L(t) = [ |]-'t ZN a acg, (15)

The proof is given in Appendix C.7 on page 150.
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Portfolio liability risk has two fundamental sources:

1. Idiosyncratic mortality risk arises from variations in individual survival times relative
to the conditional expected lifespan given a future mortality path. Following Olivieri
(2001), individual lifetimes are assumed to be independent conditional on this path,
so idiosyncratic risk can be reduced by pooling (N — o0).

2. Systematic mortality risk arises from uncertainty in the future mortality path itself,
and affects all annuitants exposed to that path. Therefore, it cannot be diversified
away within the portfolio (Cairns et al., 2006b).

Let P denote the random future mortality path. Olivieri (2001) applies the law of total
variance to separate the two sources of portfolio mortality risk:

var (L (t) | Fy) = E [var (L () | 7o, P)] +var (E [L(t) | 7, P]) (16)
—_——
o-tZOtal(t) g?diosyncratic(t) aszysten)atic(t)
where 02 neratic (£) and 02 omatic (t) define the idiosyncratic variance (pooling/sampling

risk) and systematic variance (trend/longevity risk) components, respectively.

3.3.2 Risk measurement

The systematic and idiosyncratic variance components are estimated from the conditional
mean and variance of the portfolio liability under each simulated mortality path. Individual
deaths do not need to be simulated for this decomposition. They are simulated separately
to obtain the distribution of realized portfolio liabilities.

Estimation of the variance components Let P() denote the simulated future mortal-
ity path under scenario s, for s = 1,...,ng. The probability distribution of future mortality
is approximated by the same simulated mortality paths used in the stochastic annuity val-
uation. For mortality scenario s, the portfolio best estimate liability is given by:

ng

LW (t) = > Nya'™ (x4, 1)
g=1

The systematic variance component is estimated from the dispersion of these conditional
portfolio liabilities:

5 1 S T (s 1 < T (s
Gzystematic (t) = ng — 1 Z L( ) (t) - E ZL( ) (t)
s=1 s=1

To compute the idiosyncratic component, we denote by var(®) (mg, t) the conditional variance
of a single contract in group ¢ under scenario s. The expression of var(*®) (a:g, t) is given in
Appendix C.8 on page 151. It follows that the estimator of the idiosyncratic variance is:

ns ng

. 1 .
0i2diosyncratic (t) = % Z Z Ng Var( ) ({I?g7 t)

s=1g=1
Therefore, the estimated total variance is:

6't20ta1 (t) = a-iQdiosyncratic (t) + &gystematic (t)

: : : _ a2 ~2 o
while the relative variance shares are widiosyncratic = Gigiosyneratic (t) /6¢4a1 (t) and Weystematic =

1- Widiosyncratic-
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Estimation of the probability distribution The full probability distribution of real-
ized portfolio liabilities includes systematic uncertainty in mortality trends and idiosyncratic
variations in individual lifespans. For each simulated mortality scenario s (s = 1,...,ng),
the sequence of scenario-specific one-year death probabilities ¢(*) (a?g +h—1,t+ h) for time
horizon h = 1,...,H, is fixed for each group g. Given a mortality path P() | the sim-
ulation algorithm generates ngr independent realizations of portfolio deaths. To optimize
computational efficiency without loss of mathematical precision, individual lifespans are not
simulated separately. Instead, at each time horizon, the number of deaths in each group is
sampled directly from the conditional binomial distribution. Let NV (S;Lr) denote the number
of survivors in group g at time horizon h in realization r (r = 1,. 7 .,ng) conditional on
scenario s, with the initial condition NV, é sr) = Ny. Let D;S ") denote the number of deaths
occurring in group ¢ during the period (¢ + h — 1 t + h]. Given the survivor count from the
preceding horizon and the mortality scenario P 3), the number of deaths follows a Binomial
distribution:

DS | NS P ~ Binomial (N5y,a (g +h = 1,6+ 0= 1))
The survivor count is then recursively updated as:
(s,;r) _ pr(sim) (s,r)
Ngp' =Ngp’1—Dgh

Each simulation run (s,r) yields a realization of the aggregate portfolio liability:
LG (1) = —— N

From these ng x ng simulated portfolio liability values, we estimate two probability distri-
butions:

e The conditional probability distribution given a mortality scenario s is estimated via
the empirical distribution function:

G (1) = Pr{L(S) (1) < é} ~ ni iR: {L(S ) () < 12}

e The unconditional probability distribution is estimated by averaging these conditional
empirical distributions across all ng mortality scenarios:

ns ns MR
G(é):Pr{L(t)Sf}fvnlsz;(;(s)(g) nsanZ;Z‘; {16 () < )

3.3.3 Empirical results

Idiosyncratic vs. systematic risk We consider the same parameterization as in Section
3.2.4 on page 46. The valuation year is 2023. We use the LC WLS model, calibrated on
the last 30 years. The paths are simulated using an ARIMA(1,1,0) process fitted to the last
15 observations of k;. The number of simulations is set to 50 000. The annuity pays B =1
annually in arrears, the discount rate is o; = 3%, and the limiting age is T = 95. These
are the same valuation and forecasting assumptions used for the single contract analysis.
The portfolio contains eight issue age groups: z, € {55,60,65,70,75,80,85,90}. All the
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Figure 23: Variance decomposition of the portfolio liability (France, 2023, LC WLS)
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results below are presented for the equally-weighted portfolio. The size of each group is
then Ny = N/ng.

Figure 23 shows the evolution of the variance shares wWidiosyncratic and Wsystematic With
respect to N. We observe that the idiosyncratic share is maximal when N equals one,
and then decreases continuously. The systematic share exhibits the opposite pattern. To
understand this, let us return to the variance formula*®

U‘?otal (N) = A?dlosyncratlc (N) + 652ystematic (N)
nsg ng G
= 7ZZN var(® xg,t) + var ZNga(s) (mg,t)
s=1g=1 g=1

If we multiply the size of the portfolio by A > 1, it follows that:

ns ng G
Grorat (AN) = *ZZ)\N var(™) (g, t) + var [ > ANga®) (z4,1)
s=1g=1 g=1
= /\Uldlosyncratlc ( ) /\2 systematlc (N)

and:

1 /1 1, 1.
X <Nat0tal ()‘N)) (N 12dlosyncratlc ( )) + A ( systematlc (N)>

We deduce that the normalized variance retains the same amount of normalized idiosyncratic
risk, but an increasing amount of systematic risk as A grows. This property of the empirical
estimators can also be established from a theoretical viewpoint. Indeed, for a homogeneous

48We introduce the notation 2 (N) to link the variance to the portfolio size N.
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portfolio of N annuitants aged x, the variance decomposition in Equation (16) implies:

var (L (t) | F¢) 1 E [var (A(z, 1) | ft,P)} var (IE [A(z,1) | ft,PD
EL0)| 7] N EA@) Al E[A@)]F]

The first term decreases proportionally to 1/N, whereas the second is unaffected by portfolio
size. Pitacco et al. (2009, Equation 7.18, page 285) obtain this result for an annuity portfolio
and identify the two terms as pooling and non-pooling risk, respectively. The same result
extends directly to a portfolio with a fixed age composition. Let m; denote the proportion
of annuitants in group g, with Ny = Nm, and Z;}gl mg = 1. Conditional independence of
individual lifetimes gives:

var (L(t)| F) = E[var (L(t)| F,P)| +var (E[L(1) | 7, P])

G G
= NZ?Tg]E [var (A (zg,t) | }},P)] + N?Var ngE [A (zg,t) | ]-},73}

g=1 g=1
Thus, for a fixed portfolio composition, idiosyncratic variance grows proportionally to N,
whereas systematic variance grows proportionally to N2. Whenever systematic mortality
variance is nonzero, its share of total variance therefore approaches one as the portfolio
becomes large. These properties are confirmed by the numerical results given in Table
13. The normalized idiosyncratic risk remains constant, while the normalized systematic
risk increases with portfolio size. At N = 1, idiosyncratic variance accounts for 98.88%
and 98.57% of total variance for the female and male groups, respectively. This is normal,
because for a single contract, risk is almost entirely idiosyncratic. This balance shifts quickly,
however, as systematic risk comes to dominate the portfolio, reaching 90% of total variance
once the portfolio holds 1000 annuity contracts.

Table 13: Variance decomposition of the portfolio liability (France, 2023, LC WLS)

62, o . &2 . . (N 52

N 1d105;1\;cmtlc system];x/:clc ( ) Jt‘x;al widiosyncratic wsystematic
1 1.87 0.02 1.89 08.88% 1.12%
© 10 1.87 0.21 2.08 89.85% 10.15%
Tés 100 1.87 2.11 3.97 46.96% 53.04%
2 1000 1.87 21.08 22.95 8.13% 91.87%
10000 1.87 210.81 212.67 0.88% 99.12%
100 000 1.87 2108.07 2109.94 0.09% 99.91%

1 238 T 0.03 241 9857% 1.43%

10 2.38 0.34 2.72 87.37% 12.63%
= 100 2.38 3.44 5.82 40.89% 59.11%
= 1000 2.38 34.39 36.77 6.47% 93.53%
10000 2.38 343.93 346.31 0.69% 99.31%
100 000 2.38 3439.33 3441.71 0.07% 99.93%

Tail risk measures Figure 24 shows the probability density function of the portfolio
liability under the LC WLS benchmark. It is estimated using ng = 50 000 mortality scenarios
and nr = 50 death-process replications per scenario. According to the Kolmogorov-Smirnov
statistic, the Gaussian approximation is markedly less accurate for the full stochastic liability
L7 (t) than for the best-estimate liability L(*) (t). This is because L(*) (t) already averages
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Figure 24: Probability density function of the portfolio liability (France, 2023, LC WLS,
N = 200)
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Figure 25: Convergence of the normalized portfolio liability (France, 2023, LC WLS)
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out idiosyncratic mortality risk within each scenario, inheriting the near-Gaussian behavior
of the simulated r; paths. Conversely, L(*") (t) retains the discreteness and skewness of the
underlying binomial death process, resulting in a heavier-tailed, less symmetric empirical
distribution. To illustrate how this idiosyncratic component diversifies as the portfolio grows,
Figure 25 reports the distribution of the normalized liability:

L) ()

LYY (1) ="

for several values of N. This distribution concentrates around the best-estimate liability as
N increases. Idiosyncratic risk vanishes according to the law of large numbers, while the
systematic risk persists. Formally, we have limy_s Lg{;’r) t) = 2221 Wga(s) (mg,t) where
mg = Ngy/N. This is consistent with the variance decomposition of Equation (16), where the
idiosyncratic variance vanishes as N — oo while the systematic variance remains. Thus, the

limiting distribution of Ly (t) retains only the mortality-scenario uncertainty captured by
L) (t).

Figure 26: Convergence of the tail risk measures (France, 2023, LC WLS)
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Remark 14 Figure 26 shows the evolution of Qgoy (Lg\f’r) (t)) and CTEggy (Ls\?’r) (t))
with respect to N, and illustrates that these tail risk measures converge to Qggy, (ig\s,) (t))

and CTEggy (EE\S,) (t)) as N increases where Eg\s,) (t) = L) (t) /N. This convergence is a
direct consequence of the vanishing idiosyncratic risk established above. Thus, the quantile
and conditional tail expectation of the mixture distribution over (s,r) coincide with those of
the distribution over s alone, which is driven purely by the systematic mortality scenario.
We conclude that a portfolio size of N > 1000 is already sufficient to eliminate most of
the idiosyncratic risk. Beyond this threshold, the tail risk of the portfolio is essentially
determined by systematic mortality risk.
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Model risk To isolate sensitivity to the model specification, the portfolio size is fixed at
N = 10000 and the portfolio composition and all other valuation and simulation settings are
held unchanged. Results are reported in Table 14. For females, the best estimate liability
ranges from 117046 under the CBD Poisson WLS model to 119288 under the LC Poisson
model, while for males it ranges from 104 489 under the CBD OLS model to 107 117 under the
LC WLS model. The tail risk measures follow the same broad pattern, although their ranking
is not entirely determined by the best estimate liability. In particular, for males, the LC WLS
model produces the highest best estimate among the LC specifications, while the LC Poisson
model yields a slightly higher Qgo (L (t)) and CTEggy, (L (t)). This reversal reflects the
greater relative dispersion of the LC Poisson liability distribution. Its coefficient of variation
CV reaches 1.82%, compared to 1.65% for the LC WLS model. Finally, systematic mortality
risk accounts for over 90% of total variance under every model. Therefore, although the
choice of mortality model affects both the liability level and its tail risk, the conclusion that
a large annuity portfolio is primarily exposed to systematic mortality risk remains consistent
across different specifications.

Table 14: Comparison of the portfolio liability risk between mortality models (France, 2023,
N = 10000, calibration period = 1950-2023)

D
D N
bQ} \Qob Q) @qq&\a Q}\”{g})
KCHINC W& &
LC WLS 118192.64 1.04% 121006.45 121398.91 90.38%

® LC Poisson 119287.79 1.22% 122549.37 122989.86 93.20%

Tg LC NB 118156.18 1.08% 121056.96 121453.16 91.05%

é CBD OLS 117844.98 1.11% 120831.87 121251.65 90.18%
CBD Poisson WLS 117046.44 1.10% 119989.42 120387.60 90.64%
CBD NB WLS 118160.06 1.10% 121139.69 121557.82 90.13%

- LC wWLS 107116.85 1.65% 111138.85 111699.79 93.98%
LC Poisson 106745.31 1.82% 111144.40 111748.80 95.00%

% LC NB 106921.36 1.69% 111052.76 111615.35 94.21%

= CBD OLS 104488.71 1.86% 108944.03 109589.29 94.69%
CBD Poisson WLS 104994.89 1.84% 109443.29 110054.20 94.83%
CBD NB WLS 104860.54 1.86% 109336.15 109952.55 94.74%

Table 15: Maximum difference of the portfolio liability risk between mortality models
(France, 2023, N = 10000)

L(t)  Qooy (L(t) CTEggy (L(t))
Female 1.91% 2.13% 2.16%
Male 2.52% 2.02% 1.97%

Table 15 reports the maximum relative gap across the six specifications for each risk
measure. This gap is relatively modest: around 2% and peaking at 2.52% for L (t) among
males, between the LC WLS and CBD OLS models. It is tempting to conclude from this
that model risk is low. However, this conclusion would be premature. All six specifications
are calibrated on the same historical data, over the same estimation period, and projected
using the same forecasting horizon. Out of sample, differences of more than 20% can arise
between models, particularly when the forecasting period includes major mortality shocks,
such as World War II or the COVID-19 pandemic.
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4 Optimal decumulation strategy

This section examines what may constitute an optimal decumulation strategy during retire-
ment. We focus on the two dominant approaches observed in retirement markets: drawdown
strategies and life annuities. Alternative arrangements, such as tontines and other pooled-
risk products, are not considered because they remain relatively uncommon in practice and
play a limited role in most retirement systems. The central question is how retirees should
balance the flexibility and growth potential offered by drawdown strategies with the income
security and longevity protection provided by annuities. Therefore, determining the appro-
priate transition between these two approaches is at the heart of the decumulation problem.
We begin with a static analysis of the annuitization decision. Our goal is to identify the
circumstances under which a drawdown strategy is preferable to an annuity strategy, and
vice versa. Two commonly used heuristic approaches are considered. The first approach is
based on mortality credits and compares the returns generated by annuities and drawdown
portfolios. The second approach adopts an actuarial perspective and compares the lifetime
outcomes produced by the two strategies. Although intuitive and easy to implement, both
approaches share an important limitation. The annuitization age is determined ex ante and
remains fixed throughout retirement. Consequently, the decision does not respond to real-
ized investment performance or changes in wealth. For example, a retiree cannot accelerate
or decelerate annuitization after a prolonged market downturn, nor can they postpone or an-
ticipate it following a period of strong returns. This rigidity motivates the dynamic analysis
developed in the second part of the section. Rather than prescribing a fixed conversion date
at retirement, this approach allows the annuitization decision to adapt to the evolution of
the retiree’s financial situation. We consider two dynamic formulations. The first formula-
tion determines the optimal annuitization date within a stochastic investment environment.
The second formulation extends the analysis to a dynamic asset-allocation framework in
which the retiree simultaneously chooses portfolio allocations and annuity purchases over
time. Together, these approaches provide a more realistic characterization of the flex-to-fix
strategy.

4.1 Paradigm shift in decumulation and the flex-to-fix strategy

The financial needs of retirees vary greatly depending on their health, wealth, and fam-
ily circumstances. Consequently, the importance they place on competing decumulation
objectives also varies. These objectives fall into four categories: income certainty, growth
and inflation protection, flexibility and bequests*®, and longevity protection. Since these
objectives often conflict with one another, products that excel in one area typically under-
perform in the others. Therefore, most retirement solutions focus on one or two dimensions
while falling short in the rest. For instance, Table 16 compares a drawdown strategy with a
single-premium immediate annuity. Along these four dimensions, the two are close to mirror
images of each other. A drawdown strategy is effective for growth, inflation protection, flexi-
bility, and bequests. An annuity purchase, on the other hand, effectively mitigates longevity
risk and guarantees income certainty.

These objectives vary among retirees and change in importance over the course of re-
tirement (Figure 27). In the early years, it is important that capital is both productive and
accessible. The investment horizon is long enough to allow for meaningful portfolio growth.
Spending needs are often discretionary and variable. Over time, inflation can substantially

49We combine the concepts of bequests and flexibility into a single dimension, since bequests effectively
constitute a form of liquidity. Any unspent wealth remains accessible to the retiree, who can choose whether
to spend it or pass it on to their heirs.
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Table 16: Comparison between drawdown strategy and single-premium immediate annuity

Drawdown Annuity
(“lea”) (“fia")
Income certainty Not guaranteed Guaranteed for life
The retiree bears market risk The insurer bears market risk
" Growthand Full upside retained 1\} Ofn; 7777777777
Inflation protection But never guaranteed
" Longevity risk Retained by the retiree =~ Transferred to the insurer
" Flexibility High " Very low
Full residual None

B t . . Lo
eques But none if savings are exhausted Unless a guarantee period is purchased

erode the purchasing power of a fixed income stream. However, these priorities gradually
change as retirement progresses. A shorter time horizon reduces the benefits of taking in-
vestment risks. Essential living expenses become the primary financial obligation, making
income certainty more valuable than the prospect of higher returns. Therefore, a retirement
solution selected at the outset is unlikely to remain equally well-suited throughout all stages
of retirement. As financial needs evolve from growth and flexibility toward security and
certainty, the decumulation strategy must evolve accordingly. This observation forms the
foundation of the flex-to-fiz strategy.

Figure 27: Illustration of the evolving financial needs throughout retirement

——— Need for flexibility and growth Need for guaranteed income

High

Drawdown fits here Annuity fits here

Low

65 70 80 90 100+

Age of the retiree

In a flex-to-fix strategy, retirement is divided into two distinct phases. During the initial
“flex” phase, which typically lasts the first 10 to 15 years of retirement, wealth is invested in
financial markets and withdrawals are governed by a flexible spending rule. This preserves
liquidity during the early retirement years, when spending needs are often uncertain and
discretionary. It also maintains bequest potential, since any remaining assets are transferred
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to heirs in the event of premature death. By postponing annuitization, retirees can enter
retirement without making an immediate and irreversible commitment of capital. The sub-
sequent “fiz” phase begins at a predetermined age, such as 75 or 80. At that point, part or
all of the remaining wealth is converted into a life annuity, thereby transferring longevity risk
to an insurer. The annuity provides a guaranteed lifetime income that can cover essential
expenditures regardless of realized lifespan or future market performance. Figure 28 com-
pares the annual income profile generated by a flex-to-fix strategy with that of immediate
annuitization at retirement. By combining these two phases, the flex-to-fix strategy seeks
to align the retirement solution with the evolving needs of retirees. It preserves market
exposure, liquidity, and bequest flexibility in the early years of retirement while providing
income security at advanced ages. This approach has attracted increasing policy interest.
For instance, Boyle and Webb (2022) and Clare et al. (2024) propose a “Flex First, Fix
Later” product as a potential default decumulation pathway for U.K. defined contribution
savers who do not receive financial advice. The flex-to-fix strategy also addresses several
commonly cited barriers to annuitization. In particular, it preserves early retirement liquid-
ity and bequest opportunities while avoiding the need for an all-or-nothing annuity purchase
at retirement. However, it does not eliminate the fundamental frictions that limit annuity
demand. Pricing loads and adverse selection remain present and could become more pro-
nounced when annuitization is deferred because individuals who purchase annuities at older
ages tend to be healthier than average retirees (Finkelstein and Poterba, 2004). Moreover,
as with any voluntary annuity arrangement, demand remains constrained by the level of
income already provided by public pension systems.

4.2 Static analysis

Before formulating the annuitization decision as a formal optimization problem, it is helpful
to consider insights from simpler and more intuitive approaches. This section presents two
commonly used methodologies for determining the optimal time for a retiree to transition
from a drawdown strategy to a life annuity. Both aim to identify the optimal conversion
age. However, they differ in their criteria and the evidence on which they rely. The first
methodology is based on mortality credits and compares the returns available under the
two strategies. At a given age, an annuity provides a return equivalent to the risk-free rate
plus a mortality credit. In contrast, a drawdown portfolio offers the risk-free rate plus an
uncertain risk premium. Since mortality credits increase monotonically with age and the
expected return on a drawdown portfolio remains constant, the two return profiles eventually
intersect. The age at which this occurs is considered the point at which annuitization
becomes preferable. This approach is parsimonious, requiring only a mortality table and a
few financial market assumptions. The second methodology takes a more actuarial approach,
comparing lifetime outcomes rather than instantaneous returns. Instead of focusing on the
return available at a specific age, this approach evaluates the conditions under which a
drawdown strategy yields better retirement outcomes than an annuity strategy, and vice
versa. Thus, the resulting annuitization age is derived from a comparison of realized lifetime
income and wealth trajectories rather than expected rates of return.

4.2.1 The mortality credit approach

In annuity pools, survivors inherit the premiums of those who die early. This subsidy is
commonly referred to as the mortality credit. Mathematically, we can define it by considering
a discrete-time version of the tontine model®®, whose expected mortality credit is identical

50 A tontine is a risk-pooling arrangement in which members contribute to a common fund, and the shares
of those who die are redistributed among the survivors (Denuit et al., 2022).
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to the one embedded in an annuity’s payout. Suppose that, at age x, an annuity pool is
formed by N, individuals of the same age. Each individual contributes one unit of currency,
so the total principal in the pool is V, = N,. Assume that these pooled funds are invested
exclusively in a risk-free asset that yields an annual rate r. According to the mortality table,
the probability that a member of this cohort will die between ages x and x + 1 is ¢ («, t).
Therefore, the survival probability is p (x,t,1) = 1 — g (z,t). At the end of the year, the
accumulated value of the fund is:

Ver1 =N, (1+7)
while the expected number of surviving members is:
E[Nyt1] = Nop (2,t,1) = N (1 - g (,1))
The payout distributed to each survivor is therefore®!:

Ny(I+7r) 147
Ny (1=q(z,t))  1—q(xt)

Factoring this expression isolates the market return from the pooling benefit:

Payout =

1+7r B . q(z,t) _ . q(z,t)(1+7)
a@n 0T )<”1—q<x,t>>‘” T @D
—_————

pooling benefit

Aside from the standard investment growth (14 r), survivors receive a distinct premium
simply for outliving their peers. The pure mortality credit mc (z,¢) per unit of capital is
equal to:
q(z,t)(1+r)

1- q (1' ) t)
Since human mortality roughly follows Gompertz’s law, g (z,t) grows exponentially rather
than linearly with age. As a result, mortality credits remain relatively marginal during early
retirement but rise sharply at advanced ages.

me (z,t) =

Remark 15 As discussed on page 58, the mortality credit is related to the mortality hazard
rate. In continuous time, the hazard rate X (x,t) is the ratio of the density function f (x,t)
of the mortality time to the survival function S (x,t). In discrete time, the expression of the
hazard rate 1s:

S(z,t) —S(z,t+1) q(z,t)

S (z,t) 1 —gq(x,t)

We deduce that the mortality credit is the product of the hazard rate A (x,t) and the invest-
ment growth factor (1+r):

Az, t) =

me (z,t) = A(z,t) (1 +7) = Xz, t)

Figure 29 illustrates this dynamic using French mortality data. The exponential accel-
eration of mc (z,t) is evident in both panels. For males in 2023, the mortality credit is only
1.32% at age 65, a subsidy sufficiently modest that it can be exceeded by a well-diversified
portfolio. However, by age 75, it doubles to 2.82%, and by age 80, it reaches 4.87%. At this
level, the pooling benefit becomes economically significant and increasingly difficult for a
conventional investment strategy to replicate. The female panel tells a qualitatively identical

51We assume that N, — co.
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Figure 29: Mortality credit in % (France, 2023, LC WLS, r = 0)
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story, yet it shows systematically lower levels throughout: 0.62% at age 65, 1.49% at age
75, and 2.86% at age 80. This gender gap reflects the well-documented longevity advantage
of French women. Because female mortality rates ¢ (z,t) are lower, the mortality credit is
compressed. This implies that women typically must survive to older ages before the pooling
benefit of an annuity becomes compelling. Figure 29 also reports the mortality credits in
1930, one century ago. At that time, mortality credits were substantially higher than they
are today: 4.70% at age 65, 11.80% at age 75, and 19.07% at age 80 for males, and 3.25% at
age 65, 9.07% at age 75, and 15.01% at age 80 for females. More broadly, mortality credits
decreased steadily throughout much of the 20th century (see Tables 37 and 38 on page 168),
reflecting the changing shape of the mortality curve. Recently, however, this downward
trend appears to be weaker, suggesting that mortality credits may have reached a plateau.

These empirical magnitudes have direct implications for the optimal timing of annuiti-
zation. During the early stages of retirement, when mc (x,t) is small for both sexes, the
opportunity cost of locking wealth into an irreversible annuity contract is substantial. At
these ages, the expected return generated by a flexible investment portfolio likely exceeds
the mortality credit received through risk pooling. By contrast, at advanced ages, mortality
credits rise sharply to levels that no risk-free financial instrument can replicate. As a result,
the annuitization becomes more attractive with age. This asymmetry provides the economic
rationale for the flex-to-fix strategy. With this approach, retirees initially rely on a flexible
withdrawal portfolio and postpone annuitization until the mortality credits are large enough
to compensate for the loss of liquidity, flexibility, and bequest potential associated with an
irreversible annuity purchase. Within the above framework, it is possible to define an op-
timal conversion age z* as the earliest age at which the mortality credit equals or exceeds
the expected return R available from the decumulation portfolio. Formally, we have:

o* =inf {z : 7 + mc (z,t) > R}

The intuition is straightforward. As long as the expected portfolio return exceeds the mortal-
ity credit, it is better to remain invested in financial markets than to immediately annuitize.
However, once the mortality credit surpasses the attainable portfolio return, the pooling ad-
vantage becomes sufficiently valuable to justify conversion into an annuity. Figure 30 reports
the evolution of x* between 1900 and 2023 under the assumptions » = 0% and R = 4%.
Consistent with the historical patterns documented above, the optimal annuitization age
has increased substantially over the past century. Improvements in longevity have reduced
mortality credits at any given age, thereby delaying the point at which annuitization be-
comes economically advantageous. Recently, however, the upward trend in z* appears to
have stabilized, mirroring the plateau observed in mortality credit dynamics. Nevertheless,
this calculation should be interpreted with caution. The threshold approach is highly sensi-
tive to the assumed portfolio return R. Small changes in expected investment performance
can generate large shifts in the implied conversion age, particularly when mortality credits
increase steeply with age. Figure 31 illustrates this sensitivity by reporting the values of z*
obtained under alternative assumptions for R.

4.2.2 The actuarial approach

Fixed-date annuitization problem We consider an individual aged = at retirement
date tg who chooses a fixed annuitization date t, = to + n. Although the conversion date
is chosen at ty, the annuity is purchased at the prevailing price at ¢ty + n. The special case
n = 0 corresponds to immediate annuitization (fix-now), while n = co denotes the strategy
of remaining liquid throughout the projection horizon. Let z+ denote the limiting age and
let H = 2+ — x denote the maximum projection horizon. Candidate annuitization dates are
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Figure 31: Conversion age in years with respect to the return R (France, 2023, LC WLS,
r=0)
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We use t € {tg,to + 1,t0 +2,...} to denote the time index. The timing follows an arrears
convention. No withdrawal is made at t = ty, while the investment return is realized
before the scheduled withdrawal for ¢ > t;. We consider a simple drawdown strategy.
Let W; be the wealth at time ¢. We assume that the target withdrawal is proportional
to the initial wealth: wy = aWy where Wy = Wy, is the initial wealth, and « is the
(constant) withdrawal rate. The wealth is invested in a drawdown fund, whose return for
the period [t — 1,¢[ is R;. We deduce that the wealth process is W;- = (1 + Ry) Wi_;.
Consumption is then ¢; = min (wo, Wy-). It follows that the post-withdrawal or post-
consumption wealth is W; = W;- — ¢;. In this model, the bequestable wealth is W, if
death occurs during period [t — 1,¢[. If the individual survives until time ¢, the amount
available for annuitization is W;. At the annuitization date t, = tg + n, the individual
purchases an annuity. Let a (z +n,ty + n) be the unloaded annuity price for an annual
payment of one®?. To account for administrative expenses, profit margins, and the cost of
holding capital that are not included in the actuarial best estimate, we apply a proportional
loading factor £. The loaded price of one unit of annual annuity income at ¢y +n is therefore
a*(x+n,to+n) = 1+ L)a(z+n,to+n). Given a terminal wealth Wy, = Wy 4y, the
loaded annuity pays an annual income:

Wto-‘rn

Y:
(14 L)a(z+n,to+n)

=c for t > t,

In the following, we assume that the annual consumption is equal to this annual income.

52This corresponds to B = 1 in Equation (8) on page 45.
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There are several sources of uncertainty in the flex-to-fix strategy. The first one is the
annual return of the investment. For illustrative purposes, we can assume that R; is constant.
However, it is more realistic to treat R; as stochastic. A common approach is to assume that
R, follows a Gaussian distribution: R; ~ N (u, 02). A second source of uncertainty is the
value of the future annuity at time tg+mn. One option is to introduce a stochastic component
to simulate the survival probabilities p (x 4+ n,ty + n, h) that are used to price the annuity
a(x + n,tg+n). Alternatively, we can simplify the problem by using the current annuity
price a (z + n,tp) as a proxy for the future annuity price a (z + n,tg+n). A third source
of uncertainty is the loading factor £. This is related to the money’s worth ratio (MWR),
which was introduced by Mitchell et al. (1999) and is defined as the ratio of the expected

present value of an annuity’s payout to its purchase premium?®?:

a(z,t) 1
MWR = =
R a* (z,t) 14+L

Mitchell et al. (1999, page 1300) find that “the prices charged for a single-premium immedi-
ate life annuity vary widely.” For instance, the difference in annuity payout between the top
10 and bottom 10 insurance companies is roughly 20%. Using UK data, Cannon and Tonks
(2004, 2008) calculate money’s worth ratios and report loading figures of around 10%. How-
ever, most of these results apply to individuals aged 65 who are purchasing an immediate
annuity. The evidence suggests that loadings are substantially higher for deferred annuities:

“This paper estimates the expected present discounted value (EPDV) of the
payments from immediate and deferred annuities that were available in the US
retail insurance market in May 2024. The central estimates suggest that for
immediate annuities purchased at age 65, the value of payouts per premium
dollar is about 87 cents for a buyer whose prospective mortality aligns with that
of the US population, and about one dollar for one whose mortality aligns with
that of a typical annuity purchaser. For a deferred annuity purchased at age 65
that begins payouts at age 75, the EPDVs are 73 cents and close to one dollar,
respectively. The private information that contributes to the lower mortality
rates of annuitants than those of the population appears to decay over time, and
age-specific mortality rates of recent annuitants are somewhat lower than those
of annuitants who bought policies further in the past.” (Poterba and Solomon,
2025, page 1).

Illustration of the flex-to-fix strategy Table 17 shows the consumption calculations
for a 65-year-old French male in 2023 under four different parameter combinations. We as-
sume that Wy = 100, o = 4% and t, = 75 years. In the fix-now strategy, consumption only
depends on the loading factor. When £ = 0%, ¢; is equal to 7.40. Increasing the loading fac-
tor by 50% reduces the consumption by 33%. For the flex-to-fix strategy, pre-annuitization
consumption is constant by construction and does not depend on the investment return
R;. On the contrary, investment returns have a significant impact on post-annuitization
consumption. If we assume that min (wg, W;-) = wg, we obtain the following recurrence for
the wealth: Wy = (14 Ry) Wi—1 — aWy. We deduce that:

tq

Wi, =| [ @+R)-a Z H (1+R,) | Wy

t=to+1 t=to+1 s=t+1

53The loading factor is equal to 11%, 25%, 43%, 67% and 100% when the MWR. is 90%, 80%, 70%, 60%
and 50%, respectively.
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Table 17: Value of the consumption ¢; in the flex-to-fix strategy (France, male, 2023, LC WLS)

z+n L a Age Fixnow R=0% R=1% R=2% R=3% R=4% R=5%
65-75 7.401 4.000 4.000 4.000 4.000 4.000 4.000
75-95 7.401 6.560 7.501 8.538 9.679 10.933 12.308

65-75 7.401 10.000 10.000 10.000 10.000 10.000 10.000
75-95 7.401 0.000 0.638 1.356 2.160 3.057 4.057

Table 18: Value of the consumption ¢; in the flex-to-fix strategy (France, female, 2023, LC WLS)

z+n L a Age Fixnow R=0% R=1% R=2% R=3% R=4% R=5%
65-75 6.476 4.000 4.000 4.000 4.000 4.000 4.000
75-95 6.476 5.621 6.428 7.317 8.295 9.369 10.547
0. o, ., 6585 6476  4.000  4.000  4.000  4.000  4.000  4.000
85-95 6.476 3.632 6.164 9.336 13.281 18.161 24.166

75 50% 4% 65-75 4.317 4.000 4.000 4.000 4.000 4.000 4.000
0 ¢ 7595 4.317 3.748 4.286 4.878 5.530 6.246 7.031

65-75 6.476 10.000 10.000 10.000 10.000 10.000 10.000
75-95 6.476 0.000 0.547 1.162 1.851 2.620 3.477

Optimal Decumulation: Annuitization, Drawdown, and the Flex-to-Fix Strategy
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If investment returns are constant, the wealth available at annuitization is given by:

ta
Wi, (B) = [(1+R)""—a Y Q+R)"“"|W,

t=to+1

Let n = t, — tg. It follows that:

Wi, (a,R) — ((1+R)"—a(1+RR)n_1> Wo
_ <a+(R—aR)(1+R)">WO

We can show that OpWy, (o, R) > 0, limp_,0 Wy, (a, R) = (1 — an) Wy, and Wy, (o, ) =
Wy, (R, R) = Wy. Finally, we obtain:

c « if tg <t <t,
Wt: a+(R—a)(1+R)"
0 R(1+4+L)a(z+n,tg+n)

if t >t,

This formula highlights the importance of the relative position of R with respect to «. In
particular, if « is too high relative to R, post-annuitization consumption can fall to zero,
because the wealth W, is exhausted before annuitization. This is exactly what happens in
the last case in the table (t, = 75, L = 0%, a = 10% > R = 0%).

While the effects of the parameters L, o, and R; are relatively easy to understand, the
impact of the annuitization date t, is more difficult. Indeed, we have:

dep (R—a)(1+R)"In(1+ R) n Ona (z +n,tg +n) .
on a+(R-—a)(1+R)" a(x+n,to+n) t
Wealth accumulation effect Annuity price effect

The post-annuitization consumption is then determined by two competing forces:

e The wealth accumulation effect
The first term reflects the impact of delaying annuitization on the wealth available
at retirement. If R > «a, wealth grows faster than it is withdrawn, implying that
this term is positive. Postponing annuitization in this case increases the amount of
wealth available for conversion into an annuity, which tends to raise post-annuitization
consumption. Conversely, when R < «, withdrawals dominate investment growth,
reducing the wealth available at annuitization and weakening the case for delay.

e The annuity price effect
The second term captures changes in the annuity factor. Since annuity prices gener-
ally decrease with age because fewer future payments are expected, we typically have
Oplna (x +n,to+n) <0. As a result, delaying annuitization allows the individual to
purchase a larger annuity income per unit of wealth, which increases post-annuitization
consumption®*.

54Mortality improvements over time may partially offset this effect. If longevity is expected to increase,
annuities purchased at later dates may become more expensive because insurers anticipate longer payment
periods.
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The overall impact of delaying annuitization depends on the balance between these two op-
posing forces. When investment returns are high enough relative to the withdrawal rate,
both effects support postponement. Higher returns increase the wealth available at annuiti-
zation, and the decline in annuity prices with age allows for the purchase of a higher income
per unit of wealth. In this case, delaying annuitization leads to higher post-annuitization
consumption. However, when withdrawals substantially exceed investment returns, the ero-
sion of wealth can outweigh the benefit of lower annuity prices. In this scenario, postponing
annuitization can reduce post-annuitization consumption, making earlier annuitization more
appealing. This trade-off is clearly illustrated in Table 17. When investment returns are low
(R=0% or R =1%), delaying annuitization from age 75 to 85 decreases post-annuitization
consumption. For example, when R = 0%, post-annuitization consumption decreases from
6.560 at t, = 75 to 4.286 at t, = 85. In contrast, when investment returns are high
(R = 5%), delaying annuitization substantially increases post-annuitization consumption.
c; rises from 12.308 at t, = 75 to 28.516 at t, = 85. Figure 32 illustrates the evolution
of post-annuitization consumption with respect to age x + n for different set of parameters

(a, R), while Figure 33 shows the components of the post-annuitization consumption®®.

Figure 32: Post-annuitization consumption with respect to age x + n (France, male, 2023,
LC WLS, Wy = 100, £ = 0%)

30 , 7
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Remark 16 In practice, investment returns R; are stochastic rather than constant. For
instance, we generally assume that Ry ~ N(,LL,UQ). In this case, the wealth W; becomes
stochastic, implying that the post-annuitization consumption c; for t > t, is stochastic as
well. For example, if Ry = a = 4%, we previously found that ¢; = 10.933 and ¢; = 9.369 for
male and female individuals, respectively. Let us now assume that p = 4% and o = 10%.
We obtain the probability density function shown in Figure 3.

55T isolate the pure annuity pricing effect, we report the additional consumption generated by delayed
annuitization relative to the fix-now strategy. This adjustment removes therefore the portion of consumption
that would be obtained under immediate annuitization.
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Figure 33: Components of post-annuitization consumption (France, male, 2023, LC WLS,
Wo =100, « = R = 4%, L = 0%)
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Figure 34: Probability density function of post-annuitization consumption (France, male,
2023, LC WLS, age 75, Wy = 100, a = 4%, u = 4%, 0 = 10%, L = 0%)
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The bequest motivation An advantage of the flex-to-fix strategy is the possibility of
generating a bequest. Recall that if the individual dies before the annuitization date, their
heirs receive the accumulated wealth. In contrast, if death occurs after annuitization, no
wealth is transferred to the heirs. As discussed in the introduction, many individuals choose
not to annuitize because they wish to leave part of their wealth to their heirs. We have
seen that the bequestable wealth is equal to W;- if death occurs during the period [t — 1, ¢].
Moreover, the probability that an individual dies between ¢ and ¢t + 1, given that they were
alive at the retirement date tg, is equal to:

PD; = Pr{individual is alive at time ¢} x Pr{individual dies between ¢ and ¢ + 1}
= pl(x,to,t —to)g(x+1t—to,t)
= p($,t0,h>q($+h,t0+h)
where h = t — to. If we assume a static mortality table — ¢ (z,t) = ¢ (=,t0), we obtain®®

PD; = p(z,to,h) g (z+ h,ty). Finally, we deduce that the expected bequest ratio of an
individual aged z at retirement date ¢ty who chooses to annuitize at date t, is equal to:

B R
IE[ t“] =— > PD_ E[W,]
Wo Wo t=to+1

Figure 35 shows examples of the expected bequest ratio. It is an increasing function of the
annuitization age. Moreover, we see that the annuitization age is by far the most important
determinant. Although portfolio returns and withdrawal rates have a noticeable impact,
their influence remains secondary compared with the timing of annuitization. Finally, a
pronounced gender gap emerges (see Figure 94 on page 180). This difference is driven by
the mortality probabilities ¢ (x, t).

Figure 35: Expected bequest ratio (in %) by annuitization age (France, male, 2023, LC
WLS)
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56In Appendix C.9 on page 152, we show that PD; is a proper probability distribution.
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In two extreme cases, the optimal annuitization decision is straightforward. If an in-
dividual has no bequest motive and wants to eliminate longevity risk as soon as possible,
the optimal annuitization age is the retirement age. Conversely, if the individual absolutely
prioritizes leaving their wealth to their heirs, then the optimal annuitization age is effectively
infinite, meaning that the individual never annuitizes®”. More realistic situations lie between
these two extremes. Many individuals value both the possibility of leaving a bequest and
the protection against longevity risk provided by an annuity. In this case, the individual’s
preference can be interpreted as follows. They would like their heirs to inherit part of their
wealth if they die relatively early (for example, before age 75), but they would also like to
secure a lifelong income if they live to older ages, when health and long-term care expenses
may become significant. To formalize this trade-off, suppose that the individual specifies a
target expected bequest B*. The objective is then to determine the annuitization date ¢,
that generates an expected bequest equal to this target, or as close as possible:

E [%ta,] ~ B*

Using the expected bequest function derived above, the optimal annuitization date is defined
as:

o if B =0
t;:to—f—n*: inf taE[%‘;Vtg} Z%O 1f0<%*§E[%tg+H]
o it B* > E [By, 4]

The first case corresponds to an individual with no bequest objective, who annuitizes imme-
diately at retirement. The second case identifies the earliest annuitization date that achieves
the desired expected bequest. The last case arises when the target bequest exceeds the max-
imum attainable expected bequest. In that situation, the target cannot be achieved through
any finite annuitization date, and the individual optimally chooses never to annuitize.

Figure 95 on page 181 reports the continuous solution®® for t* across several values
of (a, R,B*). When the target 5* is low, the optimal annuitization age is close to the
retirement age (Panels (a) and (b)). When the target 9* is high, the optimal strategy is
to never annuitize, except for large values of R combined with small values of o (Panels (e)
and (f)). More generally, we have the following properties:

ats ot at:
8a>0,ﬁ<0anda%*>0

The annuitization time is an increasing function of a: a larger withdrawal rate delays an-
nuitization in order to accumulate more wealth (Figure 37). It is a decreasing function of
R, since a higher investment return allows the target to be reached more quickly (Figure 97
on page 183). Finally, ¢} increases with the target 8*: a more ambitious objective requires
delaying annuitization (Figure 98 on page 183).

57In some cases, the initial wealth Wy is intended solely for inheritance purposes, and the individual relies
on other retirement income sources to finance consumption during retirement. The retirement vehicle is then
used primarily to take advantage of the favorable tax treatment associated with long-term savings and wealth
transmission. In this case, the decumulation phase becomes an accumulation phase since no withdrawals
are made from the portfolio (& = 0). The objective is no longer to finance retirement spending but rather
to maximize the value of the wealth transferred to the heirs. As a result, the individual may rationally
choose a higher allocation of risky assets to increase the expected terminal wealth and, consequently, the
expected bequest. This situation corresponds to the sixth panel of Figure 35, where o = 0 and the expected
investment return R is equal to 6%.

58For each pair (o, R), we compute the cubic spline interpolation E [B:] = fes (t; @, R). Given a target B*,
we then obtain the optimal value t} = fast (B*;a, R) := g(B*,, R). Unlike the discrete solution, which
exhibits jumps in ¢}, this approach yields a continuous function of t}.
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Figure 36: Optimal annuitization date when B* = 50% (France, male, 2023, LC WLS)
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Figure 37: Optimal annuitization date with respect to B* (France, male, 2023, LC WLS)
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The objective function We consider a classical consumption-bequest optimization
problem (Samuelson, 1969; Merton, 1969, 1971). In this framework, an individual has two
competing objectives: maximizing lifetime consumption and maximizing the bequest left
to their heirs. Let U (n) = C(n) + ¥ B (n) denote the objective (risk-neutral utility) func-
tion, where C (n) is the stochastic lifetime consumption component, B (n) is the stochastic
bequest component, and ¢ > 0 is a preference parameter governing the trade-off between
consumption and bequest. The optimization problem of the individual is:

n* = argmax  E[U (n)]
n€{0,...,H—1}U{oo}

= argmax E[C(n)] +¢E [B(n)]

where NV = {0,...,H — 1} U {oo}. The optimal annuitization date is then obtained by
evaluating the objective function at each admissible annuitization age and selecting the
value of n that maximizes the expected utility. In general, the quantities E [C (n)} and
E [B (n)] cannot be computed analytically. Therefore, we replace them with their Monte

Carlo estimates:
1 &
Elc(n)]=—)» C®(n
€] = 2 3¢ )

E [B(n)] = é S B6) (n)
s=1

where ng is the number of Monte Carlo simulations, and C®) (n) and B() (n) are the simu-
lated components generated by the s** simulation scenario.

Now, let us define C*) (n) and B() (n). The fixed-date problem is evaluated using
ng simulation paths from the initial valuation date ty. Each path combines a simulated
systematic mortality-factor path and a simulated liquid-return path, while individual death
times are simulated separately for outcome diagnostics. The simulated mortality rates are
defined using the Lee-Carter model:

0 (@0 + ) = 1 = exp (=m (a0 + b))

for h = 1,..., H, where lnm(s )(1‘ to+h) = a, + Bm:‘it h and nijlh is simulated using
the ARIMA(1,1,0) model fitted on the training perlod ending at time ty3. For the in-
vestment returns, we have: jolh =pu+ oegslh where 6§§)+h ; N (0,1). The ng jointly
simulated paths {Rgslrh, Eizrh, m) (z,to + h),q") (x,ty + h)}h are used to evaluate pre-
=1
annuitization wealth dynamics and mortality evolution. For each simulated path s, outcomes
up to tg + n determine the mortality state and the available wealth at the conversion date.
The annuity price at ty + n is then evaluated using only the available information at that
date. Given the state mfjin, we generate ng: future mortality factor continuations. For
h=1,...,H —n, these continuations follow the same fitted ARIMA(1,1,0) transition law.

At n = 0, the conditioning state is the state fitted at ty. The annuity price is estimated by:

A & np x—l—nt +n,h)
a® (z+n,tg+n) = Za( )(x—l—nto—l—n ZZ 0
sy s'=1 s s’=1 h=1 +Qt0)

where p(s’sl) (x +n,tg+n,h) is the h-year survival probability obtained from conditional
mortality path s’, given the mortality state reached under path s at to + n. We recall that
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the annual annuity income purchased at the conversion date is:

(s)
(s) Wto+n

Y. =
ot (14 £)a®) (x4 n,to +n)

Let §; denote the discount rate of the objective function®®. In Appendix C.10 on page 153,
we show that the discounted lifetime consumption component is:

t P (2, t0,n) (s -
c® (n Pt ] c(_)+7’ VY (z 4+ n,to +n 17
Z (1+ 8¢,)’ b (1+ 0¢)" (@ 0 ) (17)

j=1
where t; = to+7, p(®) (x,to,j) denotes the survival probability from age x at t( to age x + j
along mortality path s, and @®) (z 4+ n,ty 4+ n) is the annuity priced with the discount rate
Oty

ngr H—n (s,s') Z+n.to+n.h
i (@ tnto )= — 3 3 L @+ ntotmnh)
[t (14 0t,)

The first term of Equation (17) values withdrawals from the liquid account before annuitiza-
tion, weighted by the survival probability to each withdrawal date. The second term values
the annuity income purchased at ¢ty 4+ n, conditional on survival to the conversion date, and
discounted back to tg. The discounted bequest component is:

() (x,t9,5 — 1) — p) (x,t9, 5)
©) (n Zp (z,t0,J P (&5 10, 7) yy(s)
. (14 a1, b ()
0 :

where Wt(_f) is the bequest at time t; = to + j, since death occurs before the scheduled

J
withdrawal at date t;. When n = 0o, no annuity is purchased, and the lifetime consumption
and bequest components become:

C(s) (TL) _ i p(s) (xvthj)c(S) (19)
j=1 (1+ @to)j b
and:
s) _ - p .’E tO?] - 1) p(s) (ZC,t(],j) (s) p(s) ($7t07H) (s)
=3 : : w4 By (20)
j=1 ( + Qto) 7 (1 + Qto)

Alternatively, the expected objective value E [Z/{ (n)] can be estimated by simulating indi-
vidual lifetimes directly, rather than weighting outcomes using the path-specific survival
probabilities p(*) (z, %o, j). This alternative method is described in Appendix C.11.

Numerical results The empirical analysis considers a French retiree aged 65 at the end of
2023, with initial wealth normalized to Wy = 100 and a limiting age of T = 95. Mortality
is modeled using the Lee-Carter Poisson specification, with the period factor projected
through an ARIMA(1,1,0) model. The mortality model is fitted using observations from 1950
onwards over ages 50-95, and the period-factor forecast uses a 15-year lookback window.
The annuity loading is set to £ = 5%. The pricing and objective discount rates are set to
0= 2% and g = 2%, respectively. The baseline withdrawal rate is o = 4%, and the bequest
weight varies over 1 € {0,0.25,0.5,0.75,1}. The grid analysis spans u € {2%,3%, e 8%}

59The annuity discount rate ¢ and the discount rate entering the retiree’s objective g need not coincide.
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and o € {0%,2%, ...,10%,12%,15%}. The numerical analysis relies on ng = 5000 Monte
Carlo simulations, each combining an ARIMA mortality-factor path with an independent
Gaussian return path. For each candidate conversion date, we generate ng: = 1000 ARIMA
mortality-factor continuations conditional on the state reached at that date. We also draw
ngr = 100 individual lifetimes from the path-specific death-time distribution for each outer
path. The ng outer mortality and investment paths are held constant across candidate
annuitization dates. The ng lifetime draws are also reused across candidates, whereas the
ng mortality continuations are generated conditionally for each conversion-date state. Table
19 summarizes these calibration and simulation choices and defines the common numerical
environment used throughout the results below.

Table 19: Numerical design for the fixed-date actuarial analysis

Quantity Baseline specification

Country, valuation date, issue age France, 2023, age 65

Limiting age zt =95

Mortality model LC Poisson

Mortality forecast ARIMA(1,1,0) with linear trend
Calibration window 1950-2023 with ages 50-95
Period-factor lookback 15 years

Initial wealth Wo = 100

Pricing discount rate 0=2%

Objective discount rate 0 =2%

Withdrawal rate a = 4%

Loading factor L=5%

Bequest weight ¥ € {0,0.25,0.5,0.75, 1}
Investment return w € {2%,3%,...,8%}, o € {0%, 2%, ...,12%,15%}
Number of simulations ng = 5000,ng = 1000, ng = 100

In Table 20, we report the optimal annuitization delay n* for five representative pa-
rameter sets (p,0): (2%,0%), (3%,2%), (4%,6%), (5%, 10%), (6%, 15%), corresponding
to Sharpe ratios of oo, 0.50, 0.33, 0.30 and 0.27, respectively. This choice reflects the de-
creasing Sharpe ratio pattern commonly observed in financial markets — higher expected
returns are associated with higher volatility and lower Sharpe ratio. The table reports also
the following statistics:

_ XU ()

S UM(0)
the fix-now strategy.

o AU (n)

— 1 is the expected gain in the objective function relative to

o Py(n)=;-3051 {L{(S) (n) >Uu (0)} is the probability of outperformance relative

to the fix-now strategy. Py (n) = == >0 Y 1 {U(s"") (n) > ulsn (O)} includes
the uncertainty on the survival time.

e Q. (n) and CTE,, (n) are the quantile and the conditional tail expectation of the series
AU (n) = U () — U (0).
e P (n) = % >ons, p(®) (a:,to,‘r(s) - to) 1 {T(S) <tg+ n} is the probability of ex-

hausting the liquid account before annuitization®°.

60We have 7(8) = inf {to +i5<to+n: Wt(osjrn < e} where € = 10~12,
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Table 20: Results of the fixed-date problem (France, 2023, LC Poisson, a = 4%)

b Sex o w AU() Pu(n') Pu(n*) Qu(n*) CTEq(n") Pr(n*)
(%) (%) % % (%) (%)
2 0 0
% 3 2 10 3.7 74.0 62.0 —9.8 —10.9 0.0
0.00 g 4 6 15 14.7 74.0 57.9 —17.1 —20.2 0.0
R~ 5 10 17 29.6 73.0 54.8 —22.3 —31.8 0.0
6 15 20 49.2 66.9 46.1 —-36.4 —49.2 3.3
,,,,,,,,, 01592 669 461 64 0283
« 3 2 0
0.00 g 4 6 10 5.1 57.9 45.8 —18.9 —24.6 0.0
5 10 13 15.0 60.8 45.1 —28.3 —38.2 0.0
6 15 17 29.1 57.8 38.0 —43.1 —56.9 1.3
2 0
%; 3 2 13 5.7 83.4 68.9 —11.5 —13.6 0.0
0.25 g 4 6 17 18.3 78.4 69.6 —19.1 —21.5 0.0
~ 5 10 20 35.3 75.8 68.1 —23.1 —32.7 0.3
6 15 22 58.0 69.9 63.7 —36.9 —49.7 4.5
,,,,,,,,, 015000 BT 69 9T 45
o 3 2 6 0.8 56.7 46.6 —10.1 —11.0 0.0
0.25 g 4 6 13 9.1 65.3 59.3 —22.6 —26.8 0.0
5 10 17 21.8 66.3 60.0 —-30.6 —40.6 0.0
6 15 19 38.7 62.9 58.2 —43.7 —57.9 2.3
2 0
% 3 2 16 8.5 91.6 68.2 —14.6 —16.8 0.0
0.50 g 4 6 20 23.2 83.8 73.2 —21.8 —23.6 0.0
~ 5 10 23 43.0 79.9 73.7 —24.5 —33.8 1.0
6 15 24 69.7 73.6 69.7 —37.6 —50.0 5.9
,,,,,,,,, 015 w07 7607 36 R0 50
s 3 2 12 3.7 73.2 49.5 —18.5 —20.1 0.0
0.50 § 4 6 18 15.2 74.3 64.9 —29.8 —-32.0 0.0
5 10 21 30.9 73.2 67.7 —-34.0 —42.4 0.5
6 15 22 51.5 68.5 65.6 —44.6 —58.8 3.9
2 10 0.4 100.0 13.5 —10.0 —11.1 0.0
ic; 3 2 22 12.9 98.0 69.9 —19.9 —23.1 0.0
0.75 g 4 6 26 30.8 89.8 78.4 —26.9 —28.1 0.2
~ 5 10 29 55.3 85.1 79.6 —29.2 —35.6 3.3
6 15 29 88.9 78.1 74.3 —38.4 —50.2 8.3
,,,,,,,,, 015 W W9 TSI TS B4 H02 88
o 3 2 20 9.3 93.8 58.9 —29.1 —-31.9 0.0
0.75 g 4 6 23 24.3 85.4 70.8 —-36.4 —37.8 0.0
5 10 26 44.0 81.6 74.3 —40.1 —46.0 1.8
6 15 29 70.2 75.1 72.1 —46.7 —59.9 6.8
2 0 00 5.0 100.0 42.9 —19.6 —19.6 0.0
% 3 2 o) 21.7 100.0 79.3 —-9.6 —13.4 0.0
1.00 g 4 6 00 44.4 94.6 87.1 —13.8 —22.7 0.8
~ 5 10 o) 4.7 89.6 85.6 —22.8 —34.5 3.5
6 15 o) 116.0 81.9 80.0 —38.4 —50.2 8.6
s 5TTT0 e TR0 A000 T 449 T Tas T Ssdd T 00
o 3 2 o) 20.0 99.8 65.7 —22.0 —26.2 0.0
1.00 g 4 6 00 39.6 94.4 81.4 —23.5 —33.4 0.6
5 10 o) 65.1 88.6 82.2 —-31.3 —44.2 2.5
6 15 o) 98.5 80.8 78.0 —46.7 —59.9 6.9
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Baseline fixed-date results Table 20 reports the optimal fixed-date annuitization
rule for the five representative investment environments when the withdrawal rate is set to
a = 4%. Three broad patterns emerge from the results. First, the optimal annuitization date
is highly sensitive to investment opportunities. Immediate annuitization is optimal mainly
in the low-return deterministic environment (p, o) = (2%, 0%), with only a few exceptions in
the grid®!, whereas delayed annuitization becomes increasingly attractive as expected returns
rise. For both sexes, the optimal delay tends to increase with p, reflecting the growing value
of retaining investment flexibility before converting wealth into a life annuity. The associated
gains in the objective function are economically significant. For example, when ¢ = 0.75, the
expected improvement relative to immediate annuitization increases from 12.9% to 88.9%
for females and from 9.3% to 70.2% for males when moving from (3%, 2%) to (6%, 15%).
Second, stronger bequest motives lead to later annuitization. Holding investment conditions
constant, the optimal conversion date increases monotonically with . For instance, under
(1,0) = (3%,2%), the optimal delay for females rises from 10 years when 1) = 0 to 13, 16
and 22 years when ¢» = 0.25, 0.50 and 0.75, respectively. Similar patterns are observed in the
other investment environments. When ¢ = 1, annuitization is never optimal for either sex.
This suggests that a retiree who values consumption and bequest equally prefers to maintain
liquid wealth throughout retirement rather than exchange it for an irreversible life annuity.
Third, females generally postpone annuitization longer than males. The difference is modest
in low-return environments, but it becomes more pronounced as investment opportunities
improve. For example, when ¢ = 0.25, the optimal delays for females are 13, 17, 20 and 22
years across the four risky portfolios, compared with 6, 13, 17 and 19 years for males. These
longer delays are consistent with females’ lower mortality rates and correspondingly longer
expected retirement horizons. This raises the value of deferring conversion and purchasing
the annuity at a later, more favorable point.

Table 20 also illustrates the differences between the scenario-level probability of outper-
formance Py (n*) and the realized-lifetime probability Py, (n*). In all configurations, Py (n*)
is greater than Py (n*). The former averages utilities using path-specific survival probabil-
ities, whereas the latter incorporates simulated individual lifetimes. Therefore, introducing
realized longevity adds idiosyncratic mortality risk and reduces the frequency with which de-
layed annuitization outperforms immediate annuitization. Interestingly, the realized-lifetime
probabilities are not monotonic in portfolio risk. For females with ¥ = 0.75, Py (n*) in-
creases from 69.9% under (3%,2%) to 79.6% under (5%,10%), before declining to 74.3%
under (6%, 15%). A similar pattern is observed for males. Finally, downside risk remains
substantial even when delayed annuitization is optimal. The lower-tail measures deteriorate
as portfolio volatility increases. For females with 1) = 0.75, the 5% conditional tail expecta-
tion CTE5y, (n*) falls from —23.1 under (3%,2%) to —50.2 under (6%, 15%). Thus, larger
expected gains from delaying annuitization are accompanied by increasingly severe losses in
adverse realized outcomes. Nevertheless, the probability P, (n*) of exhausting the liquid
account before annuitization remains relatively low, generally below 10% even under the
most aggressive delay strategies.

Figure 38 shows how the lifetime consumption and bequest components vary with the
conversion date. Under (p,0) = (2%,0%), the lifetime consumption component steadily
declines as annuitization is postponed, falling from 95.2 at n = 0 to 74.6 at n = 29. The
profile changes when the expected portfolio return is higher. The consumption component
first rises with deferral, reaching a maximum that occurs progressively later as p increases.
In the four risky representative cases, the maximum occurs around n = 10, 15, 17, and 20,
with corresponding peak values of 98.8, 109.3, 123.4, and 142.1, respectively. The bequest

61For instance, at ¢ = 0.75, the optimal delay for females under (2%,0%) is n* = 10 rather than 0. At
% = 0, the optimal delay for males under (3%,2%) is also n* = 0.
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Figure 38: Fixed-date objective components — E [C (n)], E [B (n)] and E [t/ (n)] (France,
female, 2023, LC Poisson, o = 4%, ¢ = 0.75)
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Figure 39: Objective function E [Z/l (n)] (France, female, 2023, LC Poisson, o = 4%)
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component has a simpler shape. It increases with the conversion date in every case, since
wealth remains liquid and therefore bequestable for longer. At n = 29, the estimated
component ranges from 25.2 under (2%,0%) to 87.3 under (6%,15%). Higher expected
returns therefore allow liquid wealth to support consumption for a longer period of time and
also leave more wealth exposed to the bequest term. Combining the two components yields
the objective function E [L{ (n)], whose shape depends heavily on the bequest weight . A
low value of v gives more weight to the hump-shaped consumption profile, so the optimum
tends to be near the consumption peak. In contrast, a high value of ¢ gives more weight
to the monotonically increasing bequest profile, pushing the optimum laterf2. At ¢ = 1,
annuitization is eliminated altogether. This trade-off is precisely what generates the delay
patterns reported in Table 20. The same qualitative patterns hold for males (see Figure 99
on page 184).

Figure 40: Expected gain AU (n) in % (France, female, 2023, LC Poisson, o = 4%)
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The resulting objective gains are reported in Figure 39. With no bequest motive (1) = 0),
the deterministic case favors the fix-now strategy, whereas finite deferral is already optimal
in each of the four risky representative cases. For females, the best finite delays are 10, 15,
17, and 20 years, with objective gains of 3.7%, 14.7%, 29.6%, and 49.2%, respectively. At
1) = 0.75, the corresponding delays increase to 22, 26, 29, and 29 years, and the gains rise to
12.9%, 30.8%, 55.3%, and 88.9%, respectively. The investment environment (u, o) largely
determines the size of the gain from remaining liquid, while a stronger bequest motive tends
to extend the preferred deferral horizon and increase the resulting gain.

Figure 41 plots the realized lifetime outperformance probability Py (n) against n for
females and the five values of ¢, across the representative investment environments. The
dashed horizontal line at 50% marks the point beyond which delaying annuitization out-
performs the fix-now strategy in a majority of simulated outcomes. In the determinis-

62The cases ¢ = 0, ¥ = 0.25, ¥ = 0.50, and ¢ = 1 are shown in Figure 39. We only report the objective
function E [Z/{ (n)] since the lifetime consumption and bequest components do not change.
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Figure 41: Probability of outperformance Py (n) in % (France, female, 2023, LC Poisson,

a =4%)
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Figure 42: Fixed-date outcome diagnostics (France, female, 2023, LC Poisson, a = 4%,
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tic case (u,0) = (2%,0%), outperformance probabilities remain modest throughout. For
1 € {0,0.25}, Py (n) declines from about 20-25% at short horizons to nearly zero as n
increases. Thus, delaying annuitization is unfavorable on nearly every simulated path. For
1 € {0.5,0.75,1}, the probability first declines and then recovers as n increases, reflecting
the growing importance of the bequest term. However, it never crosses the 50% threshold.
Even with the strongest bequest motive, deferring annuitization in this riskless environment
remains unfavorable on a majority of simulated paths, which is consistent with the modest
Py (n*) value of 42.9% reported in Table 20 for ¢y = 1. The picture changes markedly once
investment risk is introduced. In the three risky environments, Py (n) rises sharply over the
first few years, peaking at 65-70% around n = 5 to 10, regardless of 1. Beyond this point,
the curves diverge according to the strength of the bequest motive. For low values of 1,
the probability steadily declines as n increases and eventually falls below the 50% thresh-
old. Thus, beyond a certain horizon, immediate annuitization outperforms deferral on most
simulated paths, even though, the corresponding optimal delay n* is comparatively short.
For high values of 1, however, the probability remains close to its peak or rises again as n
increases. Thus, deferral continues to outperform immediate annuitization on most paths
well beyond n = 20. This pattern is consistent with the substantially longer optimal delays
and higher Py, (n*) values reported for ) = 0.75 and ¢ = 1 in Table 20. The divergence be-
tween the low- and high-v curves becomes more pronounced as p and ¢ increase, mirroring
the widening gap in optimal delays documented previously.

Future annuity income provides another way of understanding the consequences of de-
ferral. Figure 42 reports the annuity-income ratio conditional on surviving to the conversion
date53:

Y;
Ry (n)=E lt;jn alive at to +n

0

At the optimal conversion age, Ry (n*) equals 1.2%, 2.5%, 6.5%, 36%, and 57.0% across the
five representative cases. The large ratios in the final two configurations reflect the wealth
accumulated along the surviving paths and the higher annuity payout available at older
conversion ages. However, as these figures are conditional survivor averages, they should
not be interpreted as guaranteed increases in retirement income. Figure 42 also reports the

downside probability of income®:

Py (n) = Pr{Y;y4n < Yo | alive at to +n}

At the selected conversion dates, Py (n*) is zero in the first two representative cases. It
remains low at (4%,6%), where the estimate is approximately 2.6%, but rises to 7.7% at
(5%,10%) and to 15.5% at (6%, 15%). The high conditional mean incomes obtained in the
more aggressive portfolios are therefore accompanied by an increasing risk that the income
ultimately purchased falls short of the initial reference level Yy. Finally, the third panel
shows the probability of exhaustion P, (n). At the baseline withdrawal rate, exhaustion is
limited for most of the relevant deferral range. It is absent throughout the finite-delay range

63We use the following estimator:

Z:il p(s) (1‘7 tO? TL) th(o‘:)»n

R -
v (™) Yo 305, p(®) (z,t0,m)

64We use the following estimator:

Sou5 p) (m,t0,n) 1L {Vigen < Yo}

P =
Y (N) Zzil p(s) (m,to,n)
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in the first two representative cases. For n = 29 the female exhaustion probabilities are
approximately 0.6%, 3.3%, and 8.3% in the three most volatile cases. For moderate delays,
the main source of uncertainty therefore comes from investment and lifetime outcomes rather
than outright depletion of the liquid account. Exhaustion only becomes a material risk when
a volatile portfolio is kept liquid until very old ages.

Table 21: Optimal policy counts over the (u, o) grid (France, 2023, LC Poisson, o = 4%)

Female Male
¥ Fix-now Flex-to-fix Never | Fix-now Flex-to-fix Never
0.00 8 48 0 16 40 0
0.25 6 50 0 8 48 0
0.50 2 54 0 8 48 0
0.75 0 56 0 8 48 0
1.00 0 0 56 0 0 56

Table 22: Optimal policy counts over the (¢, o) grid (France, 2023, LC Poisson, o = 4%)

Female Male
| Fix-now Flex-to-fix Never | Fix-now Flex-to-fix Never
2% 16 16 8 32 0 8
3% 0 32 8 8 24 8
4% 0 32 8 0 32 8
5% 0 32 8 0 32 8
6% 0 32 8 0 32 8
7% 0 32 8 0 32 8
8% 0 32 8 0 32 8

Table 23: Optimal policy counts over the (u, 1) grid (France, 2023, LC Poisson, a = 4%)

. Female Male
Fix-now Flex-to-fix Never | Fix-now Flex-to-fix Never

0% 3 25 7 5 23 7

2% 3 25 7 5 23 7

4% 2 26 7 5 23 7

6% 2 26 7 5 23 7

8% 2 26 7 5 23 7
10% 2 26 7 5 23 7
12% 1 27 7 5 23 7
15% 1 27 7 5 23 7

The full (p,0,%) grid provides a broader view of the policy regions. Tables 21, 22,
and 23 summarize the distribution of optimal policies across the parameter space according
to bequest weight ¢ (56 cases), expected return p (42 cases), and volatility o (35 cases),
respectively. The bequest motive emerges as the primary determinant of the qualitative form
of the optimal policy. When ¢ = 0, immediate annuitization (fix-now) is optimal in only
eight of the 56 female cases and 16 of the 56 male cases, while the remaining configurations
select a finite delayed-annuitization strategy (flex-to-fix). As the bequest weight increases,
the region associated with immediate annuitization steadily shrinks. At the baseline value
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Figure 43: Optimal annuitization date (France, female, 2023, LC Poisson, a = 4%)
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Figure 44: Optimal annuitization date (France, male, 2023, LC Poisson, o = 4%)
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1 = 0.75, the flex-to-fix strategy is optimal in all 56 female cases. For males, only the eight
configurations corresponding to u = 2% remain in the fix-now region, while the other 48
cases select flex-to-fix. At the extreme value ¢ = 1, the fix-never strategy becomes optimal
throughout the entire grid for both sexes, indicating that a retiree who places equal value
on consumption and bequest always prefers to retain liquid wealth rather than convert it
into an irreversible life annuity. Investment returns also have substantial influence, although
less pronounced than the bequest motive. Immediate annuitization is concentrated almost
exclusively in the low-return region of the parameter space, whereas higher expected returns
generally favor delayed annuitization. By contrast, volatility has only a limited effect on
the qualitative policy classification. Changes in ¢ modify the preferred annuitization date
within the flex-to-fix region, but they rarely alter the nature of the optimal strategy itself.
Overall, the results suggest a clear hierarchy of effects on the optimal policy:

Y-pu>=o

The bequest motive has the strongest impact, expected returns have a secondary but eco-
nomically significant effect, and volatility plays a comparatively minor role. Figures 43 and
44 complement this analysis by displaying the optimal annuitization delay in each grid cell.
These heatmaps provide a visual representation of the policy regions and illustrate how the
optimal conversion date evolves across the parameter space.

Figure 45: Investment return and volatility sensitivity of lower-tail objective loss and realized
lifetime outperformance for the best finite flex-to-fix candidates (France, 2023, LC Poisson,
a=4%, ¥ = 0.75)
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Figure 45 focuses instead on the realized risk dimension. For each (u, o) cell, we first
select the best finite flex-to-fix candidate n*, and then average the resulting risk measures
across o for each value of u (top panels), and across p for each value of o (bottom panels).
The effect of 41 is not uniform across the two risk measures. The average CTE5y (n*) is non-
monotonic. It worsens sharply between p = 2% and p = 3% (from —22.5 to —48.5 for males,
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and from —34.4 to —39.4 for females), before improving steadily as u increases, reaching
—31.3 for males and —28.9 for females at u = 8%. By contrast, average Py (n*) increases
monotonically with p for both sexes, from roughly 35% at u = 2% to 93% at u = 8%,
with the male and female curves converging at high u. Higher expected returns therefore
increase the likelihood that the best finite rule outperforms immediate annuitization, even
though they do not uniformly reduce lower-tail losses. The effect of o is more consistent
across the two measures. Average CTEs¢ (n*) declines steadily and without reversal as o
increases. It falls from about —23.6 to —53.0 for females and from about —23.4 to —62.8 for
males between o = 0% and o = 15%, with the gap between the sexes widening at higher
volatility. Average Py (n*) instead rises slightly before declining. For females, it rises from
79.6% at 0 = 0% to a peak of 81.5% at o = 2%, then falls to 64.5% at o = 15%. Males
follow the same pattern at a slightly lower level throughout, falling to 62.8% at ¢ = 15%.
Thus, volatility has a much clearer effect on the distribution of realized outcomes than on
the expected objective of the selected finite policy.

Sensitivity analysis with respect to the withdrawal rate &« We now conduct a
sensitivity analysis with respect to the withdrawal rate «. We recall that the benchmark
value o = 4% is motivated by the empirical analysis of Bengen (1994, 1996, 1997), who
developed the historical backtesting methodology for determining safe withdrawal rates.
This rule was subsequently extended and popularized by Cooley et al. (1998). However, the
safe withdrawal rate depends on the characteristics of asset returns (i, o). In what follows,
we consider a to be in the range of {1%,1.5%,2%,...,8%}. Throughout this sensitivity
analysis, the bequest weight is held fixed at ¢ = 0.75, while the five previously considered
representative return configurations are retained.

Table 24: Normalized withdrawal rates (in %)

o 1.000 2.000 3.000 4.000 5.000 6.000 7.000 8.000
. Female 0.187 0.375 0.562 0.749 0.937 1.124 1.311 1.499
Y Male 0167 0.334 0.500 0.667 0.834 1.001 1.168 1.334

Remark 17 To make spending levels comparable across sexes or clusters, the withdrawal
rate can be normalized using the loaded fiz-now annuity-income rate:

- @
a=———
Yo/Wo

The immediate annuity-income rates are Yo /Wy = 5.3378% for females and 5.9950% for
males. Table 24 reports the resulting normalized withdrawal rates. By construction, & = 1
corresponds to a = Yo /Wy 1= a*, le., to a withdrawal rate exactly equal to the fix-now
annuity income. Therefore, we anticipate a change in behavior once & > 1, since the retiree
then withdraws more than the immediate annuity could deliver. This places additional strain
on the liquid account relative to the fix-now benchmark.

Table 25 reports the optimal fixed-date rule for the five representative investment envi-
ronments across the withdrawal rate grid. The deterministic case (1, o) = (2%, 0%) behaves
very differently from the four risky cases, and the transition is sharp rather than gradual.
For a < 5%, i.e., as long as & < 1, the deterministic case generates essentially no exhaus-
tion risk. The policy is either fix-now or a short finite delay, and P, (n*) remains at 0.0%
throughout for both sexes. However, once « reaches 6% — where & crosses the unit thresh-
old (1.12 for females and 1.00 for males) — the deterministic case abruptly switches to a
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Table 25: Sensitivity to the withdrawal rate (France, 2023, LC Poisson, ¢ = 0.75)

o &  Sex p o Policy n* AU (n*) Py(n*) CTE,(n*) Pr(n*)
(%) (%) (%) (%) (%) (%)
2 0 Fix-now 0
% 3 2 F2F 20 13.0 70.4 —67.5 0.0
1019 & 4 6 F2F 26 36.9 77.0 —87.3 0.0
B 5 10 F2F 29 70.4 79.2 —94.7 0.0
6 15 F2F 29 115.7 4.7 —94.7 0.0
7777777777777 2 0 Fixnow 0O
e 3 2 F2Fr 18 8.7 65.5 —71.8 0.0
1 0.17 § 4 6 F2F 23 28.1 71.6 —89.8 0.0
5 10 F2F 26 54.2 74.0 —-99.3 0.0
6 15 F2F 29 89.0 72.3 —103.5 0.0
2 F2F 10 0.4 13.5 —11.1 0.0
%’é 3 2 F2F 22 12.9 69.9 -23.1 0.0
4 0.75 g 4 6 F2F 26 30.8 78.4 —-28.1 0.2
B 5 10 F2F 29 55.3 79.6 —35.6 3.3
6 15 F2F 29 88.9 74.3 —50.2 8.3
7777777777777 2 0 Fixnow O
g 3 2 F2F 20 9.3 58.9 -31.9 0.0
4  0.67 g 4 6 F2F 23 24.3 70.8 —37.8 0.0
) 10 F2F 26 44.0 74.3 —46.0 1.8
6 15 F2F 29 70.2 72.1 —59.9 6.8
2 0 F2F 16 1.1 16.6 -9.7 0.0
% 3 2 F2F 24 12.9 64.5 —-13.3 0.0
5 0.94 QEJ 4 6 F2F 26 28.7 78.2 —24.7 6.2
- ) 10 F2F 29 50.2 78.8 -35.3 12.7
6 15 F2F 29 80.2 73.9 —49.2 18.4
7777777777777 2 0 Fixnow 0O
g 3 2 F2F 21 9.6 51.9 —21.6 0.0
5 0.83 § 4 6 F2F 24 23.0 70.3 —34.8 3.0
5 10 F2F 28 40.6 74.8 —45.8 9.7
6 15 F2F 29 64.1 71.8 —59.5 15.4
2 F2F 21 2.5 42.9 —19.6 69.4
% 3 2 F2F 29 12.9 64.8 —17.2 56.2
6 1.12 g 4 6 F2F 27 26.5 79.4 —25.8 30.6
B 5 10 F2F 29 45.2 79.8 —35.6 28.6
6 15 F2F 29 71.9 75.6 —48.3 31.0
S 2 0 F2F 21 06 449  -344 552
g 3 2 F2F 28 10.0 57.9 -30.5 42.0
6 1.00 g 4 6 F2F 25 21.7 73.2 —-37.5 20.6
5 10 F2F 28 37.2 76.3 —46.5 22.8
6 15 F2F 29 58.2 73.4 —58.9 26.3
2 F2F 15 3.5 42.9 —19.6 85.3
= 3 2 Never 00 11.6 57.4 —18.9
8 1.50 QEJ 4 6 F2F 29 22.0 73.1 —26.8 74.6
] 5 10 F2F 29 36.1 75.1 —35.5 62.0
6 15 F2F 29 57.1 72.3 —46.7 55.5
- 2 0 F2F 15 21 449 344 745
g 3 2 F2F 21 9.5 53.7 —-324 70.6
8 1.33 & 4 6 F2F 28 18.7 66.1 —38.9 62.8
= 5 10 F2F 28 30.7 71.0 —46.9 52.4
6 15 F2F 29 47.5 69.8 —957.8 48.0
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substantial exhaustion probability: 69.4% for females and 55.2% for males at n* = 21. Since
returns are riskless in this case, exhaustion is driven purely by the deterministic shortfall
between the withdrawal rate o and the fixed return p. The sharp jump in Py (n*) around
& = 1 therefore illustrates the behavioral threshold introduced in the above remark. Fe-
males and males differ systematically in this dimension. At every common value of «, the
probability of female exhaustion exceeds that of males, both in the deterministic case (e.g.,
85.3% versus 74.5% at a = 8%) and across risky configurations (e.g., 55.5% versus 48.0%
at « = 8%,0 = 15%). Two effects compound here. First, females face a lower loaded
fix-now annuity-income rate (5.3378% versus 5.9950% for males), so a given « translates
to a higher normalized withdrawal rate & for females than for males. Second, females also
have a higher probability of surviving to any given horizon, which mechanically increases
the survival-weighted exhaustion measure P, (n*).

The withdrawal rate significantly impacts the depletion risk. For instance, moving from
a = 5% to a = 8% at ¢ = 10% causes the female exhaustion probability to rise from
12.7% to 62.0%, and the male probability to rise from 9.7% to 52.4%. This effect dominates
all other effects documented in the paper. Neither the bequest weight nor the investment
environment generates swings of this magnitude alone, confirming that the withdrawal rate
is an important factor in the risk of running out of liquid wealth before conversion. Our
previous ordering in terms of impact can now be completed and becomes a >~ ¥ > p > o.
Finally, higher expected returns offset some of the additional strain created by a higher
withdrawal rate, but do not eliminate it. At a = 6%, the female exhaustion probability
falls from 69.4% at 0 = 0% to 28.6% at o = 10%, then rises to 31.0% at o = 15%. The
pattern for males is similar, falling from 55.2% to 20.6% at ¢ = 6% then rising modestly
at higher volatility. The same offsetting effect is visible at & = 8%. Even in the most
favorable risky configuration, roughly half of the simulated retirees are expected to exhaust
their liquid account before conversion. Since the optimal delay is nearly always close to the
maximum admissible horizon in these high-withdrawal cases (n* € {28,29} in most rows),
it illustrates that combining a long deferral with an unsustainably high withdrawal rate
remains a substantial source of risk, even when the underlying portfolio offers an attractive
expected return.

Figures®® 46 and 103 confirm the threshold behavior documented in Table 25 for the
deterministic case. The optimal delay remains at the fix-now floor for low withdrawal rates.
Then, it rises steeply around a*, before eventually decreasing again as spending becomes
unsustainable, even at long horizons. The finer grid reveals two features that are not visible
in the five-point table. First, the transition around «* is not merely a large jump between
two adjacent rows in the table, but a genuinely steep. Second, risky configurations are far
less sensitive to o over most of the grid. The optimal delay for the (5%, 10%) and (6%, 15%)
configurations sits close to the upper boundary n = 29, across almost the entire spending
range. Only the lower-return risky case (3%,2%) shows a visible upward drift with a.

Figures 47 and 104 show that the ranking of Py, (n*) across the five investment environ-
ments is not stable over the spending grid. At low withdrawal rates, the risky configurations
cluster tightly together with P, (n*) close to its plateau. Meanwhile, the deterministic case
sits well below, confirming that delaying annuitization at low spending outperforms fix-now
in a minority of realized lifetimes in the riskless case even though the expected gain re-
mains positive. As « rises past o*, the deterministic case catches up sharply, and eventually
approaches the risky curves from below, while the lower-return risky case (3%, 2%) drifts
downward over the same range.

Figures 48 and 105 confirm the sharp, threshold-like rise in exhaustion risk for the de-

65The male figures are located in Appendix on pages 186-187.
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Figure 46: Optimal annuitization delay n* across withdrawal rates o (France, female, 2023,
LC Poisson, ¥ = 0.75)
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Figure 47: Realized lifetime outperformance probability Py (n*) across withdrawal rates «
(France, female, 2023, LC Poisson, ¥ = 0.75)
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Figure 48: Probability P, (n*) of liquid account depletion before annuitization across with-
drawal rates « (France, female, 2023, LC Poisson, ¢ = 0.75)
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terministic case documented in the table, and show that this transition is essentially a step
rather than a gradual increase. This transition occurs within roughly half a percentage point
of a*. By contrast, for the risky configurations, the increase in exhaustion probability with
« is smoother and more gradual across the entire grid, with no comparable discontinuity
around a*.

Taken together, the fixed-date results show that the four parameters have distinct and
unequal roles, which can be summarized by the ordering o > 9 > p > 0. The withdrawal
rate o has the largest overall impact. Once spending is high enough relative to the fix-now
annuity income, exhaustion risk rises sharply, and the optimal conversion date may change
significantly. The bequest weight 1 systematically pushes conversion later, not by improving
portfolio performance but by raising the value of keeping wealth liquid and bequestable. Its
effect on the optimal delay is comparable in magnitude across most investment environments.
The expected return p plays another significant role. It increases the value of waiting and
extends the selected deferral period. However, this effect is generally smaller than that of
1 and is sensitive to the withdrawal rate. Higher a0 can amplify or offset the benefit of a
higher p, depending on the region of the spending grid. Volatility ¢ has the weakest effect
on broad policy regions — it rarely changes the selected range of delays — but it is not
irrelevant. It strongly influences the distribution of outcomes around the optimal policy
through realized-lifetime outperformance, lower-tail losses, future annuity-income risk, and
pre-conversion exhaustion. However, this ordering is not fixed across the entire parameter
space. The withdrawal rate’s dominance is concentrated in the region where & approaches
or exceeds one. Below that threshold, its effect on the optimal delay and exhaustion risk
is comparatively muted. In that low-spending region, the bequest weight and the expected
return become the main drivers of the optimal conversion date, while volatility continues to
govern the risk around it.

100



Optimal Decumulation: Annuitization, Drawdown, and the Flex-to-Fix Strategy

4.3 Dynamic analysis

Building on our previous work on accumulation and decumulation strategies (Bruder et
al., 2023, 2025), we now examine the flex-to-fix strategy within a dynamic optimization
framework. Several formulations of the annuitization problem have been proposed in the
literature. In particular, Milevsky and Young (2007) distinguish between two institutional
arrangements. Under the all-or-nothing arrangement, annuitization occurs at a single date
and involves the retiree’s entire remaining wealth. The sole decision is therefore the timing
of the conversion. Under the anything-anytime arrangement, annuity purchases are un-
restricted. Any fraction of wealth may be annuitized at any date, and each purchase is
irreversible. In this section, we consider two related settings. In the first, the retiree invests
in a diversified portfolio and may annuitize only once, at the beginning of a year. The
objective is therefore to determine the optimal year to convert all remaining wealth into a
life annuity. This specification can be viewed as a discrete-time version of the all-or-nothing
arrangement. In the second setting, we study a dynamic asset-allocation problem with a
target annuitization date T' (e.g., age 75). The retiree allocates wealth among three assets:
a risky asset Sy, a risk-free asset By, and an annuity asset A;, which generates a continuous
income stream. Annuity purchases are irreversible, but they may occur progressively over
time. At the target date T', all remaining financial wealth is converted into an annuity. In
this framework, a single large annuitization decision is replaced by a sequence of smaller
and gradual purchases. This reduces the dependence of retirement outcomes on the level
of wealth at a particular conversion date. In both settings, the model incorporates a con-
sumption stream ¢;. As argued in Bruder et al. (2023), many retirees require a minimum
level of expenditure to meet essential living needs. For this reason, treating c; as a fully
flexible control variable is not appropriate. Instead, we assume that consumption is deter-
ministic and specified at time tq for all future dates t. This assumption reflects the idea that
retirees enter retirement with a planned spending path that serves as a baseline for their
decumulation strategy.

4.3.1 Optimal annuitization date

Mathematical formulation The fixed-date analysis selects the conversion date at tg
and cannot respond to subsequent mortality or investment outcomes. Now, we allow the
annuitization decision to be reconsidered annually. At each date t; = ¢y + j with j =
0,...,H — 1, an individual who is alive and has not previously annuitized must choose
between converting all remaining liquid wealth into an immediate life annuity or remaining
liquid for one more year. Annuitization is irreversible, which is not the case of continuation
(withdrawal). Therefore, the conversion date is a stopping time determined by the state
observed along the retirement path.

Annuitization problem The timing within the year is the same as in the fixed-
date analysis. At tg, the first decision is made with the initial wealth W, before any liquid
withdrawal. At each subsequent decision date ¢;, the return over the preceding year has been
realized, and the scheduled withdrawal has been paid. Therefore, the decision is based on the
post-withdrawal wealth W; . If the individual annuitizes at t;, the balance Wy, is converted
immediately, and the first annuity payment is received one year later, conditional on survival.
If the individual remains liquid, Wy, is invested for one more year. If death occurs during
that year before the next scheduled withdrawal, the bequest is the pre-withdrawal balance
W, == Wtj_+1' The state variables at decision date t; aref6 Xy, = (Wt].,ntj,Amt].). The

j+1

66The date t; determines the individual’s age, calendar year, and remaining horizon, so it need not be
included as an additional stochastic state variable.
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wealth component determines the resources available for future withdrawals, the bequest,
and the conversion. Under the fitted ARIMA (1,1,0) specification, the mortality state evolves
according to the following system of equations:

Aki 41 = 6o + QDR + €541

Ki;41 = ki, + ARy, 41 (21)

th+1 ~ N (0, (5',%)
where ¢, gZ)H and 6, are the estimated parameters of the ARIMA(1,1,0) process. Therefore,
the conditional law of future mortality depends on the observed mortality history through
(mj WAVTS ) Assuming liquidity is maintained, wealth evolves based on the investment return
earned over the following year and the subsequent scheduled withdrawal. The investment
return between t; and t; + 1 is Ry, 41 ~ N (p,0%) where p is the expected annual return
and o is the annual volatility. Starting from the post-withdrawal wealth W, , the realized
return first produces the pre-withdrawal wealth Wt; +1- Then, the individual attempts to
withdraw the fixed annual amount wy = aWj, where « is the withdrawal rate expressed as
a proportion of the initial wealth Wy. However, actual consumption ¢, 11 cannot exceed
the available account balance. The financial transition is therefore:

Ri; 41 = p+oee; 41

5tji_1 ~ N(07 1)

Wtj+1 = (1 + Rthrl) Wi, (22)
Ct;41 = min {wo, Wy |y

Wi =W 1 — ey

where W, is the wealth after the investment return and before the scheduled withdrawal,
¢y;+1 is the amount actually consumed, and Wy, 41 is the remaining liquid wealth immedi-
ately after the withdrawal and available at the next annuitization decision. If W~ < wo,
the individual consumes the entire remaining account. In this case, ¢;;41 = W, and
Wi, +1 = 0. Conditional on remaining in drawdown, zero wealth is then absorbed. The
return innovation €;, 11 is assumed to be independent of the mortality innovation €441

Annuitization and continuation values Let V' (th) denote the objective value at
time ¢;, given that the individual is alive and liquid in state X;, = (Wtj s Kt s Afctj). For a
mortality state (/1,5]. , A/ftj), the unloaded annuity pricing factors are:

k= (z+ j,to + 4. h) _

a(z+j,to+7) =E Zp L hj7 Ki;, Ak,
h=1 (1+Qto)

and: ~ _

H—j . .

~ . . x+j,to+ 4, h

a(x+jvt0+j):]]§ p( J ~O hj ) /ﬁ?tj,AI{tj
h=1 (1+Qt0)

The expectations in these equations are over future systematic mortality innovations con-
ditional on the current mortality state. If the current liquid wealth is W;,, immediate
annuitization generates the following annual income:

Y, = W,
YT 1+ L)a(z + .t + )
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The value of annuitization is therefore:

it _ : . Wi, alz+j,to+7)
Vannultlzatlon X ) = Y alx + ,t + — J . .7 : 23
(X1,) = Yi,a(x +j,to +5) 1+L) alx+j.to+]) (23)

Once annuitization is selected, no liquid account remains, and no subsequent annuitization

decision is available. If the individual chooses to withdraw, the return and mortality state

evolve over the following year. Let q;, 41 = ¢ (:E +J,to+7+1; /itj+1) be the one-year death

probability implied by the mortality state reached at ¢; 4+ 1. If the individual survives,

they receive ¢, 11 and reach Xy, ;. If the individual dies before withdrawal, the bequest is
t,+1- The continuation value is therefore:

i i I—q;+1 qt;+1 _
continuation X ) = E J ( ) X . ) j W X ‘ 24
V ( t]) |:1+£~7t0 Ct]+1+V( t1+1) +’l/11+§t0 ti+1 | t; ( )

Optimal solution The Bellman equation is:
% (th) — max {Vannuitization (th) _ ycontinuation (th)} for j=0,...,H—1 (25)
Accordingly, the optimal annuitization time is:
n* — inf {j € {0,..., H — 1} ; yannuitization (th) > J/continuation (th)} (26)

where n* = oo if the annuitization region is never reached. At the limiting age x%, there
are no remaining annuity payments or subsequent decisions. The remaining liquid wealth is
valued as a terminal bequest:

V(X)) = 0Wiy, (27)

Every predetermined fixed-date rule is feasible in Equation (25), since it can be reproduced
by continuing before the specified conversion date and annuitizing at that date for every
state. Consequently, the dynamic value cannot be less than the value of any such fixed rule
when both are evaluated under the same model and numerical approximation.

Remark 18 The stopping problem is solved using backward induction on date-specific state
meshes for the state variable Xy;. The mortality coordinates are derived from the Gaussian
distribution implied by Equation (21), while the wealth domain is obtained from the distribu-
tion generated by remaining liquid. Conditional annuity factors are computed backward on
the mortality mesh. Gaussian conditional expectations are evaluated using Gauss-Hermite
quadratures. The annuity factor recursions use a nine-point rule, while the continuation
value in FEquation (24) uses a tensor product of seven return nodes and seven mortality
nodes. Annuity factor surfaces and value functions are interpolated bilinearly and trilin-
early, respectively. Any transition that falls outside the finite next-period state domain is
projected coordinatewise to the nearest boundary before interpolation. Appendiz C.12 pro-
vides information on the numerical solution.

Numerical results The dynamic analysis uses the same actuarial and financial calibra-
tion as the fixed-date analysis, but the results reported below are restricted to females.
We recall that the retiree is aged z = 65 in France at the end of 2023, with limiting
age x+ = 95, withdrawal rate a = 4%, annuity loading £ = 5%, pricing discount rate
01, = 2%, and objective discount rate gy, = 2%. Mortality is modeled using the Lee-
Carter Poisson specification with a period factor projected through the previously de-
scribed ARIMA(1,1,0). The same investment grids p € {2%, 3%, 4%, 5%, 6%, 7%, 8%} and
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o€ {0%,2%,4%,6%,8%,10%, 12%,15%} are used, as well as the same bequest weights
¥ € {0,0.25,0.50,0.75,0.90,1} .The full experiment therefore contains 7 x 8 x 6 = 336
dynamic stopping problems. Unless otherwise indicated, the baseline dynamic configura-
tion is (p,0,¥) = (4%, 6%,0.75). For each grid cell, the date-specific wealth domains are
constructed using 800 finite-volume cells. The Bellman value function is represented on 61
wealth nodes, together with 13 nodes for x;; and 11 nodes for Ax;;. Conditional annuity
factors use a nine-point Gauss-Hermite rule, while the continuation expectation in Equation
(24) uses seven return nodes and seven mortality nodes. The full-grid distributional results
use ng = 5000 evaluation paths per cell. The state-dependence diagnostics reported below
use a separate sample of 50000 paths and 20 equal-count state bins at each decision age.
Table 26 summarizes the numerical design.

Table 26: Numerical design for the dynamic annuitization problem

Quantity Baseline specification

Country, valuation date, issue age  France, 2023, age 65

Sex Female

Limiting age xt =95

Mortality model LC Poisson

Mortality forecast ARIMA(1,1,0) with linear trend
Calibration window 1950-2023 with ages 50-95
Period-factor lookback 15 years

Initial wealth Wy = 100

Pricing discount rate 0=2%

Objective discount rate 0=2%

Withdrawal rate a=4%

Loading factor L=5%

Bequest weight ¥ €40,0.25,0.5,0.75, 1}
Investment return € {2%,3%,...,8%%}, o € {0%, 2%, ...,12%,15%}
Baseline specification w=4%, o = 6%, ¥ = 0.75
Wealth-domain construction 800 finite-volume cells

Bellman state mesh 61 x 13 x 11

Gauss-Hermite orders 9 for annuity factors, 7 x 7 for continuation
Full-grid evaluation paths ng = 5000 per cell
State-dependence evaluation paths 50000

State-dependence bins 20 equal-count bins per age

In this section, we analyze the dynamic stopping problem by comparing three initial
objective values: V%, obtained under immediate annuitization (the fix-now strategy),
Vdix obtained under the optimal fixed-date (flex-to-fix) strategy from the previous sec-
tion%”, and Vodyn obtained under the fully dynamic optimal-stopping strategy. These three
values are weakly ordered by construction: VOdyn > Vx> VPov since the dynamic pol-
icy encompasses every fixed-date rule and the optimal fixed-date encompasses the special
case n* = 0. We compute two relative-value measures: AViy/now = (Voﬁx JVow — 1) and

AViayn/x = (Vodyn / Vbﬁx - 1). The first quantity measures the value of choosing the optimal

fixed conversion date instead of annuitizing immediately. The second quantity measures the
additional value of conditioning the exact conversion date on the realized state, rather than
committing to it in advance.

67The selected fixed-date strategy is re-evaluated using the same state transition, quadrature, interpola-
tion, and terminal convention as the dynamic strategy, so that the three values are directly comparable.
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Table 27: Fixed-date and dynamic annuitization results (France, female, 2023, LC Poisson,
a = 4%, ¥ = 0.75)

m o z+nf, E [m +n*|n* < oo] Pr{n* <oo} AVix/now AVayn/sx
(%) (%) (%) (%) (%)

2 0 75 74.71 100.0 0.43 0.0086

3 2 87 86.99 100.0 12.68 0.0159

4 6 91 90.96 100.0 30.06 0.0244

5 10 94 93.28 100.0 53.38 0.0391

6 15 94 93.10 100.0 84.56 0.0178

Table 27 reports results for the five representative investment environments used in the
fixed-date analysis, including the probability of finite annuitization and the mean stopping
age conditional on annuitization together with the two value-gain measures AVgy /now and
AVgyn/fix- The economically important contrast in Table 27 is between these two value gains.
Moving from fix-now to an appropriate fixed annuitization horizon generates substantial
gains that grow with expected returns across the representative investment environments.
By contrast, allowing the exact stopping date to depend on the realized state adds only
a few basis points in these cases. At the baseline (4%,6%) calibration, for example, the
selected fixed-date rule improves the objective by 30.06% relative to fix-now%®, whereas
dynamic timing adds a further 0.0244% relative to the selected fixed rule. The main value
improvement therefore comes from choosing the broad annuitization horizon, rather than
from adjusting the exact conversion year after observing subsequent states.

Figure 49: Location and dispersion of the dynamic annuitization age relative to the fixed-
date optimum (France, female, 2023, LC Poisson, a = 4%, ¥ = 0.75, u = 4%)
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68The fixed-date gains in Table 27 differ slightly from the corresponding Monte Carlo estimates in the
fixed-date section, because the selected fixed policy is re-evaluated here using the same backward operator
as the dynamic policy. This common evaluation makes Aden/ﬁx a comparison between strategies under
the same numerical operator.
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Figure 50: Location and dispersion of the dynamic annuitization age relative to the fixed-
date optimum (France, female, 2023, LC Poisson, a = 4%, ¢ = 0.75, 0 = 6%)
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The small incremental value does not mean that the dynamic policy selects a fixed conver-
sion age for every path. Figures 49 and 50 report the distribution of dynamic annuitization
ages across two slices of the baseline return specification. In all configurations displayed in
the figures, Pr{n* < oo} = 1. The green circle indicates the mean dynamic stopping age.
The thick red vertical segment contains the central 50% of stopping ages. The thin blue
segment contains the central 90%. The dashed violet line shows x + nf,. Figure 49 shows
that volatility has little effect on the location of the fixed-date optimum when p = 4%. The
selected fixed conversion age remains at 91 throughout the volatility grid, and the mean
dynamic age remains close to 91 at moderate volatility. The main change occurs in the
dispersion of the stopping date. The central 90% interval is [90, 92] when o = 0%, compared
to [82,92] when o = 15%. At the latter volatility, however, the central 50% interval remains
[90,91]. Thus, the increased dispersion at high volatility comes mainly from a lower tail
of paths on which substantially earlier annuitization becomes optimal rather than from a
broad widening of the whole distribution. Figure 50 shows the stronger effect of the expected
return on the location of the stopping decision. With o fixed at 6%, the fixed conversion
age rises from 74 at pu = 2% to 87, 91, and 94 at u = 3%, 4%, and 5%, respectively. The
mean dynamic age follows the same progression. At p = 2%, the central 50% interval is
[73,78] and the central 90% interval is [71,89]. At the baseline u = 4%, they contract
to [90,91] and [90,93], respectively. When p > 6%, the dynamic stopping age essentially
converges to age 94 across the remaining three grid points. This convergence reflects the
finite modeling horizon since age 94 is the final admissible conversion age before z+ = 95.
Once the expected return is high enough that delay is almost always preferred, the terminal
boundary itself becomes the binding constraint on the stopping decision. Over these slices,
w primarily shifts the location of the stopping region, while ¢ has a stronger effect on the
dispersion of state-contingent stopping dates around that region.
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Remark 19 The preceding comparison concerns configurations for which ng, is finite. Fig-
ure 51 considers the special case in which the optimal predetermined strategy is fix-never. At
1 =1, the fized-date analysis selects fix-never in all 56 return configurations. However, un-
der the dynamic strategy, finite annuitization still occurs in some realized states. This shows
that fiz-never is not the optimal action along every path that can subsequently be reached.
The highest frequency of finite annuitization occurs at (u,0) = (2%,15%), where 54.7% of
the evaluation paths eventually annuitize. Nevertheless, the corresponding dynamic gain rel-
ative to the fized fiz-never strategy is only 0.0891%. Therefore, fix-never is a quasi-optimal
ex ante commitment rule in these cells®®.

Figure 51: Probability of finite dynamic annuitization when the optimal fixed-date strategy
is fix-never (France, female, 2023, LC Poisson, o = 4%, 1 = 1.00)
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We examine the state dependence of the policy at the baseline calibration: (u,o,) =
(4%, 6%,0.7 5). For a fixed mortality state, the wealth dimension of the stopping boundary
can be identified by the sign of Vannuitization (¢, ) _ y/contimuation (X, ) - which is positive
in the annuitization region and negative in the continuation region. Table 28 reports the
wealth level at which this difference changes sign for each age when (Iitj , Antj) is held at
the nearest mesh point to its date-specific conditional mean. The switching boundary falls
sharply over the main annuitization ages. At age 89, annuitization at the central mortality
state requires wealth above approximately 3.6 times the initial wealth. One year later, the
threshold is close to 1.6 times the initial wealth. By ages 91 and 92, the threshold falls well
below initial wealth. The concentration of dynamic stopping around ages 90-92 is therefore
associated with a rapid expansion of the annuitization region across the wealth dimension™.
This wealth dependence is consistent with the presence of the fixed withdrawal wg = aWj

in the continuation branch. Since the scheduled withdrawal is fixed relative to initial wealth

69However, this does not imply that annuitization is a dominated action in every state that can subse-
quently be reached.
700ne factor is that the maximum age has been fixed at 1 = 95 years.
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rather than current wealth, its weight in 1/ continuation (th) decreases as current wealth X,
increases. As a result, Veontinuation qaeg not scale proportionally with current wealth. This
type of non-homogeneity produces a wealth-dependent switching boundary.

Table 28: Approximate wealth boundary of the annuitization region at the central mortality
state under the baseline dynamic calibration (France, female, 2023, LC Poisson, u = 4%,
o =6%, a =4%, v =0.75)

Switching interval for Wy, /Wy

Decision age 1 o bound Upper bound

89 3.54 3.61
90 1.59 1.65
91 0.345 0.414
92 0.216 0.288

Figures 52 and 53 evaluate the stopping rule along 50000 simulated baseline paths. At
each decision age, the states of individuals who are both alive and liquid are separated into
20 bins of equal count. The solid lines show the fraction of states in each bin that Equation
(25) prescribes annuitization, and the shaded regions are 95% Wilson confidence intervals.
Figure 52 confirms the wealth dependence observed in Table 28. At age 89, annuitization
remains rare across the realized wealth distribution, with an estimated probability of only
8.3%, even in the highest wealth bin. At age 90, the probability increases from essentially
zero in the lowest bins to 55.3% in the highest bin. At age 91, the range is approximately
0.1% to 95.7%. By age 92 the highest wealth bins annuitize with essentially a probability of
100%. Therefore, the simulated states display the same rapid expansion of the annuitization
region across wealth as the Bellman boundary. Figure 53 shows that the decision also
varies with the Lee-Carter mortality state. At age 89, annuitization is close to zero over
most of the observed &, distribution, reaching approximately 41.1% in the highest bin. At
age 90, it rises to 85.8% in the highest bin. At age 91, the probability is approximately
86.2% for some of the intermediate-to-high #, range. However, the relation is not globally
monotone. For example, at age 92, the estimated probability declines from approximately
81.3% in the lowest observed r;; region to 36.5% in the highest bin. This pattern should be
interpreted jointly with the other state variables rather than in isolation. Part of this joint
dependence has a simple explanation. Since g;, = 0,, the two conditional annuity factors
in Equation (23) coincide, and we have Vannuitization (x7, ) — W, /(1 + £). Conditional on
current wealth, Vannuitization qoes not, depend on the mortality state at all. Therefore, any
residual dependence of the stopping decision on ry;, conditional on wealth, must operate
entirely through J/eontinuation (th). In addition, the curves in Figure 53 are marginal bin
averages over the population that remains alive and liquid at each age. Therefore, they
integrate over different realized values of W;, and Aky,. The figure shows that the stopping
boundary depends on the mortality state, but the binned curves should not be interpreted
as a one-dimensional monotonic effect of x;, alone.

Figures 54 and 55 examine the incremental value of dynamic timing over the return
grid at the baseline bequest weight ¢ = 0.75. Figure 54 shows AVqy, /sy as asset volatility
increases. The gain is non-decreasing in o for each expected-return level in the full grid, and
the effect is largest at low expected returns. For example, when u = 2%, the gain increases
from 0.0086% at o = 0% to 0.3309% at o = 15%. At higher expected returns, however, the
selected fixed conversion date is close to the upper boundary of the admissible horizon, which
limits the scope for further timing adjustments. Even at its largest, however, the magnitude
remains modest relative to AVgy /mow, and it stays small over most of the parameter space.
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Figure 52: Conditional probability of dynamic annuitization by wealth states at selected
ages (France, female, 2023, LC Poisson, u = 4%, 0 = 6%, a = 4%, 1 = 0.75)
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Figure 53: Conditional probability of dynamic annuitization by mortality states at selected
ages (France, female, 2023, LC Poisson, u = 4%, 0 = 6%, a = 4%, 1 = 0.75)
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Figure 54: Volatility and value of timing flexibility (France, female, 2023, LC Poisson,
a=4%, ¥ = 0.75)
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Figure 55: Dispersion of the dynamic stopping age and value of timing flexibility (France,
female, 2023, LC Poisson, a = 4%, ¥ = 0.75)
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Across the 56 return configurations at 1) = 0.75, the median value of AVqy,, /gy is 0.0174%,
the 75" percentile is 0.0424%, and 90% of the cells have a gain below 0.1149%. Figure 55
relates the dynamic gain to the standard deviation of the finite stopping age. The cross-
sectional correlation is approximately 87%. Configurations with more dispersed stopping
dates tend to have larger gains from state-dependent timing. However, this association
is descriptive rather than causal since both stopping-age dispersion and the value gain are
endogenous outcomes of the same underlying parameter configuration and stopping problem.

Table 29 examines the bequest-weight dimension while holding the return specification
at baseline values (u,0) = (4%,6%). As 1 increases, the fixed-date optimum moves pro-
gressively outward from age 80 when 1 = 0 to age 91 under the baseline value ¥ = 0.75
and to age 94 when ¢ = 0.90. The incremental value of dynamic timing decreases across
these configurations, ranging from approximately 0.056% at low bequest weights to nearly
zero at the upper end of the grid. Even though the fixed benchmark is already at the last
admissible conversion age, 98.12% of dynamic paths still annuitize at ¢ = 0.90. By contrast,
at 1) = 1, the fixed-date strategy switches discretely to fix-never, and only 1.88% of dynamic
paths annuitize under the baseline return specification. As shown in Figure 51, this last
probability depends highly on the investment environment and can be substantially larger
when expected returns are low and volatility is high.

Table 29: Bequest weight sensitivity of the fixed benchmark and dynamic timing value at
(1,0) = (4%,6%) (France, female, 2023, LC Poisson, a = 4%, ¢ = 0.75)

Y x+ng, Pr{n*<oo} E[z+n*[n* <oo] AViyn/fix

(%) (%)
0.00 80 100.00 79.91 0.0558
0.25 82 100.00 82.11 0.0552
0.50 85 100.00 85.24 0.0429
0.75 91 100.00 90.96 0.0244
0.90 94 98.12 93.96 0.0002
1.00  Never 1.88 91.93 0.0000

Taken together, the dynamic analysis adds one key qualification to the fixed-date results.
While a well-chosen predetermined annuitization horizon captures most of the expected
objective value from delayed conversion, it does not reproduce the state structure of the
optimal stopping policy. Realized wealth and mortality states can move individual paths
to enter the annuitization region at significantly different ages, and annuitization can occur
ex post even when the optimal predetermined rule is fix-never. Nevertheless, the additional
expected value of this state-contingent timing is small over most of the parameter grid.

4.3.2 Optimal asset allocation with a target date

The mathematical problem In this section, we adopt the second approach within a
singular stochastic control framework. We assume that the investor allocates wealth™ X,
between a risky asset S, a risk-free bond By, and a continuous annuity income Y;. The
risky asset follows a geometric Brownian motion with expected return p and volatility o:

dSt = ,uSt dt + O'St th

where W, is a standard Brownian motion. The risk-free asset earns a constant interest rate
r: dBy = rB;dt. We assume that a; is the capital cost required to purchase one unit of

"I\We use the notation X: for the wealth because Wi is reserved to designate a Brownian motion in
continuous time.
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continuous annuity income at time ¢ and that Z = {Zt}te[to 7y is the cumulative amount
spent on purchasing annuities up to time t:

1
dYy = —dz,
Q¢

where a; = (14 L) a;. Let X;- and Y;- denote the state variables immediately before any
potential lump-sum transaction at time ¢t. We suppose that the investor enters the strategy
with an exogenous stream of mandatory pension income 3 > 0 and since Z is non-decreasing,
we have Y; > 4. Terminal annuitization at time T', whereby all remaining wealth is used to
purchase an annuity, is not part of the diffusion dynamics on [to, T'), but instead enters as a
terminal condition. It induces a jump in the annuity income at the target date:

Xp-

ar

Yr=Yr + and Xr=0

The control strategy consists of the pair (ay, Z;), where «; is the proportion of liquid wealth
invested in the risky asset. Let A (¢,z,y) denote the set of admissible control pairs (a, Z)
starting from time ¢ with initial liquid wealth X;,- = x and initial annuity income Y;- =
y. Specifically, any cumulative annuity expenditure process Z is modeled as an adapted,
nondecreasing, and right-continuous process. This structure reflects the fact that annuity
contracts can be purchased with instantaneous lump sums (AZ; > 0) but they cannot be sold
or converted back into cash. Under this singular stochastic control framework, the investor’s
wealth process X; evolves according to the following stochastic differential equation:

dx, = ((r tar(p—1)) Xee — e + Yt_) dt + a X, odW, — dZ, (28)

where X; > 0, Y; > @, « € [0,1], Z; > 0 and ¢; > 0 is the predetermined deterministic
consumption flow.

In what follows, we focus on the expected utility maximization framework, and we de-
note by U (z) the utility function. To evaluate the optimality of the controls (o, Z;), we
must define an objective function that captures the investor’s lifetime utility. Our model
incorporates three distinct scenarios based on mortality and investment risks:

e Death at s before the target date T: the investor leaves behind a lump sum of liquid
wealth X, .

e Ruin at 7 before the target date T: the investor depletes all liquid wealth, and the
existing annuity income can no longer cover the predetermined consumption target.
Following this failure, the investor permanently abandons the original consumption
schedule and consumes the entire existing annuity income for the rest of their life.

e Survival to the target date T: All remaining liquid wealth is irreversibly converted
into an annuity, ensuring a steady stream of income for the rest of the investor’s life.

Before stating the objective function, we define the following key parameters: A; is
the instantaneous hazard rate™ at time t, o is the investor’s subjective discount rate™
(time preference), w is a weighting parameter that scales the utility of bequest relative to
consumption, and b is an exogenous subsistence bequest floor. Since the consumption target

72The probability of an individual surviving from time t to s is given by exp (f fts Au du).
73We assume that § = o.
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is not guaranteed to be met along every investment path, we define the consumption-plan
failure time as follows:
T :inf{s €EfT): Xs=0,Y; < cs}

For notation simplicity, we define the following factors: D(t, s) = exp (— fts(g + M) du) is
the effective discount factor, K; = ftoo D (t,s) ds is the utility annuity factor, and B(t) =

j;T D (t,s) AU (wd) ds captures the bequest utility at the subsistence floor wb. If 7 < T,
the investor irrevocably enters a prescribed fallback arrangement. The original consumption
schedule is permanently abandoned, no further investment or annuity purchase decisions are
made, liquid wealth remains at zero, and the entire existing annuity income Y- is consumed
for the remainder of life. The fallback value, conditional on being alive at time ¢ and receiving
annuity income y, is therefore G (¢,y) = KU (y) + B (t), where the first term captures the
value of consuming the existing annuity income over the remaining lifetime, and the second
term captures the bequest utility associated with death prior to the target date T

Let V denote the full value function. The investor maximizes the expected discounted
utility of three payoffs over the admissible controls (a, Z) € A (¢, x,y):

AT
Vitboy) =  sup IE/ D (t.9) (U (e + AU (E B+ X.0)) ) ds +
(a,Z)EA(t,x,y) t

Consumption and mortality-weighted bequest before T
1{r<T}Dt,7)G(T,Y:)+

Ruin before T'

X
1{r>T}YDtT) KU (YT+ T )
ar

Survive until time T and annuitize the entire amount

1-n

(n > 0,n # 1) is the constant relative risk aversion (CRRA) utility

x
where U (z) = T
function. The introduction of the exogenous bequest floor b > 0 carries economic and

empirical significance for retirement wealth modeling:

e Bequest as a luxury good

In the classical CRRA framework, leaving zero bequest yields infinite negative utility
(U (0) = —c0). Economically, this pathological property forces bequests to act as
an extreme necessity, implying that an impoverished retiree would rather starve than
leave no financial wealth to their heirs. By adopting the utility function I/ (5 b+ w)),
the utility of leaving no liquid wealth remains finite at ¢ (£b). As shown by De Nardi
(2004) and Lockwood (2018), this formulation mathematically recasts bequests as
luxury goods. Impoverished retirees prioritize personal subsistence and annuitization,
whereas wealthier individuals exhibit a strong propensity to leave bequests, consistent
with empirical patterns of wealth decumulation.

e Restoring rational portfolio and annuitization behavior
Without the floor b, the unbounded marginal utility of bequests as x — 07 creates
an artificial barrier against liquidity depletion (U’ (£x) — oo0). This numerical artifact
induces pathological risk aversion, preventing retirees from making optimal lump-sum
annuity purchases out of fear of momentarily reaching zero liquid wealth. The subsis-
tence floor stabilizes marginal incentives, permitting rational, uninhibited participation
in the annuity market.
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The Hamilton-Jacobi-Bellman variational inequality Solving the optimization prob-
lem is relatively tricky. Appendix C.13 on page 157 describes the different steps to obtain the
solution. In particular, we show that the state space is partitioned by two complementary
regimes:

1. a waiting or continuation region, with no annuitization;
2. an annuitization or action region, with a lump-sum annuity purchase.

In this context, the solution is given by the following HJB variational inequality:

1
maxq V; + wp{ﬂmV}—(Q+A0Vthw)+A&Mf®+w»444@07EWL—VE =0
a€l0,1] t

subject to the terminal annuitization condition at the target date T

V(T,Z‘,y) :u (y+ f) / e_quﬂ(.{"‘r)\u)du dS
ar T

and the Dirichlet condition:

{vwawG@wmu@+%w
Yy <c

Numerical results In this section, we conduct numerical tests to illustrate the proper-
ties of the HIBVI dynamic model. Our focus is on how the wait/action partition of the
state space evolves with age and the strength of the bequest motive. Prior to this, we
estimate the instantaneous hazard rate \; at age t and calculate the annuity price. To
avoid introducing stochastic factors into the HIBVI equation, we use the Gompertz an-
nuity pricing model (GAPM) described in Appendix C.5 on page 148. In the numerical
implementation, we replace the pure Gompertz law with the Gompertz-Makeham specifi-
cation: \; = e~ %! (A + Bexp (C)\(to + t))), where tg = 65 denotes the initial age and ¢ is
the cohort improvement factor. The model is calibrated to HMD France 2023 male data,
and the annuity price is computed by numerical integration. Maximum likelihood estima-
tion on single-year death counts and exposures for ages 50105 yields the following values:
A=322x10"3 B =4.33 x107% ¢y, = 0.1167, and ¢ = 0.0191 per year. The financial
and preference parameters are set as follows: the risk-free rate is r = 2%, the risky-asset
expected return is p = 4%, the volatility is o = 15%, the relative risk aversion is n = 2.5,
the bequest floor is b = 0, the consumption target is ¢; = 4%, the minimum annuity income
is yo = y = 2%. An actuarial load £ of 20% is applied at both the initial purchase and the
terminal deadline. The retirement age is ¢ = 65 years, while the flex-to-fix horizon is T' = 80
years (ages 65-80). With these parameters, the unconstrained Merton portfolio allocation
isa=(u—r)/(no?) =~ 35.6%.

Figures 56 and 57 display the wait/action partition of the (x,y) state space at six ages,
under a weak (¢ = 1) and a strong (¢ = 0.1) bequest motives™. The wait region (blue)

74 L% is the second-order partial differential operator:

1
LAty — ((r + ot (u— 7")) T —ct+ y) Ve + Ea?(ﬂx?sz

" Since U ({ b+ J:)) = £ (b+z) and 1 > 1, the multiplicative weight £1~7 is decreasing in £. A
lower value of & therefore corresponds to a stronger bequest motive.
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Figure 56: Regime maps in the (x,y) state space under weak bequest motive (¢ = 1)
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Figure 57: Regime maps in the (x,y) state space under strong bequest motive (£ = 0.1)
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occupies the upper left of each panel, where the gradient obstacle is slack and the retiree
retains liquid wealth. The action region (red) lies in the lower right, where converting part
of the liquid wealth into a life annuity income is optimal. The white region marks states
with z < @ (¢ — y)+, meaning converting all liquid wealth would still leave annuity income
below the consumption target. It is shaded separately for readability, but no additional
constraint is imposed there, and the regime indicator is computed in the white region exactly
as elsewhere. Between ages 65 and 79, the action region expands. The free boundary z* (¢, y)
shifts leftward as the target date approaches, lowering the wealth threshold above which
immediate annuitization becomes optimal. Over this range, the boundary is close to being
linear in y, which is consistent with the value function being approximately homogeneous
of degree 1 — 1 once the bequest floor b and the present value of the consumption plan are
small relative to total resources. In the final time steps, the pattern reverses and the action
region contracts, as shown in the bottom panels of Figures 56 and 57. This is the region in
which the obstacle is closest to degenerating. At ¢ = T, the terminal condition V (T, z,y) =
KU (y + x/dT) satisfies EL;IVy — V. = 0 identically. Thus, voluntary annuitization an
instant before the deadline and mandatory annuitization at the deadline are equivalent. As
t — T, the distinction between the two therefore vanishes, and the retiree has nothing to gain
by annuitizing early rather than waiting for the deadline mechanism to enforce conversion.
In this terminal zone, the dominant strategy is to retain liquid wealth until the last possible
moment. The two bequest specifications differ sharply. Under the weak motive (£ = 1), a
substantial action region is already present by age 65. Under the strong motive (£ = 0.1),
the action region is essentially absent before age 75. The marginal value of liquid wealth as
a bequest asset exceeds the mortality credit over almost the entire reported window, and
annuitization is deferred until the shrinking time horizon eliminates that advantage. Within
the green region, the wait/action distinction survives, but its economic content changes.
There, annuitization narrows the consumption gap without closing it, and the continuation
strategy amounts to holding a risky portfolio in the hope of reaching the funding threshold
before liquid wealth is exhausted.

Figures 58 and 59 plot the free boundary «* (¢, y) against age for four fixed annuity income
levels y € {0.03,0.04,0.05,0.06}, under weak and strong bequest motives. Under the weak
bequest motive (£ = 1), the boundary lies within the range [0.05,0.50] throughout and is
defined from age 65 onward. Even moderate liquid wealth justifies voluntary annuitization
at the start of the flex window. Under the strong bequest motive (¢ = 0.1), the boundary
is much higher, ranging from about 0.35 to over 2.0, with no boundary appearing before
ages 69-72 depending on y. This means that no admissible wealth level triggers voluntary
annuitization during the first few years. In both cases, x* (¢, y) declines with age as the target
date approaches, which is consistent with the expansion of the action region documented in
Figures 56 and 57. The decline is steeper under the strong motive. In the weak motive case,
the curves gradually fall and remain close to parallel between ages 65 and 79. In the strong
motive case, the decline is rapid. In both figures, 2* (¢,y) turns back up in the last few time
steps, which we interpret as a preference for waiting until near the time horizon T'.

Figures 60, 61, and 62 plot the optimal risky asset allocation a* (¢,z,y) as a function
of liquid wealth x, at ages 65, 70, and 75, respectively. We consider four annuity income
levels y € {0.03,0.04,0.05,0.06} and a weak bequest motive (¢ = 1). The curve before
the circle symbol corresponds to the wait region (continuation), while the curve after the
circle symbol defines the action region (annuitization). Dashed vertical lines mark the free
boundary z* (¢,y). For all income levels, a* (¢, x,y) converges to the Merton solution & =
(n—r)/(no*) ~ 35.6% as & — co. For a given x, the optimal allocation o* (t,z,y) is
increasing in y. The intuition draws on the classic portfolio separation theorem. Annuity
income y constitutes a riskless, lifelong cash flow that functions as an implicit bond position
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Figure 58: Free boundary z* (¢,y) under weak bequest motive (£ = 1)
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Figure 59: Free boundary z* (¢,y) under strong bequest motive (£ = 0.1)
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Figure 60: Optimal risky asset allocation o* (t,x,y) at age 65 (£ = 1)
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Figure 61: Optimal risky asset allocation o* (¢,z,y) at age 70 (£ = 1)

100

80

60

40

20

118



Optimal Decumulation: Annuitization, Drawdown, and the Flex-to-Fix Strategy

Figure 62: Optimal risky asset allocation o* (t,x,y) at age 75 (£ = 1)
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within the retiree’s overall wealth. A retiree who already holds a large implicit bond position
needs to invest less of their liquid portfolio safely to reach a given overall risk exposure.
Therefore, he tilts the liquid portfolio further toward risky assets. In the case y; > ¢y,
consumption is fully covered by income, regardless of portfolio outcomes, and liquid wealth
is managed almost purely for growth and bequest. This pushes a* (¢, z,y) well above the
Merton solution for moderate wealth . Conversely, when y; < ¢;, the consumption gap
creates an effective liability that the portfolio must help service. This reduces the retiree’s
appetite for financial risk relative to the case where income is sufficient.

Figure 64: Time series of liquid wealth z;, free boundary x* (¢,y;) and annuity income y;
under weak bequest motive (£ = 1) — same trajectories as Figure 63
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Figures 63 and 64 illustrate the flex-to-fix strategy along three representative simulated
paths starting at 9 = 1 and yg = § = 2% at age 65. They correspond to the blue, red and
green lines, respectively. Figure 63 traces the trajectory in the (z,y) phase plane overlaid
on the wait/action partition at age 65 and the free boundaries at ages 65, 70, 75, and 78.
The starting point lies well inside the action region since the initial liquid wealth exceeds the
threshold z* (65, ) by a wide margin. The optimal policy therefore prescribes an immediate
lump-sum purchase, moving the state along the annuitization ray z; — (@ — 2¢,y¢ + 2¢/1)
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until it reaches the free boundary. Thereafter, the path evolves in the wait region, with z;
driven by portfolio returns and the net income flow y; — ¢;. As the target date approaches,
the free boundary shifts leftward, causing the path to repeatedly meet it. Each contact
triggers a further small purchase. Thus, the state is reflected along the boundary rather
than crossing it.

Figure 64 shows the time series of the three simulated paths. In the top panel, the
liquid wealth x; tracks the boundary value z* (¢,y:) (reported in the middle panel) closely
throughout the flex window. The mechanism is one-sided, since the singular control only
acts when x; reaches the boundary from above. Thus, wealth is prevented from rising far
beyond the threshold, but is free to fall below it. In this case, the state simply remains
in the wait region until subsequent portfolio returns restore it. At the target date T' = 80
years, the remaining wealth is fully converted and x; drops to zero. In the bottom panel,
y; rises in steps during the flex window, each step corresponding to one contact with the
boundary. Then, at T' = 80 years, it jumps to its terminal level ygo, which is well above the
consumption target c¢; = 4%. After T' = 80 years, income 3; is constant, and consumption
c; is entirely financed by the annuity income stream.

Simulation results The model developed in Section 4.3.2 yields an analytically charac-
terized free boundary, but it does not reveal how the optimal flex-to-fix policy compares with
simpler, rule-based annuitization strategies in different market environments. Therefore, we
complement the theoretical analysis with a Monte Carlo simulation study. Both the model
and the simulation involve numerous parameters, including the risk-aversion coefficient 7,
the risky asset expected return u, the volatility o, the loading schedule £;, and the initial
wealth xy, among others. Each of these parameters can materially influence the quantitative
outcomes. Our parameter choices reflect plausible values for a representative retiree, but we
do not claim that these numerical magnitudes are universally applicable. The simulation
should therefore be regarded as a stylized illustration intended to demonstrate the quali-
tative properties of the strategies rather than as a calibrated forecast. We consider three
parameter scenarios, labeled Py (high volatility), Py (baseline) and P3 (low volatility). We

Table 30: Financial parameter scenarios

Scenario o u  p—r n Merton solution &
Pi (high volatility) 20% 7% 5% 4 31.3%
Py (baseline) 12% 5% 3% 4 52.1%
Ps (low volatility) 8% 4% 2% 4 78.1%

assume a constant Sharpe ratio (u — r) /o = 0.25 with a risk-free rate of r = 2% (see Table
30). The three values of o span the range typically observed for diversified investment port-
folios: 8% (defensive allocation), 12% (balanced allocation), and 20% (dynamic allocation).
Initial liquid wealth is normalized to ¢y = 1 and the consumption target is set to ¢; = 0.04.
The initial annuity income is™ yy ~ 0, representing an individual who begins retirement
with no pre-existing annuity. Moreover, we consider a loading schedule that rises linearly
from 20% at retirement (age 65) to 30% at the deadline (age 80):

t—t
£, =0.20+0.10 0

—to
where T = 80 years. This increasing loading reflects the tendency of insurers to price
longevity risk more conservatively at older ages. The instantaneous hazard rate is cali-

761n fact, we set yo = 0.001 to avoid a degenerate grid endpoint.
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brated to the 2023 Human Mortality Database (HMD) French male data (HMD, 2026), and
simulation paths extend to a maximum age of 110 years. Beyond this age, all surviving
paths are censored.

Table 31: Strategies compared in the simulation study

ID Name Description
Optimal flex-to-fix policy with a weak bequest motive;
S HIBVI(£=1) invests at o* (¢,z,y) and purchases annuities whenever

(t,z,y) enters the action region

Identical to 81, but with a stronger bequest motive; the
stronger bequest motive raises the marginal value of lig-
uid wealth as a bequest asset, shifting the free boundary
outward and delaying annuitization
777777777777777 Never purchases annuities; invests at the constant Mer-
ton allocation @& throughout retirement
777777777777777 Converts all liquid wealth to annuity income at age 65;
no further portfolio investment takes place
777777777777777 Invests at & from age 65 to 73, then converts all remain-
ing liquid wealth to annuity income at age 73
777777777777777 Invests at & from age 65 to 80, then converts all remain- -
ing liquid wealth at the deadline (age 80)
777777777777777 Invests at & from age 65 to 80 and allocates 10% of -
current liquid wealth each year from age 65 to 79 to
purchase annuity (15 annual purchases), and converting

any residual wealth at age 80

S7;  Annuitize-10%

Table 31 lists seven decumulation strategies. The first two implement the HIBVI optimal
policy, and the remaining five serve as rule-based benchmarks. All seven strategies use the
same sample of mortality paths and Brownian increments within a given parameter scenario
(P1, Pa, and P3). After a full conversion (Sy, S5, Sg, and S7), the allocation of risky assets
is set to zero. However, surplus income y; > ¢; continues to accumulate as liquid wealth at
a rate of y; — ¢;. Consequently, the bequest x, need not be zero, even for the immediate
strategy S4. For each strategy and parameter scenario, we calculate the fraction Pgs of paths
ruined before age 85 (short-horizon solvency risk), the fraction Pys of paths ruined before
age 95 (long-horizon solvency risk), the average bequest at death E [x.], the average bequest
conditional on dying before age 80 E [zT| T< 80}, and the mean annuity income E [ygo] at
age 80, evaluated immediately after any conversion on that date. Tables 32-34 report these
five performance metrics across the seven strategies. The point estimates are computed from
ng = 50000 simulated paths and are accompanied by 95% confidence intervals.

These results reveal several key observations, mainly around the following four themes:
(1) the dominance of HIBVI strategies in preventing ruin, (2) the invariance of the Sharpe
ratio and sensitivity to the HIBVI regime, (3) annuity income at age 80, and (4) the perfor-
mance of rule-based strategies, with S;7 being the best benchmark. We discuss these themes
below.

Tables 32—-34 show that S; records zero ruin for every scenario and threshold. By dynam-
ically tracking the HJB free boundary, the optimal strategy triggers annuity purchases when-
ever the state variables enter the action region. This provides self-insurance against longevity
and market risk. The bequest-oriented variant S relaxes this protection marginally, with
a ruin probability of 0.2% in P; and P, and 0.1% in P3, in exchange for a substantially
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Table 32: Simulation results — Py (o = 20%, u = 7%, a = 31.3%)

Strategy Pgs (%) Pos (%)  Elzr] E[z.|7 <80 Elfyso] (%)
S —f=1 0.0 0.0 0.434 0.057 8.1
v T (20.00) _ (£0.00) (+0.003) _  (¥0.001)  (£002)
Sy—£=01 0.2 0.2 0.490 0.149 7.7
T (£0.04)  (£004)  (+0.003) (£0.002)  (¥0.02)
Sa - Neve 0.0 1.4 0.886 0.269 0.1
e (£0.00)  (£0.10) _(20.004) _  (+0.004) _ (£000)
Sy - Immediate 0.0 0.0 0.316 0.031 5.1
T (£000) _ (£0.00) (¥0.001) _  (£0.001)  (£0.00)
Ss — Annuitize-73 2.1 2.1 0.478 0.129 6.2
T (£0.13) _ (£013)  (#0.003)  (£0.003) (£001)
.. 3.6 3.6 0.607 0.269 7.7
(So - AmuitizeS0 (016 (206 (o0 (toon)  (£003)
.. 0.2 0.2 0.440 0.127 7.4
S7 — Annuitize-10% (£0.04)  (40.04)  (=£0.003) (£0.002) (£0.02)

Table 33: Simulation results — Py (o0 = 12%, u = 5%, @ = 52.1%)

Strategy Pgs (%) Pos (%) Efz,] E[z.|7<80] Elyso] (%)
S —f=1 0.0 0.0 0.420 0.073 7.7
T (0.00) _ (£0.00) (#0.003)  (£0.001)  (#0.01)
Sy £=01 0.2 0.2 0.495 0.148 7.7
T (£0.04)  (£004)  (+0.003) (£0.002) = (¥0.02)
Sa — Never 0.0 1.4 0.889 0.267 0.1
T (£0.01) _ (£010) (#0.004) (£0.004)  (£0.00)
Sy -1 ediate 0.0 0.0 0.317 0.030 5.1
Joemmeme (£0.00)  (£000) (+0.002) _  (+0.001) _ (£000)
. 2.0 2.0 0.483 0.129 6.2
(S AmmEeTS o1 (soan  (zooon  (room) (oo
Ss — Annuitize-80 3.5 3.5 0.612 0.267 7.7
T (£0.16) _ (£0.16) _(+0.004) (£0.004)  (£0.03)
. 0.2 0.2 0.445 0.127 7.4
S~ Annuitize-10% (£0.04)  (40.04)  (=£0.003) (£0.002) (£0.02)

Strategy Pss (%) Pos (%) Elz,] E[ar|7<80] Elyso] (%)
S c— 0.0 0.0 0.390 0.079 74
N T (£0.00) _ (£0.00) (#0.002) (£0.001)  (¥001)
S -0l 0.1 0.1 0.485 0.152 7.6
T (£0.03) _ (£003)  (#0.003) (£0.002) = (#0.02)
S Never 0.0 1.3 0.887 0.268 0.1
S (£001)  (£0.10)  (£0.004) (20004  (+0.00)
S — Tmmediste 0.0 0.0 0.317 0.031 5.1
T (£0.00) _ (£0.00) (#0.002) (£0.001) (£0.00)
» 2.1 2.1 0.483 0.131 6.3
(S Ao (oum)  (x0am) (oo (sooom) (R0
" 35 35 0.610 0.268 7.7
(o Ammuitiee$0 (010 (koae) (z000n (20008 (003
" 0.2 0.2 0.444 0.127 74
S7 — Annuitize-10% (£0.04)  (40.04)  (+£0.003) (££0.002) (0.02)
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larger expected bequest, particularly among paths that terminate before age 80. Sy delivers
E [x7-| T < 80] ~ 0.148-0.152, compared to 0.057-0.079 for S;. This contrast illustrates the
economic meaning of £. A lower weight shifts the free boundary outward, delaying annuity
purchases and leaving more liquid wealth available to heirs. The immediate strategy S, also
achieves zero ruin, but at the cost of nearly zero pre-deadline bequest (0.031) and complete
sacrifice of capital market growth. By contrast, S3 exhibits markedly different ruin probabil-
ities before ages 85 and 95 (0.0% vs. 1.4% for Py and P, 0.0% vs. 1.3% for P3), confirming
that the never annuitize strategy provides no protection against extreme longevity risk de-
spite offering the highest bequest (E [z,] &~ 0.886-0.889) and liquidity. Figure 65 shows the
ruin probabilities Pgs and Pys for each strategy across the three parameter scenarios. This
figure summarizes the first two columns of Tables 32-34.

Figure 65: Ruin probabilities Pg; and Pos
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All three parameter scenarios have the same Sharpe ratio (i — ) /o = 0.25. Therefore,
any strategy that invests at the constant Merton fraction & faces identical normalized wealth
dynamics regardless of whether o equals 20%, 12%, or 8%. As a result, the rule-based
strategies Sz, S5, Sg, and Sy produce nearly identical ruin probabilities and bequests across
P1—P3 and the small residual differences (Ss: 2.1%, 2.0% and 2.1%, Sg: 3.6%, 3.5% and 3.5%;
S7: 0.2% throughout) lie within Monte Carlo sampling uncertainty and carry no structural
interpretation. The HIBVI strategies, whose allocation o* (¢, z,y) is not restricted to &, do
respond to the volatility regime. S; achieves E [yso] = 8.1% in Py, but only 7.4% in Ps,
while continuing to deliver zero ruin in all cases. This variation reflects the fact that the
free boundary z* (t,y) depends on o and y individually, not only through their ratio. The
optimal policy therefore adapts its annuitization pace to the prevailing market environment
in a way that a constant-fraction rule cannot replicate.

The expected annuity income at age 80 reflects the cumulative impact of investment
returns and annuitization choices over a 15-year period. Sg achieves an expected income
E [yso] of 7.7% across all three scenarios. It retains the full risky portfolio until conversion and
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Figure 66: Probability distribution of annuity income at age 80
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captures the equity risk premium throughout the time horizon. Strategy S; closely tracks
strategy Sg while incurring zero ruin, demonstrating that the optimal policy recaptures most
of the return advantage through well-timed partial purchases. Strategy S, is anchored at
5.1% (deterministic and independent of o). Converting at age 65 buys a long-dated annuity
cheaply but forgoes 15 years of investment returns. The difference between Sy and S1/Ss
represents the opportunity cost that S; incurs by annuitizing immediately. Figure 66 shows
the probability distribution of annuity income ygg at age 80 for each strategy across the three
parameter scenarios P1—Ps. Strategies S5 and Sg, which hold a full Merton portfolio until
the conversion date, exhibit substantial dispersion in ygg. Since their final annuity income
depends almost entirely on the market state at a single point in time, these strategies create
concentrated market-timing risk. By contrast, the HIJBVI strategies S; and Sy progressively
lock in realized gains through partial annuity purchases. At age 80, their distribution is
tighter and centered at a higher level than that of the deterministic benchmark S, (which
converts immediately at age 65). This illustrates the primary advantage of the optimal flex-
to-fix policy. It captures much of the equity risk premium over the accumulation horizon
while insulating the ultimate income level from adverse market shocks near the deadline.

Among the five rule-based strategies, Sy (annuitize-10%) has the most favorable risk-
bequest profile. It limits ruin to 0.2% across all scenarios, maintains a pre-deadline be-
quest (0.127), comparable to Strategy Ss (0.129-0.131), and provides an annuity income of
7.4% at age 80, close to the optimal strategy S; (7.4%-8.1%). Annual partial purchases
mitigate exposure to adverse market conditions at conversion dates, thus avoiding the con-
centrated pre-conversion drawdown risk affecting Strategies S; and Sg. Compared to Sz,
S7 substantially reduces extreme longevity risk. Compared to Sy, it preserves meaningful
capital-market upside. Moreover, the staggered purchase schedule mitigates interest rate and
adverse selection risks at each transaction, making Strategy S7 practical and implementable
as a decumulation rule.
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5 Conclusion

In this paper, we examine the issue of decumulation, i.e., the conversion of accumulated
wealth into retirement income, in the context of longevity and market risk. This process oc-
curs within a framework of three competing motives: retaining liquidity, securing guaranteed
income, and preserving a bequest. Empirical evidence shows that this problem cannot be re-
duced to preventing the premature exhaustion of savings. Retirees may preserve substantial
capital and spend relatively little in order to act as a buffer against unexpected expenditure
and market losses, but also because liquid wealth itself constitutes a bequest asset. Unlike
annuity income, capital can be transferred to heirs, and every annuity purchase perma-
nently forecloses that possibility. Nevertheless, the demand for guaranteed lifetime income
remains significant, even though observed retirement choices are much more concentrated
in flexible-access and drawdown products than in annuities. This contrast is consistent with
the annuity puzzle. Low annuity uptake does not necessarily imply that retirees do not
value guaranteed income, because annuitization is irreversible and simultaneously reduces
the wealth available for unexpected expenditures and bequests. Private annuitization deci-
sions must also be considered alongside the lifetime income already provided by public and
occupational pension systems. Consequently, the economic comparison between drawdown
and annuitization depends on the relative importance of liquidity, bequests, and guaranteed
income rather than expected returns alone.

Mortality is a key factor in this problem because survival probabilities influence the
length of retirement spending and the value of income based on longevity. This study
uses the Human Mortality Database (HMD) to document long-term mortality trends and
compare alternative stochastic mortality models. The data reveal a significant decrease in
mortality over the past century, as well as notable variations among countries, genders, and
age groups. For instance, the long-term decline in the central death rate has considerably
slowed for individuals aged 75 and older since 2010, with some countries experiencing a
slight increase. Additionally, mortality increases rapidly at older ages, making it difficult to
model these dynamics at very advanced ages. Thus, reliable retirement planning requires
mortality models that accurately capture age-specific mortality rates and how they change
over time. Our empirical comparison confirms the importance of mortality model structure
for this task. Forecast accuracy depends on how age and time effects are represented.
For French data and retirement-relevant ages, the Lee-Carter (LC) model outperforms the
Cairns-Blake-Dowd (CBD) model, both in-sample and out-of-sample. Within the LC family,
switching from weighted least squares to Poisson or negative binomial specifications results
in smaller changes in forecast accuracy than switching from LC to CBD. Therefore, the
structural representation of mortality dynamics is more important for forecasting than the
precise statistical specification used for estimation. Additionally, forecast errors increase
with the projection horizon, and forecasting becomes more difficult when the underlying
mortality trend changes.

In Section 3, we convert mortality projections into discounted survival-contingent cash
flows to translate projected survival paths into annuity values. Because there are insufficient
observable market prices for standardized longevity-linked instruments, it is not possible to
calibrate the market price of systematic longevity risk. Therefore, we use actuarial expected
present values under the physical measure, meaning that the resulting annuity values are
based on real-world mortality forecasts. Annuity values increase with improved survival
over time and are higher for females. They also decrease with older issue ages when dis-
counting is held constant. The mortality specification also visibly affects valuation. LC
produces higher annuity values than CBD for both females and males in the 2023 age-65
comparison. Introducing stochastic mortality has a minimal effect on the mean actuarial
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value””. However, it reveals dispersion and tail risk in the annuity value distribution that are
relevant for risk measurement and capital requirements. Annuity values are determined by
demographic and financial conditions. Mortality improvement changes survival probabilities
gradually and persistently. In contrast, interest rates can fluctuate substantially over short
periods. Therefore, a constant discount rate cannot accurately reflect observed variations
in market annuity payout yields over time. Using prevailing long-term interest rates for
discounting produces dynamics that are much closer to those observed in practice. Thus,
year-to-year variation in annuity values is primarily associated with the financial component,
while changes in mortality occur over a longer time horizon. The same pooling mechanism
that generates the mortality credit also determines the mortality risk structure of an annu-
ity portfolio. We distinguish between idiosyncratic mortality risk, which decreases as the
number of contracts grows, due to the diversification of individual survival outcomes across
the pool, and systematic longevity risk, which remains because all annuitants are exposed
to the same underlying population mortality path. The results confirm this distinction. Ini-
tially, individual mortality dominates the risk of a very small pool. However, as the number
of annuitants grows, the systematic mortality component becomes increasingly important,
and it dominates the liability variance of large annuity portfolios. Thus, although annuity
pooling generates mortality credits and diversifies individual mortality outcomes, it leaves
insurers uncertain about the future evolution of population mortality.

Section 4 brings these mortality and annuity results into the decumulation problem it-
self. We focus on the transition between two complementary retirement income strategies:
(1) drawdown, which preserves liquidity, market exposure, and bequest potential, and (2)
annuitization, which transfers longevity risk and provides guaranteed lifetime income. This
trade-off motivates the flex-to-fix approach, in which retirees remain invested and liquid ini-
tially before converting part or all of their remaining wealth into an annuity at a later age.
The flex-to-fix strategy has two limiting cases: fiz-now, where all wealth is annuitized imme-
diately at retirement, and fiz-never, where the retiree remains in pure drawdown throughout
retirement and never annuitizes. The full range of delayed conversion strategies that the
flex-to-fix framework is designed to study lies between these two extremes. We examine this
framework from two complementary perspectives. The static approach evaluates the trade-
off under a predetermined conversion rule that is fixed in advance and independent of how
wealth, mortality, or markets evolve. This approach asks which annuitization age, chosen
once and for all, best serves a given retiree. The dynamic approach, on the other hand,
allows the conversion decision to respond to the retiree’s actual situation at each point in re-
tirement. This approach asks when annuitization becomes optimal given the actual wealth
and income states attained. Together, these two perspectives establish a benchmark for
the value of delaying annuitization under a simple rule, and characterize how much a fully
state-contingent policy can improve upon that benchmark.

The static analysis examines the transition between drawdown and annuitization from
two perspectives. The mortality credit approach compares the return on a survival-contingent
pool embedded in an annuity with the return available from a drawdown portfolio. The
actuarial approach compares lifetime consumption and bequest outcomes generated by al-
ternative predetermined conversion dates. The mortality credit analysis provides a simple
economic rationale for delaying annuitization. Indeed, mortality credits are relatively small
at younger retirement ages, but they increase sharply with age. This makes the pooling ad-
vantage of annuities progressively more valuable over time. For French data, the crossover
point occurs at an optimal annuitization age between 75 and 80 when the drawdown port-
folio earns a 4% return. However, immediate annuitization is optimal when the assumed

77The mean stochastic value is nearly identical to the deterministic value, with a Jensen gap below five
basis points.
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return falls below 2%. Improvements in longevity have historically shifted this crossover
point toward later ages”®. However, the implied conversion age remains highly sensitive to
the assumed return on the drawdown portfolio. The fixed-date actuarial analysis confirms
and enhances these findings by evaluating full lifetime consumption and bequest outcomes.
The analysis shows that there is no single optimal annuitization age across all retiree pref-
erences and investment environments. The optimal policy may range from immediate annu-
itization (fix-now) to delayed annuitization (flex-to-fix) to maintaining liquidity throughout
retirement (fix-never). For instance, targeting an expected bequest of 50% of initial wealth
pushes the optimal conversion age beyond 75. Generally, higher expected investment returns
increase the value of waiting, and a stronger bequest motive delays conversion by increasing
the value of retaining liquid and bequestable wealth. In the fixed-date analysis, the bequest
motive generally influences the optimal policy more than the expected return on the draw-
down portfolio. The withdrawal rate becomes the dominant driver in the higher-spending
region where planned spending approaches or exceeds the income available from immediate
annuitization, causing exhaustion risk to rise sharply. However, at lower withdrawal rates,
the bequest motive and expected return become the principal determinants of the optimal
delay. Finally, asset volatility has the lowest effect on the choice between fix-now, flex-to-fix,
and fix-never, but materially affects the risk around the selected policy. Higher volatility
produces more severe lower-tail losses, and at sufficiently high levels, it reduces the prob-
ability that delayed annuitization outperforms immediate annuitization over the retiree’s
realized lifetime. In the fixed-date analysis, females also tend to annuitize later than males,
which is consistent with their lower mortality rates and longer expected retirement horizons.

Taken together, these results can be summarized by the following ordering of the four
primary parameters in terms of their relative importance:

a>Y>=pu=o

where « is the withdrawal rate of the drawdown strategy, v is the bequest weight in the
utility function, and p and o are the expected return and volatility of the investment port-
folio, respectively. The withdrawal rate o has the largest overall impact. Once spending
is sufficiently high relative to immediate annuity income, exhaustion risk rises sharply and
significantly alters the optimal conversion date. The bequest weight 1) systematically delays
conversion across nearly all investment environments by raising the value of liquid wealth.
The expected return p further extends the optimal deferral period, though its effect inter-
acts closely with the withdrawal rate. Volatility ¢ has the weakest effect on the primary
policy selection”™. Yet, it remains critical in governing the dispersion of outcomes around
the optimal strategy. However, it should be noted that this parameter hierarchy is not
static across the entire parameter space. For instance, the withdrawal rate o dominates
in regions where the normalized withdrawal rate @ = «a/ (YO / WO) approaches or exceeds
one, while below this threshold its effect on exhaustion risk and delay timing is minimal,
leaving bequest weight 1) and expected return p as the primary drivers of optimal timing.
Meanwhile volatility o continues to dictate downside risk. These findings demonstrate that,
even under a predetermined conversion rule, the timing of annuitization depends heavily
on the interplay between spending requirements, bequest preferences, and the investment
opportunity set.

Our research into dynamic approaches establishes a key finding. The optimal annuiti-
zation decision is fundamentally a state-dependent stopping problem rather than a prede-
termined calendar rule. The irreversibility of annuity purchases plays a central role. Since

78The crossover point was between ages 60 and 65 at the beginning of the 1990s.
791t rarely changes the selected range of delays.
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annuity contracts cannot be reversed, each purchase permanently reduces a retiree’s future
flexibility. Therefore, there is an option value in waiting because maintaining liquid wealth
preserves access to financial markets and the ability to leave a bequest. This option is worth
preserving as long as mortality credits and market excess returns do not sufficiently com-
pensate for the loss of liquidity. Thus, the optimal policy is threshold-based rather than
age-triggered, which is often recommended by practitioners. Under this structure, annuiti-
zation only occurs if the marginal value of annuity income exceeds the marginal value of
waiting. In this paper, we investigate two dynamic approaches based on this conceptual
framework. The first approach extends the static actuarial fixed-date annuitization problem
by modeling the pure timing dimension as an optimal stopping time formulation. Assuming
annuitization will eventually occur as a single lump-sum conversion, when is the optimal
time to annuitize? This setup allows us to use a dynamic programming framework and
Bellman’s principle of optimality to study the relationship between mortality uncertainty
and wealth dynamics. Two main results emerge from this analysis. First, a well-chosen
predetermined annuitization horizon captures most of the expected objective value available
from delayed conversion. At baseline calibration, the optimal fixed-date rule outperforms
the fix-now strategy by around 30%. However, allowing the exact conversion date to depend
on the realized state adds only a few basis points to that gain. Therefore, the additional
expected value of state-contingent timing is minimal across most of the parameter grid. This
value is largest in high-spending or high-volatility configurations, where the timing decision
matters most. Second, the state-dependent nature of the optimal policy remains economi-
cally significant even when it adds little expected value. Realized wealth and mortality paths
can move individual retirees into the annuitization region at materially different ages. Finite
annuitization can occur ex post, even when the optimal predetermined strategy is fix-never.
Even when considering the strongest bequest motive, where every fixed-date configuration
selects the fix-never rule, more than half of the simulated paths annuitize under the dynamic
policy in the riskiest investment environment. Therefore, the fix-never strategy remains the
optimal ex ante commitment when the bequest motive is strong. However, ex post, it can
be outperformed by the flex-to-fix strategy.

The previous approach uses a binary formulation in which wealth is either fully annuitized
or retained in the drawdown investment portfolio on a single conversion date. Our second
approach is more dynamic. It relaxes the all-or-nothing constraint by modeling a gradual
transition from drawdown to annuity income. This transition is subject to a mandatory tar-
get date and is modeled using a Hamilton-Jacobi-Bellman variational inequality (HJBVI).
This approach more closely aligns with the flex-to-fix concept. Throughout the flex win-
dow, the retiree maintains a mixed portfolio of liquid assets and annuities and continuously
rebalances between the two. The target date naturally serves as a commitment device,
transforming the open-ended optimal stopping problem into a finite-horizon singular con-
trol problem with a deterministic terminal condition. By incorporating irreversibility and
a forced deadline into the same framework, the HIBVI model captures the flexibility that
younger retirees value and the longevity protection that is required as the horizon short-
ens. The most distinctive structural feature of this analysis is the free boundary separating
the wait and action regions in the wealth-income state space, which is composed of liquid
wealth and current annuity income. Unlike a simple age trigger, this boundary considers
the interaction between liquid wealth, current annuity income, and the time remaining until
the target date. A wealthy retiree should annuitize not because of their age, but rather
because the marginal utility of converting additional liquid wealth into guaranteed income
is greater than the marginal utility of retaining that wealth for inheritance or investment
growth. Conversely, a retiree with ample guaranteed income relative to their spending needs
— such as a substantial pre-existing pension or existing annuityincome — can maintain their
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liquid portfolio. The guaranteed income provides insurance, while the liquid wealth primar-
ily serves as a reserve for bequests or emergencies. A second key insight is the implicit
bond component. According to standard portfolio theory, a retiree’s optimal equity share is
determined by their risk aversion and the market Sharpe ratio. In the flex-to-fix framework,
existing annuity income acts as an implicit risk-free bond position within total wealth. As
the retiree accumulates more guaranteed income through progressive purchases, the implicit
bond component of total wealth increases. Consequently, the liquid portfolio must tilt to-
ward risky assets to restore the desired overall risk exposure. This effect is not a behavioral
anomaly but rather the direct consequence of applying optimal portfolio separation to total
wealth rather than financial wealth alone. The practical implication is counterintuitive. A
retiree should generally increase their equity allocation as they annuitize more since the
annuity insures against downside risk. This has direct consequences for product design. De-
cumulation products that mechanically reduce risk in the liquid portfolio as annuity income
increases will likely result in suboptimal total risk exposure.

The simulation study confirms these mechanisms. Fixed-date strategies with constant-
mix allocations are subject to concentrated market-timing risk before a conversion date,
whether it is at age 73 or 80%°. If equity markets perform poorly in the quarters immediately
before conversion, the retiree locks in a permanently low income level with no possibility
of recovery. Across our simulated scenarios, the two annuitize-at-a-single-date benchmarks
expose retirees to significant ruin risk before age 85 — approximately 2% for annuitizing at
age 73 and 3.5% for annuitizing at age 80 — whereas the optimal HIBVI policy does not
experience ruin. This is achieved by spreading out purchases over the entire flex window
and progressively locking in realized gains through partial conversions each time the free
boundary is reached. By the target date, the retiree has secured a substantial stream of
guaranteed income through well-timed partial purchases. The residual mandatory conver-
sion affects only a small fraction of the total wealth. The resulting income distribution on
the target date is significantly tighter and centered at a higher level than under the imme-
diate strategy or fixed-date rules. It closely tracks the income delivered by holding a full
risky portfolio until the target date but without an exposure to ruin. Spreading purchases
evenly across the flex window is the predetermined rule that comes closest to replicating this
behavior. This reduces the probability of ruin to approximately 0.2%, capturing most of the
equity risk premium. Nevertheless, this rule remains dominated by the fully state-contingent
HJBVI policy. The bequest motive emerges as the primary determinant of the location of
the free boundary, which affects the overall pace of annuitization. A retiree who strongly
desires to leave liquid wealth to their heirs will have a substantially higher threshold for
voluntary annuitization. This retiree will postpone purchases until a shrinking time horizon
forces them to act. They will reach the target date with a larger pre-conversion bequest than
an otherwise identical retiree without a bequest motive. In our baseline simulation, moving
from a weak to a strong bequest motive triples the average bequest left to heirs who die
before the target date. The dynamic model also reveals how the bequest motive influences
the equity proportion of the liquid portfolio and the timing of each partial purchase within
the flex window.

However, the HIBVI framework relies on two assumptions that simplify the model and
identify areas for future research. First, the model assumes a single risky asset, but real-
world retirement portfolios are multi-asset. Multi-asset allocation is not addressed in this
study, even though it remains a key element of decumulation strategy design in practice,
since different asset classes have distinct risk-return profiles and interact differently with
the annuitization decision. Second, annuity prices are computed under a constant discount

80These ages serve as two benchmarks for annuitizing on a single date. The target date is also set to age
80.

130



Optimal Decumulation: Annuitization, Drawdown, and the Flex-to-Fix Strategy

rate ignoring interest rate risk, even though annuity prices are highly sensitive to the term
structure of interest rates. Rising long-term interest rates lower annuity prices and make
conversion more attractive, while falling rates raise prices and may justify delaying conver-
sion. The most immediate extension that addresses these limitations is a multi-asset HIBVI
model with a stochastic interest rate. This model would address asset allocation within the
liquid portfolio and demonstrate the effect of annuity purchases and bond duration choices
on each other. Since an annuity behaves like a long-duration bond, each purchase alters
the retiree’s overall interest rate exposure. Thus, the duration of bonds held in the liquid
portfolio must be adjusted accordingly. Because the annuity price is stochastic, the model
generates new hedging demands. This could justify early partial annuitization even for
retirees with strong bequest motives, as it would serve as a hedge against falling rates.

Finally, this study raises the broader question of how accumulation and decumulation
strategies interact. Currently, these phases and their respective strategies are typically
designed separately. Glide paths in target date funds exemplify this issue. These glide
paths mechanically de-risk the portfolio as retirement approaches, following an established
schedule regardless of the decumulation strategy the retiree will use. However, this choice
is not neutral. For instance, a retiree who annuitizes immediately upon retiring (fix-now)
faces a different risk profile than a retiree who never annuitizes to preserve an inheritance for
their heirs (fix-never). Failing to consider this distinction can result in genuine investment
paradoxes. An individual may accumulate under a glide path that reduces equity exposure
to 10% by retirement, and then in retirement, may resume accumulating risk exposure®'. In
other words, decumulation can be a phase of renewed accumulation. A de-risking schedule
calibrated solely to the retirement date may be miscalibrated for the period that follows.
This observation suggests a natural extension of the present analysis. The challenge lies
in combining accumulation and decumulation into a single investment strategy, rather than
treating the retirement date as a fixed boundary between two independently optimized
problems. Such a unified lifecycle investing framework would explicitly consider retirees’
ultimate objectives, such as income security, liquidity, and bequests, instead of treating
the accumulation and decumulation phases separately. In doing so, this framework would
transform the retirement investing problem into a goal-based investing approach, in which
the same objectives that motivate the flex-to-fix strategy developed in this paper would
guide portfolio composition both before and after retirement.

81For instance, a substantial first-pillar public pension could provide essential income, enabling the re-
maining liquid wealth to be invested more aggressively. Alternatively, this wealth could be earmarked for
inheritance rather than near-term consumption.
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Notations

a (x) is the value of a discrete annuity-immediate paying one monetary unit per year
since age x.

a (x) is the value of a continuous annuity paying one monetary unit per year since age
T.

a (x) is the value of a discrete annuity-due paying one monetary unit per year since
age .

a (x,t) is the value of the annuity paid by an individual aged = at time t.

a(xz,t) = (14 L)a(x,t) is the value of the annuity including the loading factor paid
by an individual aged z at time ¢.

« is the withdrawal rate.

o is the age-specific average log-mortality level in the Lee-Carter model.

B. is the age-specific loading (sensitivity to the period effect) in the Lee-Carter model.
¢; is the consumption at date t.

D (z,t) is the number of deaths at age = during year t.

E (z,t) is the exposure-to-risk at age = during year ¢.

H = 2% — x is the maximum projection horizon.

iz, is the internal rate of return associated to an annuity premium a (z,t).

k¢ is the time-varying index in the Lee-Carter model.

k¢ is the expected value of k.

HES) is the simulated value of &;.

)

/-@9 is the level parameter in the CBD model.

ng) is the slope parameter in the CBD model.

L is the annuity loading factor.

x
logit () = In <1> is the logit transformation.
m (z,t) is the central death rate at age = during time ¢.

p(z,t, h) is the probability of individual, alive at age x in year ¢, survives at age x + h.

7 (2,t) =iy ¢ — R} is the risk premium.

q (z,t) is the one-year death probability, i.e., the probability that an individual aged
x at time ¢ dies within one year.

Rl is the interest rate for the period [t,t + h].

R; is the investment return at date t.
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o¢ is the discount rate for computing the annuity price.
0¢ is the discount rate for computing the utility function.
T is the survival time.

t is the calendar time index.

to is the retirement date.

ti=to+].

to (or t*) is the annuitization date.

U () is the utility function.

wg = aWy is the withdrawal amount.

W, is the wealth at date .

Wi- (or W;) is the pre-withdrawal wealth.

x is the age, measured in years.

Y; is the annuity income.

Ypt = B/a(z,t) is the annuity payout yield.
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B Data

B.1 Human mortality database

The HMD contains period and cohort mortality data for 41 countries: Australia, Austria,
Belarus, Belgium, Bulgaria, Canada, Chile, Croatia, Czechia, Denmark, Estonia, Finland,
France, Germany, Greece, Hong Kong, Hungary, Iceland, Ireland, Israel, Italy, Japan, Latvia,
Lithuania, Luxembourg, Netherlands, New Zealand, Norway, Poland, Portugal, Republic of
Korea, Russia, Slovakia, Slovenia, Spain, Sweden, Switzerland, Taiwan, the United King-
dom, the United States, and Ukraine. The available data variables are:

e Period data: birth counts, death counts, population estimates, exposure-to-risk, age-
specific death rates, age-standardized death rates, life tables (male, female, and both
sexes), and life expectancy at birth;

e Cohort data: exposure-to-risk, death rates, life tables (male, female, and both sexes),
and life expectancy at birth.

The length of the data period varies considerably from one country to another. For instance,
France has one of the longest series (1816-2023), while Germany has one of the shortest
(1990-2020).

B.2 Data cleaning
B.2.1 Surface smoothing

For each category (female, male, both), a smoothed reference surface is built using valid
non-open-ended cells. Rather than smoothing In (D (z,t) /E (x,t)) directly, the procedure
applies the offset transformation:

D (z,t) + 0.5)

y(m,t)zln( E(r.)

This avoids numerical problems when death counts are zero and stabilizes the log trans-
formation at low counts. The smoothed reference surface is constructed in four successive
steps:

1. Rolling median in age: We apply a centered 5-point moving median in age.
2. Rolling median in year: We apply a centered 5-point moving median in year.
3. Moving average in age: We apply a centered 3-point moving average in age.

4. Moving average in year: We apply a centered 3-point moving average in year.

We denote by 3 (¢, z) the final smoothed log-mortality surface. Figure 67 shows the raw log-
mortality rates y (x,t), while Figure 68 displays the smoothed log-mortality rates g («x,t).
We observe that § (x,t) is considerably more regular than y (x,t). To better illustrate the
smoothing procedure, we plot some specific slices of the surface in Figures 69 and 70. For
example, we see that the smoothed log-mortality rate increases with age in 1970, which is
not the case with the raw data. We also observe that the smoothed rates are lower than
the raw rates in 1944. This is expected since mortality increased during the World War II.
However, this does not mean that an upward trend was forming during these years. Rather,
it reflects a temporary war-related spike that the smoothing procedure correctly attenuates.
Similarly, we observe that log-mortality is relatively regular at ages 55 and 75, while it
becomes more irregular at age 90 and highly noisy at age 100. This illustrates the value of
the smoothing procedure from the perspective of trend extraction and forecasting.
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Figure 67: Log-mortality surface (France, female)

Figure 68: Smoothed log-mortality surface (France, female)
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Figure 69: Log-mortality rates for the years 1850, 1944, 1970 and 2000 (France, female)
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Figure 70: Log-mortality rates for the ages 55, 75, 90 and 100 (France, female)
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B.2.2 Outlier detection and replacement

The associated fitted death count is D (z,t) = FE (x,t) ™), Deviation from this reference
surface is measured by the Poisson-style standardized residual:

D (x,t) — D (z,1)
\/D (z,t) +¢
where ¢ = 1078, Large values of |r (t,z)| indicate that the observed death count differs
substantially from the local reference value. However, residual size alone is not sufficient
for flagging because sparse high-age data can generate large residuals through ordinary

stochastic variation. Therefore, the cleaning procedure also measures local curvature in
the observed log-mortality surface. The age and time curvatures are defined as ¢, (z,t) =

1 1
y(z,t) — 3 (y(z—1,t)+y(z+1,1)) and ¢; (z,t) = y(z,t) — 3 (y(z,t—1)+y(z,t+1)).
These second-difference measures identify cells whose log mortality is unusually sharp rela-

tive to neighbouring ages or years. Each curvature measure is standardized using the robust
z-score:

r(t,z) =

(z,t) — median ¢ (z,t)
MAD ¢ (x,t)

2 (z,t) = 0.6745°
The cleaning procedure combines the residual r (¢, x), the age-curvature z-score z,, (z,t) and

the time-curvature z-score z; (z,t) as follows:

e For each age z, the exposure floor is the 5th percentile of exposure among valid cells
at that age. A cell is eligible for automatic flagging only if its exposure is greater than
this floor.

e Among eligible cells, the baseline flagging rule®? is (|r (t,x)| >4 and |z, (z,t)] > 3)
or (‘r(t,xﬂ >4 and |z (z,t)] > 3)

e For flagged cells, the observed death count D (z,t) is replaced by the fitted local value
from the smoothed reference surface: D (z,t) = E (z,t) e?®?),

82For ages above 100, the thershold |r (t,z)| > 4 is replaced by |r (t,z)| > 5.
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C Mathematical appendix

C.1 Calibration of the Lee-Carter model

As explained by Lee and Carter (1992), the model is underdetermined. Indeed, if (a, Bz, kt)
is a solution, then (ay — B¢, Bz, Kt + ¢) and (ax,&c, Iit/C) are also solutions for any con-
stant c¢. This is why the parameters are generally standardized such that Zz;é Bx =1 and

23:1 ki = 0. Lee and Carter (1992) propose using the low-rank approximation given by
the Eckart-Young theorem to obtain the least squares solution. In this case, the solution is
given by the following equations:

e The coefficient «a, is the mean over time of the log-mortality rates:
1 X
=% ;lnm(x,t)

e We perform the singular value decomposition of the n x T matrix A,whose entries are
Ay =Inm(z,t) — ay:
A=USV"

e The loading vector corresponds to the first left singular vector, and the time index is
proportional to the first right singular vector: 8y = Uz41,1 and x; = S1.1Vi 1.

e The solution (o, s, ki) is then rescaled to (ozx, B/ ¢, ﬁtc) with ¢ = Z:;é Be.

The second approach suggested by Wilmoth (1993) is to consider directly the weighted
least squares problem:

n—1 T

0 = argminz Zwm (lnm (z,t) — ay — ﬂw/{t)Q

=0 t=1

Zn:é BI =1
s.t. =
{ ZtT:1 ke =0

In this case, we can apply the iterative WLS algorithm:

1. We initialize the parameters as follows:

_ 23:1 We e Inm (z,t)

Zle wr,t

g

Be=1/n

Iit:()

2. We update the age-specific level, given 3, and k; fixed:

_ Zle Wt (lnm (IL’, t) - ﬂzﬁt)

g

Z?:l Wet
3. We update the time-varying index by regressing Inm (x,t) — a; on f3;, given «, and
B, fixed:
o Zg;é We 1B (Inm (z,1) — ay)
;=

—1
ZZ:O ww,tﬁg
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4. We update the age-specific loading by regressing Inm (z,t) — a;; on k¢, given a, and
K¢ fixed:
_ Zthl Wy 1t (lnm (x,t) — am)

T 2
thl Wy, t Ry

5. We normalize the parameters such that Z;;é B = 1 and ZtT=1 k¢ = 0. Then, we
return to Step 2 and iterate until the convergence of the residual sum of squares

RSS (0) = X020 S0 we e (Inm (2,t) — ay — leit)2.

B

C.2 The constant force approximation

Let « and ¢ denote exact age and continuous calendar time. The force of mortality (or
hazard rate) A (z,t) is defined as the instantaneous conditional rate of death:

A(z,t) = lim Pr {death in [t,¢+ At) | alive at ¢, age '}
At—0 At

To relate the central death rate to A (x,t), we define N (z,t) dz as the number of individuals
alive at calendar time ¢ whose exact age lies in [z, 2 4+ dz). The exposure to risk over the
age-time cell [z, z + 1) x [t,t 4+ 1) is then:

t+1 x+1
E (z,t) :/ / N (y,s) dyds
t T

while the corresponding expected number of deaths over the same cell is:

t+1 x+1
E [D (a:,t)] = /t / Ay, s) N (y,s) dyds

The population counterpart of the observed central death rate m (z,t) = D (z,t) /E (x,t) is

therefore: el et
E[D(x,t)] [, [0 Ay,s)N(y,s) dyds

E(z,t) ftH fﬁ“ N (y,s) dyds

t

This shows that, at the population level, the central death rate is an exposure-weighted
average of the force of mortality over the relevant age and calendar-year interval. Following
Cairns et al. (2009), the constant force approximation assumes that the force of mortality is
constant over each unit interval of integer age and calendar year: A (x4 u,t 4+ v) = A (z,t)
for 0 < u,v < 1. Substituting this approximation into the above expression gives:

t+1 px+1
/, + fx+ N (y,s) dyds

t

L [EEN (g, ) dyds

E [D (x,1)]

Ewn @t

= A(x,t)

Thus, under the constant force approximation, the central death rate and the force of mortal-
ity are equal: m (z,t) = A (x,t). Under the same approximation, we can derive the one-year
survival probability:

p(z,t) = 1—q(z,t)

1
= exp (—/ Az +u,t+u) du>
0

= exp(—-m(z,1))

The corresponding one-year death probability is therefore ¢ (z,t) = 1 — exp (—m (z,t)).
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C.3 Optimal weighting schemes for estimating the CBD model
Since Y (z,t) = g (m (z,t)) where g (m) =1In(e™ — 1), we have:

g'(m) = emef1 - lfle*m
and®3: ) ( )
1 var (m (x,t)
var (Y (.’E,t)) =~ <1_e—m(ac,t)> var (m (Z,t)) = q2 (37715)

The optimal weights are then equal to:

1 _ q° (33 t)

var (Y (z, t)) var (m (z,t))

Recall that the Poisson LC model assumes D (z,t) ~ P (u ) It follows that:

var (m (1)) = var ( )

w(z,t) =

We deduce that:
q? (z,t) E? (x,t)

wp (z,t) = 29
. . . 1 du(x,t)
For the negative binomial LC model, D (z,t) ~ N'B ————— |. It follows that:
071+ 6p(z,t)

o (2,) + 62 (2,)
E?(x,t)

var (m (z,t)) =

and:
¢ (v,t) E? (x,t)
w(x,t) + op? (x,t)
Equations (29) and (30) require estimating u(z,t) = FE (z,t)E [m(z,t)]. By replacing
w (z,t) by the empirical estimator ji (z,t) = E (x,t) m (z,t), we obtain:
¢ (x,t) E (x,t)
m(z,t)

wys (1) = (30)

wp (x,t) =

and:
g (x,t) E (z,t)

m (z,t) (1+ 6E (z,t)m (z,t))

wpg (z,t) =

C.4 CBD outlier detection

An additional outlier detection procedure is applied to the CBD model because the mor-

tality profile is estimated separately for each year as a straight line in age. Therefore, an

(1) (2)

isolated observation can shift the estimated level x; ’ or distort the estimated slope x;’,

83Let X and Y be two random variables such that Y = g (X). We have:

2
var (Y) = (W) var (X)
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particularly at extreme ages where regression leverage is highest. The procedure combines
two complementary criteria. The first criterion identifies observations inconsistent with the
fitted age profile in year t, based on studentized residuals:

w (z,t)

"= he)

(v @) - & =& (@ - )

where 67 is the estimated residual variance of the annual CBD regression, and h (z,t) is
the diagonal element, corresponding to age x, of the hat matrix® H,;, which measures the
leverage of an observation in the annual regression. A cell is flagged when |r (z, t)‘ > 3.5. The
second criterion uses the time-curvature robust z-score z (x, t), which is defined in the initial
cleaning procedure. A cell is provisionally flagged when ‘z (z, t)| > 4.5. To preserve genuine
systematic mortality shocks, these flags are removed when more than 10% of observations in
the same year satisfy this criterion. Among cells entering the preliminary CBD calibration,
the flagging rule is |7" (z, t)| > 3.5 or |z (z, t)| > 4.5, subject to the systematic-year safeguard
described above. Flagged cells receive zero weight when the CBD model is re-estimated. For
the equal-weight CBD calibration of the French data for ages 60-109 and years 1816-2023,
the studentized residual and time-curvature criteria flag 186 and 48 female cells, respectively,
with 17 cells common to both rules, giving 217 distinct outliers. For males, the corresponding
figures are 197, 43 and 20, giving 220 distinct outliers.

C.5 Gompertz annuity pricing model (GAPM)

Milevsky (2013) provides a closed-form annuity expression under Gompertz mortality law.
We note that the valuation is actuarial and not risk-neutral. Under the Gompertz law, the
survival probability from age x to age x + ¢ is given by:

S (z,t) = exp (e(x_m)/b (1 - et/b)>

where m is the modal age at death and b > 0 is the dispersion parameter. Let A, = e(*=7)/b,

The value of a continuous annuity is:

a(z) = /Ooo e~ exp (Az (1 - et/b)> dt

b
Using the change of variable y = A,e’/?, we deduce that t = bln %, dt = —dy and:
Y

x

az) = /: (i)_gbexp(z‘lxy)zdy

(o)
= beAxA;’b/ y~ eV dy
AT/

= be" A2T (—pb, A,)

where T (o, z) is the upper incomplete gamma function. For a continuous annuity with a
guaranteed payment period g, the value is the sum of a certain annuity over (0,g) and a

84Let X4 denote the design matrix whose row corresponding to age  is (1,2 — %), and let W; denote the

. . . . 12 T L oT1/2
diagonal matrix of weights w (z,t). The hat matrix is Hy = W, ' "X, (X, W;X; X, W, e
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deferred survival-contingent annuity thereafter:

g oo
a(r,g) = / e_gtdt—i—/ e S (z,t) dt
0 g

1—ee9 o0
= — 4 6_99/ e S (zv,u+g) du
1% 0
1—e9
= — 7 e be’ts A, T (—0b, Ayig)
1—e™

- ng + bet* AT (—0b, Agig)

1—¢29 bl (—Qb,exp ((gc+g—m) /b))
+
Y exp (—g(x—m) —exp ((z —m) /b))

The corresponding discrete annuity is:

a(x,g):zg: ! ; + “Z_f” p(x,t)t for0<g<w-—=x
t=1 (1+Q) t=g+1 (1+Q)

where w is the limiting age.

C.6 Joint scenario simulation of the Lee-Carter model parameters
and mortality innovations

The Lee-Carter model is defined by the following regression model:
Inm (z,t) = ap + Pkt + € (2,1) (33)
The matrix form of Equation (33) is:
y=alj; + Bk’ +¢

where y = (yzt) is a n x T matrix with elements y,; = Inm (z,t), @ = (ag,...,0n-1),
B = (Bo,---sBn-1), & = (K1,...,k7) and € = (e,¢) is a n x T matrix with elements
€zt = € (z,t). We obtain®:

vec(y) = vec (041; + B+ 5)
= (1T®In)a+(H®In)B+VeC(5)

(AreL) (r&l) )( g >+Vec(€)

or:
Y=X0+4+U
where Y = vec(y), X = ( (Ir®1,) (s®1,) ), 0 = < g > and U = vec(e). Since
e (z,t) ~ N (0,02), it follows that 0~N (9,0? (XTX)_l) where:
1
SR B
R

85We use the property vec (ABCT> = (C® A)vec(B).
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because of the identification constraint®° Zthl kKt = 0. Let (dm, BI, /%t) be the estimated

parameters. We then have U = Y — X6 where X = ((rel,) (A®l,) ) and 6 =
g =

¢ nl —2n—-2

We obtain the following scenario generator:

=

> . We deduce that8":

L 0T

1. Consider the estimated values (dm, Bx, /%t> and compute X , é, U and 52

2. Generate scenarios of the age-specific parameters (a&s), g(gs)) as follows:

al) a 2 (T
(a0 )~ ()
and standardize the values of ﬂg(cs).

3. Simulate scenarios of the mortality innovations £(*) (2, + h) such that:

@ (2t +h) ~ N (0, &?)

4. Generate scenarios of the time index /iii)h using the ARIMA(1,1,0) process.

Remark 20 This Monte Carlo generator implicitly assumes that (o, Bz, ki) and € (x,t)
are independent, which holds by construction. It also assumes that (o, B.) and k¢ are
independent, an assumption that is not theoretically guaranteed.

C.7 Expression of the best estimate of the portfolio liability

Let D; g5 = 1{7;, > t+ h} be the indicator variable equal to 1 if the i*" individual in
group g survives to payment horizon h, and 0 otherwise. The total number of survivors in
group ¢ at horizon h is:

N.q
Ngn = E Dig.n
=1

86We have:

B HT®ITL (1T®In) K/T®In (H®In) B HTIT ® In HTH ® In

Since Zthl kt =0, X T X is block diagonal:

xTx T-In Zthl Kt ) In T-I, 0
_ _ i
(S )t (SEs2) I 0 (STis) I

87The values of & are assumed to be known with certainty.
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Taking the conditional expectation of Ny given F; yields:

ghlft Z]E 1g,h|ft Zp Igatvh gp('rgvt h)

where p (J;g, t, h) is the probability that an individual aged x4 at the valuation date ¢ survives
to the payment horizon h. It follows that:

L(t) = E[L@#)|F]

ng Hyg
- B3y B
g=1h=1 1+Qt
nag Hy
B
= ———F [Ny | ]
=1 (1 Qt)h !
nag Hg
_ & (p3aptmtn)
g=1 o (L4 o)
ng
= ZNga (zg,t)
g=1

C.8 Computation of the conditional variance var(® (.17!]. f)

Let var(®) (xg, t) be the conditional variance of a single contract in group ¢ under scenario
s. We denote by T, the survival time of a representative annuitant in the g'* group. Using
the contract present value in Equation (8) on page 45, we have:

var(® (Jjg,t) = var (A (Ig,t) | ]:t,'P(S))

where: "
2 B
Alzg, ) =S ——1{7r, >t+h
at) =3 ot > 1)

To evaluate this variance, we first consider the conditional second moment. We have:

BQ
k=1 (L o)

H, H, 32
- ZWH {ry>t+max(hk)}
h=1k=1
It follows that:
H, H, B
E [AQ (2g:1) | 7’(3)} — m]E {]1 {rg>t+max(hk)} | 7)(5):|
h=1k=1
H, H
g g 32
) 1+ " (24, max (b, k)
h=1k=1
A Hy—1 H
J 32 9 9 32
- V(g t,h) +2 ok
o (L Qt)zhp (@01,1) hzz:l k—zh;rl (1+o )h+kp (23, 8:1)
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Since E [A (xg, t) | P(S)} =a® (:vg7 t), the expression of the conditional variance is:

var®) (z,t) = E[A%(z,1) | i, P)] — B2 [A (%t) | fm@}
Hy BQ Hy
= Dt (wg t k) +2 Z 25 h+kp”(wg,t,k>—
o (L4 o) h=1 keng (

C.9 Probability mass of the death-time distribution under a static
mortality table

Recall that ¢ (x,t) denotes the one-year death probability. Under a static mortality table,
we have ¢ (z,t) = ¢ (z, o) for all relevant ages = and calendar dates ¢. For an individual aged
x at the initial date g, the probability of dying during the interval (¢, + 1], conditional on
being alive at tg, is:

PD; :p(x,to,t—to)q(l‘—i—t—to,to)

Let h =t — to. Since p(z,to,h+ 1) = p(z,to,h) (1 — g (z + h,to)), it follows that:
PD; = p(z,to,h) — p (z,t9,h + 1)

For any H > 1, the sum of probability of dying is Zt°+H PD; =1—p(x,to, H + 1). Taking
H — oo, we obtaln

> PDy=1- lim p(x,to, H+1)
H—o0

t=to
and:

ZPDt =1 lim p(z,te, H) =0
H—oo

t=to

Thus, the death probabilities form a proper probability distribution when the probability of
surviving indefinitely is zero. In practice, however, mortality tables are only available up to
a maximum age 7. For an individual aged z at time g, the last one-year mortality interval
represented in the table begins at age 7. Setting H = 2% — z, the finite-horizon identity
becomes:

t0+w+—ac
Z PD,ngp(:c,tO,x+ —x+ 1) =1
t=to
Moreover, we have:
$+
P (x,to,w+ —x+ 1) = H (1 — q(y,to))
y=x

The final term is the probability that the individual survives all of the one-year mortality
intervals represented in the table. In other words, it is the probability mass associated with
death dates that occur after the maximum age covered by the available mortality table.
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C.10 Computation of the lifetime consumption component C*) (n)
For a finite annuitization date tg + n, the discounted lifetime consumption component is:

s P (z t07 o)
ce® = ¢ (34)
le 1+ Qto ’

where t; = tg + 7, ) (2, to, j) is the survival probability from age = at ty to age = + j

along mortality path s, and c + is actual consumption at date ty + j. Before and at the
annuitization date, consumption is financed by withdrawals from the liquid account, whereas
after annuitization it is equal to annual annuity income:

c;

(sy _ J min (wtj,Wt(S)> for j <n
= j
Ytsls) for j >n

where t,, = tg + n. It follows that:

() (2, () t
O =y z:p TR

j=1 1 + Qf() j=n+1 1 + Qto)

S)xt, s xtm—i—h
-y g e St bt )
o (o) +Qt° = (+a)"

Survival from age x at ¢y to age x+n-+h can be decomposed into survival to the annuitization
date and conditional survival thereafter:

) (2, to,n + h) = p (x,t0,n) p® (x4 n,to +n,h)
We deduce that:

() (¢
c®) (n) = Zp fL' 0,J cEﬁ)

j=1 1+Qto ’

Withdrawals

+p(5) (I7 tOv TL) (s) Iiz_:n p(S) ("E +n, to + n, h)

—n n (35)
(1 + Qto) fot h=1 (1 + éto)h

Post-annuitization consumption

The term in brackets is the actuarial value, at the annuitization date, of one unit of annual
post-annuitization consumption when future payments are discounted using the discount
rate entering the retiree’s objective.

When the objective discount rate coincides with the annuity pricing rate (o, = dt, ), the
term in brackets is exactly the annuity pricing factor:

(S) t h H=n (s) t h
jppaE ELUN AT S
(1 + Qto) h=1 (1 + Qto)

Since we have:
«) Wish
tho-‘rn (S)( +ntO+n) 1_;i£
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the lifetime consumption component simplifies to:

n

C(S) (n) _ Z p(S) (x7t07"j)c(s) p(s) (1-77507”) Wt(:)
(1+o,) 7  (I+o)" 1+L

Net wealth

(36)
j=1

Withdrawals

The first term values pre-annuitization withdrawals, weighted by the survival probability to
each withdrawal date. The second term values post-annuitization consumption, conditional
on survival to the conversion date and discounted back to ¢y (Equation (35)). When the
annuity-pricing and objective discount rates coincide, this second term reduces to discounted
net wealth after loading (Equation (36)).

C.11 Survival time approach of the fixed-date annuitization prob-
lem

Let 7(®) be the survival time conditional on the s*® simulated scenario. The associated
survival function S (tj) is:

S©) (1) = 5 (2, t0,)
In particular, we have S (t5) = p®*) (x,t9,0) = 1, Pr {to +i—1<76) <tg+7| .7-'(5)} =
S(§) (tjfl) - S(é) (t]) = p(é) (xathj - 1) - p(é) (mat()?j) and Pr {T(§) > tO + H | ‘7:(5)} =

SG) (ty) = p'®) (x,t9, H). For each mortality path s, we generate np independent realiza-
tions 7(57) of the future lifetime using the probability integral transform. We then compute
the (s,7)-value of the utility function. For 1 <n < H — 1, we have:

n C(S)
usn () = 3 {ren s b
=1 (1 + Qto)

Y(s)

H
Y tetn g {T(S’T) > t]} +

j=n+1 (1 + éto)j

<

j ) (s,m) )
Vi )jﬂ{t”’lq <t
i=1 0

and:
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Under this setting, the optimization problem becomes:

ns NRr
1

S St )

s=1r=1

n* = arg max

nef0,....H—1}U{co} S X MR

This formulation replaces survival-probability weighting by explicit simulation of individual
death times. As mp increases, the estimator converges to the expected utility conditional
on each mortality scenario, thus providing a Monte Carlo approximation of the original
optimization problem.

C.12 Numerical solution of the dynamic annuitization problem

The dynamic problem is defined by the state X;, = (Wtj,mtj , Aﬁtj). Since these variables
are continuous, the Bellman equation is evaluated using date-specific numerical grids. The
mortality grid is obtained from the conditional distribution of the ARIMA state, and the
wealth grid is constructed from the distribution generated by remaining in drawdown. First,
we describe these grids, and then we describe the numerical evaluation of the conditional
expectations that enter the Bellman equation.

C.12.1 State-space discretization

Mortality state Under the fitted ARIMA(1,1,0) model, the mortality transition can be

written as88:

Oj41 = A0 + ¢ + Uk

where ©; := O, = (Iitj,AKtj), Ejt1 ~ N(O,&i), and Ay, ¢, and u, are determined by
the estimated ARIMA parameters. Since the mortality state is known at ¢y (the retirement
date) and the innovations are Gaussian, the state ©; remains bivariate Gaussian at every
subsequent date. Writing m; = E [@j] and X; = var (@j)7 the first two moments satisfy:

mjip1 = Anmj + ck
T s T
Ej+1 = AKEJ‘AN + ugo U,

with mo = (K, Aky,) and Eg = 02x2. These moments determine the mortality domain at
each date. We use a rectangular region containing 99.5% of the joint Gaussian distribution.
This region is represented by 13 equally spaced values of ;, and 11 values of Axy,. At j =0
(or t; =to), the mortality state is observed and the grid reduces to the observed point.

Wealth state The wealth domain is based on the distribution obtained when the individ-
ual remains in income drawdown throughout the horizon. Annuitization removes a path from
the liquid state space, therefore this always-liquid distribution contains the necessary wealth
states for the stopping problem. Let F; (w) denote the distribution of post-withdrawal
wealth W, , and define the one-period transition kernel KC; (w | w) =Pr {Wt <w| Wy, = w}
Using the definition of the wealth transition, we have:

6 ol) o (=12

J+1

g

88 Using the index j is equivalent to using the time index t; = to+J since we are in discrete time. Moreover,
it directly indicates the row number of vectors or matrices built to solve the Bellman equation.
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where wg = aWj. The probability distribution at date t;4; follows from the Chapman-
Kolmogorov equation:

Fi (W) =pjo+ [y Kj(w]w) dF; (w)
pjo = Pr{W;, =0}

The first term accounts for wealth paths that have already reached zero. This remains an
absorbing state while the individual is in drawdown. When o = 0, the wealth transition is
deterministic. The positive part of the distribution is propagated numerically on a finite-
volume grid. If W}, denotes the representative wealth in cell m, and p; ., its probability
mass, then the Chapman-Kolmogorov equation is approximated by:

Ncell

Fi1 (W) =pjo+ Z PimK; (@ | Wjm)
m=1

We use nee;; = 800 cells. At each date, thg upper limit of the wealth domain used in the
Bellman equation is the 99.95% quantile of F';, and the value function is stored on 61 equally
spaced wealth points between zero and this upper limit.

C.12.2 Numerical evaluation of the Bellman equation

The Bellman recursion involves two numerical expectations. The first expectation is used
to calculate the conditional annuity factors, while the second expectation gives the value of
remaining liquid for one more year.

Conditional annuity factors The conditional pricing factor is calculated backward on
the mortality grid. Let {z,, wm}fn:l denote the nodes and weights of a standard normal
Gaussian quadrature rule. For a current mortality state (k, Ax), node m gives the next mor-
tality state (K/]‘+1)m, Alﬂlj+1’m) and the corresponding one-year survival probability S; 1 .
The pricing-factor recursion is approximated by:

q
> @wSitim (1 + V10541 (Kjt1m, Aﬁj+1,m))
m=1

a; (k, Ak) = o
0

where Y} 1 denotes the bilinear interpolation of income on the next-date mortality grid. The
objective-payment factor a; is calculated in the same way by replacing the pricing discount
rate g, with the objective discount rate g;,. A nine-point quadrature rule is used for these
one-dimensional mortality expectations. In the baseline specification, we set g, = d¢, = 2%,
so the pricing and objective factors coincide up to numerical precision. The annuitization
value consequently reduces to Varnuitization (4, o Ag) =w/ (1 + L).

Continuation value The continuation value requires an expectation over both the re-

turn and mortality innovations, which are assumed to be independent. Let {z;.,w;}zzl

and {z;ﬁ“w%}fu:l denote the quadrature rules for the return and mortality innovations,
respectively. For each return node r, the financial transition gives W, ., ¢jt1,, and
Wiji1,r. For each mortality node m, the ARIMA transition gives k;jy1m, AKjtr1,m, and
the one-year death probability ¢;+1.,. For a pair of nodes (r,m), we write X 41, m =
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(Wj+17r, Kjt1,ms Aﬁj+1,m). The continuation value is approximated by:

q q
N 1— g
y/continuation (wv K, A"{) = E E w;w% 1 ijgl’m (CjJrLr + ‘/}'+1 (XjJrl,T,m)) +
to

¢ q
qj+1, _
¥ Z Z @, Wy, 1j_|_ W,
Oto

We use ¢ = ¢” = 7, which gives 49 return-mortality node pairs at each state. Starting
from the terminal value Vi (w, k, Ak) = 9w, the recursion proceeds backward from j =
H —1to j = 0. At each state, annuitization is chosen when Vannuitization (4, o Ak) >
ycontinuation (4, o Ag). Otherwise, the individual remains liquid.

C.12.3 Numerical specification

Table 35 summarizes the numerical specifications used in the baseline solution. Since the
numerical domains are finite, a quadrature transition may occasionally fall outside the next-
date grid. In this case, the relevant coordinate is projected to the nearest boundary before
interpolation, rather than being extrapolated outside the state domain.

Table 35: Baseline numerical specification for the dynamic annuitization problem

Component Quantity Baseline value
Mortality domain Joint probability coverage  99.5%
Mortality grid K nodes 13

Mortality grid Ak nodes 11

Wealth distribution Auxiliary cells 800

Wealth domain Probability coverage 99.95%
Wealth grid Wealth nodes 61
Annuity-factor expectation Mortality quadrature order 9
Continuation expectation Return quadrature order 7
Continuation expectation Mortality quadrature order 7
Annuity-factor surfaces Interpolation Bilinear
Value function Interpolation Trilinear
Out-of-domain states Treatment Nearest-boundary projection

C.13 The Hamilton-Jacobi-Bellman variational inequality

Since the admissible singular control process Z = {Zt}te[o,T) allows for discontinuous jump
interventions, the classical HJB partial differential equation must be generalized into a HJB
variational inequality. The state space (t,x,y) is naturally partitioned into two distinct
operational regions: the continuation region, where no annuities are purchased (dZ; = 0),
and the action region, where an instantaneous lump-sum annuity purchase is optimal (dZ; >
0).

C.13.1 The continuation region

Suppose that at state (¢,z,y), it is optimal not to purchase an annuity (dZ; = 0). In this
case, annuity income remains strictly constant (dY; = 0, i.e., Yirar = Y: = y), and the
system evolves purely under the diffusion dynamics:

dX,; = ((r +a(p—7)) X — e+ y) dt + o X AW,
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Applying It6’s lemma to V (t + d¢, Xy ya¢, Yitar) along the pure diffusion path yields:

(x) = V(t+dt, Xirae, Yirar)
1
= V(tz,y)+Vidt+VodX, + Vi (dX,)?
1
= V(t,z,y)+ <Vt + ((7’ +ay (u— r)) r—c+ y) Ve + 2afg2;g2vm) dt +
azoxV, dW;

where V; = 9;,V,V, = 0,V and V,, = 92V. We define the second-order partial differential
operator L as:

LYY = ((r tar(p—r))r—c + y) Ve + %04502552‘/9696

It follows that:
14 (t + dt, Xt+dt; }/t-i-dt) =V (t, Z, y) + (‘/t + L V) dt + O[tO'J?VEth

and:
Et [V (t + dt, Xt+dt7 l/;H»dt)] =V (t, x, y) + (‘/t + L V) dt (37)

According to Bellman'’s principle of optimality, since withholding intervention (dZ; = 0) is
locally optimal within the continuation region, the current value function V (¢, z,y) equals
the supremum of the expected discounted continuation value over all portfolio choices oy €
[0, 1]:

V(t,x,y) = sup P [die in dt] x bequest payoff +
a€l0,1]
P [survive in dt] x utility of consumption over d¢ +

P [survive in dt] x best continuation from t + d¢
Mathematically, we get:

V(t,z,y) = sup { P[diein dt] x e 2 (£ (b+2)) +
a€l0,1]

P [survive in dt] x e~ 2% (¢;) dt +

P [survive in dt] x e ?VE, [V (t + dt, Xt ar, Yt+dt)]

Given survival up to t, the hazard rate \; gives, over a window of length dt:

P[die in dt] = At dt + o (dt)
P [survive in dt] = 1 — Ay dt + o (dt)

158



Optimal Decumulation: Annuitization, Drawdown, and the Flex-to-Fix Strategy

o (dt)

where limg;_,q = 0. Using these probabilities and the conditional expectation from

Equation (37), we have:

Vit,z,y) = sup ¢ e 2 (\d)U (b +2)) +e Y (1—N\dt)U (c;) dt +
a€l0,1]

e M (1 —Ndt) (V(t,z,y) + (Vi + L*V) dt) p +o(dt)

Applying the first-order Taylor expansion e ¢4 =1 — pdt + o (dt) and collecting terms up
to order dt, we obtain:

Vitay) = Vtzy) + s?p] MU(ED+x) +U(e) = (0+ M)V (t,z,y) +
ac0,1

(Vi + L*V) 5 dt + o(dt)

It follows that:

MU (E(b+z) +U(er) = (e+ M)V (b, y) + Vi + sup {LYVE=0 (38)
a€l0,1]

At the target date T', the value function simply equals the utility of fully annuitized wealth
scaled by the utility annuity factor:

V (T, 2,y) = Kol <y+ ‘”)
ar

where:

KT:/ e Jrletdu)du g
T

In the event of ruin, we have the Dirichlet condition V' (¢,0,y) = G (t,y) = K (y) + B (t)
and y < ¢;. Within the continuation region, the optimal portfolio allocation a} can be
derived by maximizing the terms inside the supremum:

1
af = arg ms[%xll ((r + oy (pu— 7‘)) T —cp+ y) Ve + iafazmzvm
aze|0,

1
= arg max a;(up—r)zVy+ fago%cQVm
a€[0,1] 2

- (,“ —7) Ve
- 202V, (39)

C.13.2 The action region

Suppose that at state (¢,2,y), it is optimal for the investor to exert a singular control by
transferring an instantaneous lump sum of wealth dZ > 0 to purchase annuities. Since
this transaction occurs instantaneously at time ¢, no calendar time elapses (d¢ = 0). Thus,
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neither discounting nor intermediate consumption or mortality occurs during the jump. The
state variables exhibit a discontinuous jump:

dz
(t,z,y) — <t»x —-dZ,y+ — )
at
According to Bellman’s principle of optimality, the pre-jump value function cannot be strictly

less than the value function evaluated at the post-jump state under any admissible transfer
dZ > 0:

dz
V(t,x,y) > V<t,x—dZ,y—|— - )

Q
Using a first-order Taylor expansion on the right-hand side around (¢, z,y), we obtain:

A
V(t,z,y) >V (tay —dZ -V, (t,z,y) + %Vy (t,z,y) +o0(d2)

t

Taking the limit as dZ — 07, we derive the gradient obstacle condition:

1
TVy (t7xay) _VI (t7$7y) S 0 (40)
at
Within the action region where an immediate lump-sum annuity purchase is strictly optimal,
Equation (40) holds with equality:

1
V:I: <t7 z, y) = TVy (ta €, y)
at
From an economic standpoint, this condition states that everywhere in the state space, the
marginal utility of retaining one dollar of liquid wealth (V,) must be greater than or equal
to the marginal utility of converting that dollar into a continuous annuity income (V,,/a;).

C.13.3 The unified HJB variational inequality

Since an admissible control strategy requires the investor to behave optimally in every state
(t,z,y), the state space naturally partitions into complementary waiting and intervening
regimes.

e Within the continuation region, withholding intervention is locally optimal. Thus, the
second-order partial differential equation holds with exact equality — Equation (38) —
while purchasing an immediate lump-sum annuity in this region would be suboptimal.
Consequently, the gradient obstacle condition remains non-positive — (Equation 40).
Thus, we have:

Vi +supaepo {£VE = (0 + M) V (2, y) + MU (E(b+ ) +U () =0
g% (t,l’,y) - VZE (t,l‘,y) S 0
t

e Within the action region, executing an instantaneous lump-sum annuity purchase is
strictly optimal. The gradient obstacle condition holds with exact equality, perfectly
balancing the marginal utilities of liquid wealth and annuity income. Conversely,
delaying intervention would be suboptimal. Thus, we have:

Vi 4+ 8upae {L*V} = (e +X) V (L2, y) + MU (E(b+2)) +U (c) <0
T‘/y (t,x,y) - Vz (tmc,y) =0
a
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Combining these complementary regimes across the entire state space, the value function
V (t,z,y) is characterized as a viscosity solution of the following HJB variational inequality:

1
max{ Vi4+ sup {LYV}—(o+ M)V (t,x,y) + MU ({(b—&—x))—l—l/{(ct),&—%—Vw =0
a€l0,1] t

subject to the terminal annuitization condition at the target date T

V(Jﬂx,y)=ll(y4—jv>(/) e~ Jrletrdu g

ar ) Jr
and the Dirichlet condition:
y<c¢
C.13.4 The free boundary problem
Equation (41) splits the state space into two regions, which are separated by an endogenous
two-dimensional free boundary surface z* (¢,y), where:
Vi +supaeio {L*V} = (0 + M) V (6,2, y) + Ml (E(b+2%)) +U (¢;) =0

—V, =V, =0
a Y

(42)

System (42) defines the free boundary as the set of points where both the continuation and
action conditions hold with equality. In practice, however, we cannot solve this system of
equations directly to recover x* (¢,y) for two fundamental reasons:

e Circular dependency
The terms V;, V,;, and V,, are not explicit parameters and depend on the unknown global
value function V (¢, z,y). To compute V and its derivatives, we must first know the
location of the boundary. Conversely, locating the boundary requires the derivatives
of V. Therefore, we cannot algebraically isolate x* (¢,y) from this circularity.

e Degeneracy

Economically, the gradient condition - V V,; = 0 implies that the marginal utility of

purchasing an annuity equals the marglnal utility of retaining liquid wealth. Thus, the
value function is strictly invariant along the segment of the transaction ray contained

in the action region z — | x — 2,y + — |. Because an instantaneous lump-sum pur-
ag

chase involves no passage of calendar time, V' remains constant along the entire jump
trajectory, so its directional derivative along the annuitization direction (—1, 1/ dt)
vanishes at every intermediate point of the jump path. Equivalently, the non-local

z
intervention operator MV (t,z,y) = SUp.¢o,2] V (t,x -2,y + V> is flat along the
; &

transaction ray. Consequently, the arg max is not locally unique within the action
region.

Since we cannot explicitly find the root z* (¢,y) using Equation (42), we adopt a global
numerical approach. We solve for the value function V (¢, x,y) globally over a discretized
state space, computing two quantities at each grid point:
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1. The value of waiting in the continuation region, given by the operator:

Vit st {E7V) = (0 + AV (1) + X (€0 +0)) + U e
acl0,1

2. The value of making an immediate optimal lump-sum purchase, given by the non-local
intervention operator:

MV (t,z,y) = sup V(t,x—z,y+z>

2€[0,z] Qg

Once the value function has converged over the grid, the free boundary is recovered ex post
as the interface between the set on which z = 0 is the unique maximizer in M:

Vi 4+ supae {L*V} = (e +X) V (L, y) + MU (E(b+2)) + U (¢;) =0
—Vy, = Ve <0
at

and the set on which a maximizer is attained at some z > 0, where the discrete gradient
condition holds with equality. The boundary is not obtained by solving the equations di-
rectly, but rather by identifying it as the active set of the discrete obstacle problem. The
optimal transfer dZ* is the largest maximizer in M, with dZ* = z corresponding to the
corner solution of full annuitization.

C.14 Numerical solution of the HJB variational inequality

To implement the numerical scheme, we solve this free-boundary problem using the finite
difference method combined with Howard’s policy-iteration algorithm (Howard, 1960; Put-
erman, 2014). Let N, N, and N, denote the number of mesh intervals for ¢, x, and y,
respectively. We define At = T'/Ny, Az = Zmax/Nz, and Ay = (Ymax — ¥) /Ny as the mesh
spacings. Let V7 = V (tm, T, yj) be the approximate solution at the grid point (tm, T, yj),
where®® t,, = m-At, z; = i- Az, and y; = §+j- Ay. Accordingly, the policy now comprises
two ingredients: the continuous allocation a; and the discrete exercise regime between wait-
ing and annuitizing. The Howard’s algorithm alternates between a policy-evaluation step,
in which both ingredients are frozen and a linear system is solved, and a policy-improvement
step, in which both are updated.

C.14.1 Policy evaluation
In the policy-evaluation step, we discretize the wait operator and gradient obstacle.
Discretization of the wait operator Because annuity income is frozen throughout the

continuation region (dY; = 0), Equation (38) contains no derivative with respect to y. Given

a fixed candidate control ", the wait-region equation reads, for a fixed slice j:

Vi+ A(2) Vi + B(z,y) Vo + OV +D(2) =0 (43)

where:

B;;=B (a:i,yj) = (r—!— o (1w — r)) T — ¢, +Yj

i =D (z) =U(ce,) + M, U (E(b+ 7))

89We have m = 0,1,...,N¢, i =0,1,..., Nz, and j = 0,1,..., Ny.
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Each annuity slice j therefore constitutes an independent one-dimensional problem in x,
so no boundary condition is required in the y direction for the wait operator. We define
Fm = A9? + B0, + C with all coefficients evaluated at t,,. To solve this PDE, we use a
fully implicit finite difference scheme. Since the terminal condition is known at ty, =T, we
solve the PDE backward in time. The backward step from the known future state at ¢,,41
to the current state at ¢, approximates the time derivative as V; ~ (VZ’;H'1 —Vm)/At. The
fully implicit scheme evaluates the spatial operator at t,,:

yott—ym _ _ _

M BT (Aiamvm 4 B0,V ov.m) +D;=0

At A "

The spatial derivatives are approximated using central differences for diffusion and an upwind
scheme for the drift to ensure monotonicity:

m m m
it — 2V VT

2 ~
8$V’WJL - Az?
and:
mo_ym B
7$+12 L2 lf BiJ Z 0
OVIIRY v SV,
MERNRL L ATY Y

Ax

By setting s; = A;At/Ax?, the discrete equation for row i on slice j can be written in
tridiagonal matrix form:

(I—AtF™) V" =V 4 At D (44)
M RHS?
where V"' = ( 0 Vi 131]) The coefficients of M;" are given by:
[ do (') 0 ce 0 1
L di w :
M;n:I—At_Fm: 0 '.' '.. '.. O
: In,—1 dn,—1 un,—1
o --- 0 In, dn,
and:
_ _ At - _ At
e When Bi,j Z 0: ll = —S8;, d1 =1+ 231 + Bi’jfx - CAt, U; = —8; — BiJIaf
_ _ At = At
e When Bi,j <0:l;=-s;+B; ,di=1+2s;, — B —CAt, U; = —S8;.

7 Az " Az
At the left boundary (i = 0), the diffusion coefficient vanishes (Ag = 0, hence sy = 0)
and the equation degenerates to a first-order transport equation whose drift reduces to
By, = y; — ¢,,. Since the consumption stream is planned at date ¢y and must remain
financeable out of available resources, we adopt the convention that the effective consumption
rate is capped at y;.

e When By ; > 0, the characteristic points into the domain and no boundary condition is

required. The forward (upwind) difference 0, V(" ~ (V{)’; - VO””J») /Az involves interior
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_ At _
nodes only, and the interior scheme with sg = 0 yields [ =0, dy = 1+ BOJA— — CAt,
x

_ At
Uug = 7BO7jA7x'

e When Bo,j < 0, the characteristic points out of the domain while diffusion vanishes,
so the state is absorbed. The failure time 7 is triggered and the problem stops at the
fallback value G (¢,y). This is a Dirichlet condition:

Vory = G (tm y5) = K, U (y;) + B (tn) (45)

imposed by overwriting the row as lp = 0, dg = 1, ug = 0 with right-hand side
G (tm, yj) .

At the right boundary (¢ = N,), the liquid-wealth domain is unbounded and must be
truncated at © = Zpax. Following Forsyth and Labahn (2007), we derive the artificial
boundary condition from an approximation valid for large wealth, place the truncation point
well outside the region of interest, and confirm its adequacy through a domain sensitivity
analysis. We take this approximation to be the exact value of an explicit admissible policy:
hold only the risk-free asset, make no further annuity purchases on [t,T'), fund the planned
consumption stream, and convert the entire remaining balance into an annuity at 7. Under
this policy, the wealth path is deterministic:

dxret = (ngef +y— cs> ds

It follows that: .
X;ef (ta y) = 6T(Sit)mmax + / eT(Siu) (y — Cu) du (46)
t

for s € [t,T]. Its value function is given by the one-dimensional quadrature:

Gret (ty) = ‘P(t)+/tTD(t, 5) AU (é (b+X§ef (t, y))) ds

ar

+D (t,T) Ko (y + W) (47)

where ® (t) = ftT D (t,5)U (c,) ds solves:

{ B () — (0+ M) B () +U(c;) =0
®(T) =0

Prescribing V! ; = gret (tm,yj) amounts to solving a restricted problem in which the in-
vestor retains the full control set until wealth first reaches the boundary, and follows the
reference policy thereafter. This restricted problem satisfies the same HJB variational in-
equality as the original one in the interior, its boundary condition is exact by construction,
and its value is a lower bound on V (i.e., g < V), since the restricted control set is a
subset of the original admissible set. The boundary row is therefore set to Iy, =0, dn, =1,
un, = Oa and RHSNT = Yref (tmayj)'

1
Discretization of the gradient obstacle The annuitization constraint V, — —V, >
a

t
0 strictly couples the x and y dimensions. It is discretized with one-sided differences
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aligned with the direction along which a lump-sum purchase displaces the state, (z,y) —
(x — Az, y+ Aac/dt), that is, backward in z and forward in y:

Vi = Vi ; 1 Vil - Vil 0
Ax ag,, Ay
g'm.

(2%

By rearranging the terms to isolate the target node V', we have:

D
m m _ m
Vig —waViTy = wy Vili

atm

A Ax
where w, = Uiy a . To integrate this into the existing linear
ay, Ay + Ax

ndw,= ————

b Yy, Ay + Az

solver framework, we map this relation into the same tridiagonal matrix structure used for
the wait operator:

MV = w, VI (15)
——
RHST
where the coefficients are given by l; = —w,, d; =1, u; = 0, and:
[dy w0 0 ]
l1 d1 U1
Mi*=1 o 0
: Ing—1 dn,—1 UN,—1
0 0 In, dn,

Since the calculation of G involves the nodes (i —1,5) and (4,7 + 1), it reaches outside
the computational grid at two places only: the lower wealth boundary ¢ = 0 and the upper
annuity boundary j = IV,. Fortunately, both of these out-of-grid dependencies correspond
to economic states where singular jump interventions are strictly inadmissible, allowing us
to close the numerical system seamlessly. We discuss these boundary conditions in the next
paragraph.

C.14.2 Policy improvement

In the policy-improvement step, we update both the continuous control «;"; and the dis-
crete exercise regime R, ; € {0, Wait; 1, Annuitize} based on the current guess of the value
function. At a given time step m, the controls are updated across the grid as follows.

1. Continuous control update
The optimal risky allocation «]"; is evaluated using the finite difference approximations
of the derivatives of V'":

— 1) 0, V™
o = min | 1, max (0, W)

1,
x Vg

2. Discrete regime update
We evaluate the gradient obstacle G;"; using V™ to determine whether the marginal
utility of purchasing annuities exceeds that of retaining liquidity (V; — V,,/a; < 0).
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To respect physical liquidity constraints and eliminate out-of-bounds grid references
at the boundaries (i = 0 and j = N,), the discrete regime indicator R; ; is assigned
across the entire state space as follows:

0 ifi=0 (zero liquidity: physical intervention impossible)

0 if j =N, (annuity ceiling: no further lump-sum transfers into annuities)
1 ifie{l,....,N,},j€{0,....,N,—1} and G/, <0 (annuitize)

0 otherwise (wait)

Rij =

By explicitly setting Ry ; = 0, we reflect the physical reality that an investor with zero liquid
wealth (zp = 0) cannot execute an instantaneous lump-sum annuity purchase (AZ > 0).
Similarly, setting R; n, = 0 enforces the economic condition that once the guaranteed income
stream reaches the computational domain ceiling y,ax, no further annuitization is permitted.
Numerically, this natural economic gating ensures that the gradient obstacle stencil never
references the undefined exterior nodes (—1,j) or (i,Ny + 1). Once the policy (a, R) is
fixed, we construct the mixed linear system to solve for the updated value function V™.
The equation for each row ¢ in slice j is chosen dynamically based on R; ;:

e When R;; = 0, the row uses the tridiagonal coefficients of the wait operator and
asymptotic Dirichlet condition derived in the policy-evaluation step.

e When R;; = 1, the value function is determined by enforcing the gradient obstacle
equality.

C.14.3 The algorithmic loop

The numerical solution is computed backward in time from the terminal date T" to the initial
date 0. After initializing the terminal value function Vzlg’ =U (yj + & ) Jo e Jr(o+Au) du qg

ar
for all (4, j), the scheme marches backward across each time step t,,, (m = N;—1, Ny—2,...,0)
using Howard’s policy-iteration algorithm:

e Initialization
At the start of time step t,,, we initialize the candidate value function using the
converged solution from the future time step: V(0 = ym+1,

e Howard policy-iteration loop
For iteration index k = 0, 1,2, ..., we update the policy and evaluate the value function
until convergence. In each iteration k, we execute the following steps:

— for j = N, down to 0

* Policy Improvement

- Evaluate the optimal portfolio allocation a* ) across all interior wealth

i,
nodes using the numerical spatial derivatives of the current guess ij’(k).

- At the upper boundary slice j = N, and the lower wealth boundary ¢ = 0,
we strictly enforce the continuation regime by setting Rl(fcjﬂ) =0.

- For all strictly positive wealth nodes (¢ € {1,..., N} and j < N,), we
evaluate the discrete gradient obstacle condition G using the newly

updated adjacent slice Vﬁf’fkﬂ) and the current guess ij’(

the discrete regime indicator:

M. We assign

pktn _ )1 (anr'luitize) if g1, < 0
J 0 (wait) otherwise
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* Policy Evaluation

We construct a tridiagonal linear system Mjij’(kH) = RHS dynamically

based on the updated regime vector R§k+1).

- For nodes where RZ(ZH) = 0, row ¢ of matrix M; is filled with the implicit
finite difference coefficients (I;, d;, u;) of the continuation operator (Equa-
tion (44)), and the right-hand side is set to RHS; = Vﬁ“ + D; At. At
the upper wealth boundary (i = N,), we enforce the asymptotic Dirich-

let condition by setting row N, to (In,,dn,) = (0,1), and RHSy, =
Gref (tma yj) .
- For nodes where Rgfﬁ D= 1, row ¢ is replaced by the gradient obstacle
coefficients (I;,d;, u;) from Equation (48), and the right-hand side is set
Vm,(k+1)
INES
- Because the assembled matrix M; strictly preserves diagonally dominant
M-matrix properties under both regimes, we solve the tridiagonal system

directly to obtain the updated slice ij’(kﬂ).

to the known boundary term RHS; = w,

— Convergence check
After all slices j € {0, cee Ny} have been updated, we compute the maximum
infinity-norm error over the entire two-dimensional spatial grid:

Vm,(k+1) - Vm,(k)

err = max i,j ij

0<i<Ng, 0<j<Ny

If err < ¢, the policy-iteration loop terminates, and we accept V™ = V™ (k+1) a9
the converged solution at time t,,.

C.14.4 Recovery of the optimal lump-sum transfer AZ*

Once the free boundary surface * (¢,y) is mapped, the optimal singular transfer AZ* for
any initial state (mi,yj) inside the action region (R}, = 1) is determined geometrically
by the reflection principle. The lump-sum purchase AZ* is obtained by solving the scalar
fixed-point equation:
AZ*
AZ* =x; — 2" (tm,yj + V) (49)
a

tm
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D Additional results
D.1 Tables

Table 36: Impact of the calibration set on the value of the annuity contract (France)

Calibration A ‘ Female ‘ Male
set 81 1950 1975 2000 2020 ' 1950 1975 2000 2020
1950-2023 60 ; 13.88 16.05 17.56 18.16 ; 11.53 12.92 15.30 16.22

50-95 75 6.73 835 10.34 1091 5.60 648 835 9.42

1950-2023 60
30-105 75

1825-2023 60

i i
50-95 75 : 6.73 835 10.34 1048 : 5.60 648 835 9.26
zt =95 90 ! !

Table 37: Mortality credit in % (France, male, LC WLS, r = 0)

Age 1900 1930 1950 1970 1990 2000 2010 2015 2020 2023
65 4.7 470 375 335 221 189 145 129 126 1.32
70 755 726 583 515 340 282 214 183 1.75 1.86
75 1228 11.80 9.36 816 548 439 342 290 268 2.82
80 19.11 19.07 15.73 1346 9.36 759 6.04 518 4.69 4.87
8 32.00 30.95 25.17 22.05 15.75 13.52 1097 9.67 9.10 9.33
90 46.43 48.15 38.82 35.17 26.21 23.78 20.59 18.64 17.94 18.53

Table 38: Mortality credit in % (France, female, LC WLS, r = 0)

Age 1900 1930 1950 1970 1990 2000 2010 2015 2020 2023
65 4.05 325 227 154 08 073 061 057 059 0.62
70 6.44 538 3.8, 267 141 1.18 096 085 085 091
75 1016 9.07r 6.61 482 263 212 1.64 143 140 149
80 16.25 15.01 11.71 882 530 419 321 281 271 286
85 2632 24.23 19.63 15.68 10.42 860 6.75 592 575 6.01
90 3749 38.14 33.14 26.80 1946 16.81 13.92 12,51 12.28 12.83
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D.2 Figures

Figure 71: Comparison of estimates using SVD and WLS methods (France, female, Lee-
Carter model)
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Figure 72: Comparison of estimates using SVD and WLS methods (France, male, Lee-Carter
model)
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Figure 73: Poisson LC model estimation (France, female)
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Figure 74: Poisson LC model estimation (France, male)
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Figure 75: Mean absolute error of the central death rate (Poisson Lee-Carter model, France)
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Figure 76: Negative binomial LC model estimation (France, female)
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Figure 77: Negative binomial LC model estimation (France, male)
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Figure 78: Mean absolute error of the central death rate (Negative binomial Lee-Carter
model, France)
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Figure 79: Estimates k1 and ko (France, 60-100)
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Figure 80: Estimates k1 and ko (France, 60-109)
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Figure 81: WLS estimated values of k1 (France, female, 60-109, outlier correction)

Uniform Empirical
-1t -1t
-1.5 -1.5

-2 =27

/

3
1850 1900 1950 2000 1850 1900 1950 2000
t t

Poisson Negative binomial

voooe
N O
. :

N . B
N O

3
1850 1900 1950 2000 1850 1900 1950 2000

Figure 82: WLS estimated values of ko (France, female, 60-109, outlier correction)
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Figure 83: ARIMA forecast of Lee-Carter time index x; (France, male, WLS)
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Figure 84: Time evolution of the value of the annuity contract (France, age 60, o, = 3%)
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Figure 85: Impact of the discount rate on the value of the annuity contract (France, age 60,
year 2000)
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Figure 86: Impact of the age on the value of the annuity contract (France, year 2000,
Ot = 3%)
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Figure 87: Simulation of the Lee-Carter time index x; (France, female, WLS, valuation year
2023)
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Figure 88: Time evolution of the value of the annuity contract (France, age 60, g; = R}°Y)
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Figure 89: Valuation gap analysis (France, male, age 60, baseline model = LC WLS)
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Figure 90: Cumulative gap analysis (France, male, age 60, baseline model = LC WLS)
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Figure 91: Scatter plot of annualized payout rates (USA, 20052025, CANNEX PAY Index
vs. g = RIY)
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Figure 92: Scatter plot of annualized payout rates (USA, 2005-2025, o, = R{%Y vs. g =
Ry)
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Figure 93: Evolution of the conversion age z* in years (France, LC WLS, r = 0, R = 2%)
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Figure 94: Expected bequest ratio (in %) by annuitization age (France, female, 2023, LC
WLS)
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Figure 96: Optimal annuitization date (France, female, 2023, LC WLS)
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Figure 97: Optimal annuitization date with respect to a (France, male, 2023, LC WLS)

95

90

85

80

75

70

65

95

90

85

80

75

70

65

l"
/ .
;
L , B
L o |=—(R,B*) = (4%, 10%)
e === = (R, BY) = (4%, 20%)
L [P PP, (R, B*) = (4%, 50%)
i S (R,B*) = (0%, 50%)
4
L -
R
0 1 2 3 4 5 6 7 8 9 10
a (in %)

\q
(, B) = (4%, 10%)
- - = = (o, BY) = (4%, 20%)
_ Sy |eseesesns (o, B*) = (4%, 50%)
R — (o, B*) = (0%, 100%)
0 1 2 3 4 5 6 7 8 9 10
R (in %)

183



Optimal Decumulation: Annuitization, Drawdown, and the Flex-to-Fix Strategy

Figure 99: Fixed-date objective components — E [C (n)], E [B (n)] and E [U/ (n)] (France,
male, 2023, LC Poisson, o = 4%, ¢ = 0.75)

B(n)
120} 100 ,
/
75 /7
100 | R
50 ’ ,//: ,,,,
//"/“_": -
8or 25 ‘gr-?;""; =
60 0]
10 20 30 [0} 10 20 30
n n
U(n)
160 | P - o) = (@%.0%)
7’ - - == (/‘Lv U) = (3%) 2%)
140 e B (u,0) = (4%, 6%)
-
e ———— (p,0) = (5%, 10%)
120t //,—’- .............................. —— - (M,U) _ (6%, 15%)
Lt . e Fix now bechmark
100 |, - -
10 20 30
n

Figure 100: Expected gain AU (n) in % (France, male, 2023, LC Poisson, o = 4%)
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Figure 101: Probability of outperformance P/, (n) in % (France, male, 2023, LC Poisson,
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Figure 102: Fixed-date outcome diagnostics (France, male, 2023, LC Poisson, o = 4%,
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Figure 103: Optimal annuitization delay n* across withdrawal rates o (France, male, 2023,
LC Poisson, ¥ = 0.75)
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Figure 104: Realized lifetime outperformance probability Py (n*) across withdrawal rates «
(France, male, 2023, LC Poisson, 1) = 0.75)
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Figure 105: Probability P, (n*) of liquid account depletion before annuitization across with-
drawal rates « (France, male, 2023, LC Poisson, 1 = 0.75)
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Figure 106: Optimal risky asset allocation under strong bequest motive (£ = 0.1)
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