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Abstract

Although bond portfolio optimization is one of the oldest
applications of the mean-variance framework, it is considerably
less developed and adopted than its equity and multi-asset
counterparts. This paper presents a comprehensive framework
for bond portfolio optimization applied to investment universes
composed of individual securities. We first identify the
challenges that distinguish bond portfolio optimization from
equity portfolio optimization. We then develop a family of
optimization problems with and without a benchmark under
alternative risk factor models. In particular, we focus on a two-
factor risk model based on interest rates and credit risk. We
also distinguish between 1l1-norm and 12-norm optimization
problems, and show how these formulations can be cast into
linear programming and quadratic programming problems
using the properties of quadratic and extended linear forms.
Beyond these standard formulations, we consider advanced
optimization problems combining both 11 and 12 risk measures.
We pay particular attention to active share constraints, which
play a central role in fixed-income portfolio management.

The second part of the paper is dedicated to empirical
applications using the ICE BofA Corporate Bond indices (Global,
EUR, and USD). We first illustrate the differences between 11-
norm and 12-norm optimization and their impact on tracking
error volatility. We then apply the Barra multi-factor risk
model and decompose portfolio risk into common factor and
specific risk contributions. The third application addresses
active portfolio management, where we decompose expected
excess returns into carry, rolldown, and repricing components.
The fourth application considers the classical problem of
portfolio decarbonization. The fifth application examines the
sensitivity of portfolio construction to alternative clustering
and bucketing methodologies. The sixth and final application
illustrates the practical challenges of constructing investable
portfolios and demonstrates that the difference between
model and investable portfolios is a primary issue in fixed-
income optimization.
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1 Introduction

Portfolio optimization is one of the most widely used tools for asset allocation in the invest-
ment industry. Since the pioneering work of Harry Markowitz, the mean-variance framework
has profoundly influenced the theory and practice of portfolio construction (Elton et al.,
2014). Over the past decades, a vast literature has emerged around portfolio optimization,
covering applications ranging from equity portfolio management (Fabozzi et al., 2010) and
multi-asset investing (Bessler et al., 2017) to trend-following strategies (Jusselin et al., 2017),
carry strategies (Koijen et al., 2018), strategic asset allocation (Bekkers et al., 2009), and
Fama-French risk factors (DeMiguel et al., 2009). By contrast, bond portfolio optimization
has received comparatively less attention outside specialized fixed-income circles'. While the
fixed-income literature is rich in topics such as duration management, immunization, yield
curve positioning, and liability-driven investment, the portfolio optimization framework is
less frequently discussed in the context of bond investing. As a result, the concept of bond
portfolio optimization remains less visible and standardized than its equity counterpart.

The optimization framework used by most practitioners has a common structure. It
begins with a standard mean-variance optimization problem, typically calibrated with a
three- to five-year empirical covariance matrix. The main differences across applications lie
in how expected returns are determined. For trend-following and momentum strategies, ex-
pected returns are estimated from past realized returns over time horizons ranging from one
month to two years, depending on whether the strategy targets long, medium, or short-term
trends. More sophisticated trend estimation methods also exist (Bruder et al., 2011). For
contrarian or mean-reverting strategies, expected returns are set to the opposite of recent
trends or calculated using econometric models such as time series and cointegration mod-
els (Roncalli, 2017). For carry strategies, expected returns are proxied by the carry itself,
such as currency carry, equity dividend yields, or futures curve measures like contango and
backwardation. Finally, for strategic asset allocation, expected returns are based on capital
market assumptions derived from long-term macrofinance models. Beyond these standard
implementations, the mean-variance framework has been extended in many ways, including
Merton’s continuous-time portfolio model, covariance factor models, robust optimization
techniques (Titlincii and Koenig, 2004), covariance shrinkage estimators (Ledoit and Wolf,
2004), and various denoising approaches designed to improve the stability of portfolio alloca-
tions (Laloux et al., 1999). A comprehensive list of these extensions? can be found in Kolm
et al. (2014), which illustrates how rapidly portfolio optimization techniques have evolved
over the past decades.

In contrast to equity and multi-asset portfolio optimization, applications to fixed-income
securities remain relatively sparse. In fact, the most common applications focus on liquid
bond futures or generic sovereign bonds, where the investment universe is defined by coun-
try and standard maturity buckets (e.g., 1Y, 3Y, 5Y, 7Y, and 10Y). Applications at the
level of individual (sovereign or corporate) bonds are considerably more limited®. Indeed,
a broad survey of the literature* suggests that relatively few academic contributions explic-
itly address portfolio optimization in this setting. Among the notable exceptions, we can

1For instance, bonds are not discussed in the landmark review 60 Years of Portfolio Optimization by
Kolm et al. (2014). More surprisingly, none of the 105 references cited in that survey is dedicated to bond
portfolio optimization.

20ther extensions consider transaction costs, liquidity considerations, higher moments of the return
distribution, risk parity approaches, regime-switching models, and alternative risk measures such as value-
at-risk or expected shortfall.

3We exclude here CDS portfolios and credit portfolios, which have been comparatively better explored,
particularly in the period preceding the global financial crisis.

4Conducted via Google Scholar using the keyword “bond portfolio optimization’.
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cite Konno and Watanabe (1996) on index tracking, Korn and Koziol (2006) on German
sovereign bonds, Puhle (2008) on term structure models, Chandrasekhar (2009) on bond
funds, Caldeira et al. (2016) on U.S. Treasury benchmarks, Deguest et al. (2018) on Euro-
pean sovereign bonds, Drenovak et al. (2021), and Luxenberg et al. (2024), the latter two
focusing on corporate bond portfolios. Overall, these studies tend to rely on simplified rep-
resentations of the fixed-income universe, most commonly using sovereign benchmark bonds
or generic maturity buckets rather than individual securities.

Why this disconnect? In fact, the literature shifted away from portfolio construction
toward the analysis of individual securities as early as the 1970s and 1980s:

“A number of early papers [...| have provided a preliminary analysis of bond
portfolio construction problems shortly after the publication of the seminal paper
by Markowitz (1952), but the literature has gradually shifted toward analysis of
risk and performance of individual bonds [...]" (Deguest et al., 2018, page 6).

This shift is reflected in the tools that practitioners have developed and adopted. The
dominant fixed-income analytics platforms — the Yield Book, which was originally developed
at Salomon Brothers and later acquired by Citigroup and LSEG, and POINT, developed at
Lehman Brothers and later acquired by Barclays and Bloomberg® — were built around the
analytics of individual securities rather than portfolio optimization. Their core functionality
centered on computing security-level risk metrics such as option-adjusted spread, modified
duration, convexity, and rolldown, and aggregating these measures at the portfolio level
for risk monitoring, scenario analysis, performance attribution, and index replication. For
instance, the third edition of Inside The Yield Book does not contain the word optimization
(Leibowitz et al., 2013). Even when an optimization module existed — as it was the case with
POINT — it was designed primarily for tracking error minimization and index replication
rather than for mean-variance portfolio construction in the Markowitz sense. In short, the
prevailing paradigm in fixed-income asset management has long been benchmark-relative
risk budgeting and bond picking, not portfolio optimization®. This partly explains why the
concept of bond portfolio optimization has remained the domain of specialized academics
and professionals.

The divergence between equity and bond portfolio optimization also exists because ap-
plying standard asset allocation models to fixed-income portfolios presents several structural
challenges that traditional mean-variance optimization cannot fully capture. One challenge
is the estimation of expected returns. For any financial asset traded in a market, total re-
turn has two components: the income generated by the asset and the mark-to-market gain
or loss resulting from price fluctuations. For equities, the income component is dividends,
while the mark-to-market component reflects stock price appreciation or depreciation. Divi-
dends are relatively predictable because they exhibit substantial persistence over time. The
mark-to-market component is less predictable, but it can be approximated by a Gaussian
distribution, despite well-documented asymmetries of equity returns’. In the case of bonds,
income is generated by coupon payments, but the mark-to-market component is consider-
ably more complex. It is driven by multiple sources of risk, including interest rate risk,
credit spread risk, default risk, and liquidity conditions. Interest rate risk has a complex

5Tt is now integrated into PORT (Bloomberg’s Portfolio & Risk Analytics).

6For instance, while bond portfolio management is extensively covered in the landmark handbooks edited
by one of the foremost authorities in fixed income, Frank Fabozzi (Fabozzi and Pollack, 1983; Fabozzi, 2001;
Fabozzi et al., 2008), bond portfolio optimization has rarely a dedicated chapter. Instead, it tends to appear
as a mathematical subtopic in the chapters devoted to index replication or liability matching.

"Negative equity returns tend to be less frequent but more severe than positive ones, resulting in negative
skewness and excess kurtosis.
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structure shaped by movements in the level, slope, and curvature of the yield curve. Model-
ing these dynamics has led to the development of a large number of term structure models.
Credit risk introduces an additional layer of complexity. Beyond spread risk, which reflects
changes in the market’s assessment of creditworthiness, investors are exposed to default
risk. Default risk is discontinuous by nature and is often modeled through jump processes.
Consequently, estimating expected return is considerably more complex than in traditional
equity portfolio models. Beyond modeling expected returns, the second challenge concerns
risk measurement. Although imperfect, volatility and pairwise correlations are reasonably
effective summaries of risk for diversified equity portfolios. In practice, quants typically rely
on a linear factor model driven by style factors, such as size, value, momentum, quality,
and low volatility, and sector exposures. In some cases, an empirical covariance matrix esti-
mated from historical returns can be used directly as input for mean-variance optimization.
The fixed-income case is more problematic for several reasons. First, bond volatility is non-
stationary by construction. As a bond approaches maturity, its duration — and therefore
its price sensitivity to interest rate movements — declines mechanically. Therefore, the
volatility of a given bond decreases over time, even in the absence of any change in the
underlying risk environment. For example, a newly issued 35-year bond is significantly more
volatile than a 5-year bond. Yet, thirty years later, this bond has a remaining maturity of
five years and behaves, in terms of interest rate sensitivity, essentially like a 5-year bond.
This convergence of volatility toward zero at maturity is unique to fixed income and has no
analogue in the equity world, where risk characteristics are often assumed to be relatively
stable over moderate time horizons. As a result, a covariance matrix estimated from the
historical returns of a fixed set of bonds becomes increasingly irrelevant as the bonds age.
Moreover, this issue is exacerbated by the continuous turnover of the bond universe as se-
curities mature and are replaced by new issuances. Second, the correlation structure among
bonds is considerably more complex than in the equity case because it reflects several distinct
and overlapping sources of co-movement. It is important to distinguish between intra-factor
correlations, such as correlations among interest rates across maturities and currencies, cor-
relations among credit spreads across sectors and rating categories, and correlations among
default times, as well as cross-factor correlations between interest rates, credit spreads, and
default times. These different correlation layers do not contribute equally across a bond
investment universe, and their relative importance shifts markedly with credit quality. For
high-quality sovereign bonds rated AAA, interest rate correlation dominates. For investment
grade bonds rated in the BBB range, credit spread correlation becomes the primary driver.
For high yield bonds rated CCC, the correlation structure is dominated by the dependence
between default times. Finally, the third challenge is the implementation and execution
of an optimized bond portfolio. Portfolio optimization produces a model portfolio, where
exposures are expressed as weights or percentages of the portfolio value. However, to imple-
ment this model in practice, it must be translated into an investable (or tradable) portfolio.
This process is considerably more complex for bonds than for equities for two main reasons.
First, the minimum investment size for a bond is typically much larger than that for a stock.
Concepts such as minimum tradable amounts and lot sizes play a critical role in bond port-
folio construction, while one can generally buy a single share of any stock. Consequently,
converting an optimized portfolio into an investable portfolio using rounding techniques is
significantly more complex for bonds than for equities, and may result in large deviations
from the theoretical optimum. Second, a significant proportion of bonds cannot be readily
traded due to liquidity constraints. Unlike the stock market, the bond market is predomi-
nantly buy-and-hold. Many bonds, once absorbed by long-term investors at issuance, rarely
trade again in the secondary market. This illiquidity means that the investable universe
available to a portfolio manager may differ substantially from the theoretical universe used
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to construct the model portfolio. These three challenges (the estimation of expected return,
the non-stationarity of the risk structure, and the discrepancy between model and investable
portfolios) explain why bond portfolio optimization has remained less developed than equity
and multi-asset portfolio optimization.

The recent development of active fixed-income ETFs has generated renewed interest in
bond portfolio optimization for several reasons. First, active ETFs are subject to trans-
parency requirements that obligate managers to regularly disclose their holdings. This cre-
ates a need for disciplined, systematic, and repeatable portfolio construction processes. Sec-
ond, since active ETF managers are evaluated against a benchmark, tracking error becomes
a central and measurable concern that must be controlled in real time. Third, the market-
making mechanism of ETFs introduces additional complexity. Authorized participants and
market makers must efficiently create and redeem ETF shares. This imposes constraints on
liquidity, lot size, and minimum tradable amount, which are naturally handled within an op-
timization framework. Fourth, the rapid growth of active fixed-income ETFs has intensified
competition among managers, creating pressure to combine multiple sources of systematic
alpha rather than relying on discretionary bond picking alone. Taken together, these factors
suggest that the industrialization of active bond management through the ETF wrapper
makes bond portfolio optimization increasingly useful.

This paper is structured as follows. Section Two is dedicated to bond portfolio opti-
mization. We first discuss the application of the traditional mean-variance framework to
an investment universe of individual bonds. Then, we identify several issues that make
this setting fundamentally different from the equity case. First, an empirical covariance
matrix poorly measures the risk of a bond portfolio, because volatility and correlation are
non-stationary and depend on maturity and credit spread. Second, the structure of a bond
investment universe differs markedly from those of equity or multi-asset investment uni-
verses. In particular, practitioners are highly sensitive to universe clustering and the notion
of buckets. In equity markets, substituting one stock for another is generally difficult, since
two companies remain distinct even when they operate under similar business models. This
is less true for bonds. When a cluster or bucket is well-defined — for instance, AA-rated
bonds in the utility sector with maturities in the 3-5Y range — substitution across securities
becomes considerably more feasible. Third, we present the core optimization problems, with
and without a benchmark. We consider both the £;- and £o-norm formulations and show
how they can be solved with linear programming and quadratic programming, respectively.
Fourth, we turn to more advanced bond optimization problems, with particular attention
to the active share, which is an important and widely used metric in bond portfolio man-
agement. We also examine the distinction between model and investable portfolios, and
illustrate how minimum tradable amount and lot size constraints introduce significant com-
plexity when seeking an implementable optimal solution. Section Three presents a series of
applications. We begin by illustrating the difference between £;- and £s-norm risk measures
and their impact on the optimal bond portfolio in the context of a two-factor risk model.
Then, we consider a more complex risk model — the Barra fixed-income multi-factor risk
model — and compare it with the £;- and £>-norm solutions. We illustrate the differences in
the corresponding efficient frontiers, and show the impact on tracking error volatility. The
third part of Section 3 is devoted to active management, for which we develop a model of
excess returns based on carry, rolldown, and repricing. We show how a portfolio manager’s
confidence in his views affects the optimized solution and shifts the efficient frontier. The
fourth part addresses the classic problem of portfolio decarbonization, while the fifth part
examines the impact of different clustering and bucketing methodologies on portfolio con-
struction. The sixth and final part of Section Three illustrates the practical challenges of
constructing investable portfolios. Section Four concludes.

10
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2 Bond portfolio optimization

2.1 Traditional mean-variance optimization

When we think about portfolio optimization, we almost always think of the mean-variance
optimization (MVO) model introduced by Markowitz (1952). Consider an investment uni-
verse of n assets. The modern formulation of MVO is:

1
w* = arg min inEw —yw' (p—7rly) s.t. w € Q (1)

where p and ¥ denote the vector of expected returns and the covariance matrix of asset
returns, r is the risk-free rate, and + is the investor’s risk tolerance. The set 2 defines
the investment opportunities and the technical constraints. For instance, in the case of a
long-only portfolio, we have ) = {w >0,:1w= 1}.

This type of optimization is widely used when working with an equity investment uni-
verse or a multi-asset investment universe. It is also applied to other asset classes, such
as currencies, futures, or commodities. In this framework, risk is measured using the co-
variance matrix, which incorporates two dimensions: specific risk, captured by volatilities,
and dependence or co-movement risk, captured by correlations. According to Perrin and
Roncalli (2020), the success of mean-variance optimization is partly explained by the fact
that Problem (1) can be formulated as a quadratic programming (QP) problem, which is
relatively easy to solve numerically®. Moreover, the mean-variance optimization problem
can be extended in a straightforward manner to more complex formulations that remain
quadratic programming problems. For example, transaction costs, turnover management,
and index sampling can be incorporated into MVO models and still preserve the QP struc-
ture through the use of augmented variables. Another common extension is mean-variance
optimization relative to a benchmark. In this case, portfolio return is replaced by portfolio
excess return, and the optimization problem becomes?:

1
w*:argmini(w—b)TZ(w—b)—y(w—b)—ru s.t. w € (3)

where b denotes the weight vector of the benchmark. Problem (3) is extensively used in the
ETF industry, index replication, tilted portfolio construction, and active management with
low tracking error. In particular, it has been the backbone of many ESG and climate-related
portfolios, especially CTB and PAB solutions (Le Guenedal and Roncalli, 2022; Barahhou
et al., 2022; Roncalli, 2026).

Interestingly, the application of mean-variance optimization to fixed-income investment
universes is relatively uncommon. When it is used, it is typically applied to aggregates such
as bond baskets, bond futures, bond funds, or maturity buckets, rather than to individual
securities. For example, mean-variance optimization may be implemented on an investment
universe structured by maturity segments, typically 1-year, 1-3 year, 3-5 year, 57 year,
7-10 year and 10+ year bands. In the academic literature, bond portfolio optimization has
not been extensively studied. When it is addressed, the scope of applications is generally
limited and often diverges from the practical concerns of professional investors (Konno and
Watanabe, 1996; Korn and Koziol, 2006; Puhle, 2008; Caldeira et al., 2016).

8 A quadratic programming problem is an optimization problem with a quadratic objective function and
linear inequality constraints:

1
z* = argmin 5ITQQE —z'R (2)
st. Sz <T

Problem (1) is solved by setting @ =¥ and R =~ (u — rln).
9We obtain a QP problem by setting Q = ¥ and R = b + ypu.

11
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2.2 Issues with fixed-income securities

In this section, we review the key challenges of implementing portfolio optimization with
fixed-income securities. In particular, we focus on three primary issues: volatility risk,
correlation risk, and the investment universe.

2.2.1 Volatility risk

In the Markowitz framework, covariance risk plays a central role. In general, we assume
that asset returns follow a multi-factor risk model:

R(t)=a+BF(t)+e(t) (4)

where R (t) = (Ry (t),..., Ry (t)) is the vector of asset returns, F (t) = (F1 (t), ..., Fm (t))
is the vector of risk factors, and e (t) = (e1(t),... e, (t)) is the vector of idiosyncratic
risks. The loading matrix B contains the beta coefficients: B = (; ;) where i € {1,...,n}
and j € {1,...,m}. We generally assume that F (¢) ~ N (¢,Q), € (t) ~ N (0,, D) and
F (t) Le (t). Under these assumptions, the covariance matrix of asset returns is given by:

¥ =BOQB" +D (5)

In practice, the covariance matrix ¥ is unknown and must be estimated. In mean-variance
optimization, it is typically replaced by the historical covariance matrix, i.e, the empirical
covariance matrix 3 or the factor-based covariance matrix BQBT + D. Both approaches
assume that asset returns are stationary, at least over a recent time interval [t — h, t], where
h is the time window used to calibrate the parameters of the risk model'?. Stationarity is
then a key assumption for implementing optimization problems (1) and (3).

Spot volatility The main difficulty with bonds is that the standard factor model (4) is
not valid for such securities. For instance, in a two-factor model with interest rate and credit
risk!!, the return of a bond can be approximated as:

A.S'i (t)
S (t)

where MD; (¢) and DTS; (¢) are the modified duration and the duration times spread of the
bond, respectively. The stochastic component ¢; (¢) is the idiosyncratic component and we
denote by &; the specific volatility. In this case, the volatility of the bond return is given by
the formula:

= \/MD? (t) 02 + DTS (t) 02, + 7 (7)

Over a relevant time horizon, it is reasonable to assume that interest rate, credit spread
and idiosyncratic volatilities o, o,; and 0; are approximately stationary. However, this
assumption is not valid for the factor loadings MD; (¢) and DTS; (¢). The modified duration
and the duration-times spread decreases over time, while the duration times spread increases
with the credit spread s; (¢). For instance, in the case of a zero-coupon bond, we have:

MD; (t) = T; — t

10Tn practice, professionals typically use a one- to three-year time window for equities, a one- to five-year
window for multi-asset classes, and a one- to twelve-month window for absolute return strategies based on
futures.

HThis model is presented in Appendix B.2 on page 90.

12
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where T; is the maturity date of the zero-coupon bond. By ignoring the specific component,
we can consider two limiting cases:

1. If credit risk is negligible relative to interest rate risk, we obtain:
o; (t) = Tyop — to,

The bond volatility is maximum at the issuance date and decreases linearly to zero as
maturity approaches (t — T;).

2. If the interest rate risk is negligible relative to the credit risk, we obtain:
oi (t) = (Ti = 1) 5i (t) 0

With respect to time, the same qualitative conclusion holds. Volatility declines linearly
as maturity approaches. However, a key difference emerges. Bond volatility now
depends on the level of the credit spread s; (¢). While the volatility parameters o, and
0,,; can reasonably be treated as constant over short horizons (their impact being of
second order), the dependence on s; () is first order. As a result, bond volatility is
highly sensitive to the credit spread level, which is closely related to the risk-neutral
default probability. Assuming this quantity to be constant is therefore not appropriate.

Figure 1 shows the annualized volatility of a 50-year zero-coupon bond for different values
of the parameters: T; = 50, o, = 1%, s; (t) = 50bps, o,,; = 50% and &; = 0. As expected,
the volatility decreases over time and converges to zero as t — T;. Then, we consider two
alternative specifications (o, = 2% and s; (t) = 250 bps) and illustrate their respective effects
on the volatility o; (¢). In a similar way, Figure 2 shows the impact of the credit spread on
the volatility of a 10-year zero-coupon bond'2.

In practice, bond volatility depends on both the interest rate factor and the credit factor.
For highly-rated sovereign bonds, the interest rate contribution is the dominant driver. For
corporate bonds, particularly those with lower credit ratings, it is the credit risk that tends
to dominate. We illustrate these effects with two examples. In Figure 3, we consider the
German Bund 6.5% July 2027, issued in July 1997 (ISIN: DE0001135044). This bond is of
particular interest given its original maturity of 30 years. We compute the historical volatil-
ity from bond prices using a rolling window of 260 trading days (one year), and report the
corresponding linear regression against time. As expected, the relationship is decreasing.
Thirty years ago, the historical volatility was close to 10%, reflecting the long remaining
maturity. By 2026, however, it has fallen below 2%, consistent with a remaining maturity of
less than two years. This clearly illustrates how time to maturity drives volatility. However,
certain periods cannot be fully explained by the duration factor alone. For instance, the
2008-2013 period was marked by the European sovereign debt crisis. This explains that
the realized volatility exceeded the model-implied volatility obtained from the zero-coupon
formula based solely on the interest rate risk factor. Similarly, Figure 4 shows the volatility
of the Walmart bond 4.875% September 2029 (ISIN: XS0453133950). Once again, the linear
regression confirms the expected decreasing slope. We also report the model-implied volatil-
ity from the zero-coupon formula based solely on the credit risk factor. The two curves
are strongly correlated except during the 2020-2024 period, when interest rate risk becomes
material due to increased interest rate volatility. Taken together, these examples demon-
strate that bond volatility is governed by two time-varying bond characteristics — modified
duration and duration times spread — and two market volatility factors — interest rate
volatility and credit spread volatility. Any factor model for bonds must account for these
features.

12We assume that the credit spread follows a geometric Brownian motion with s; (0) = ps,s = 200 bps and
os,i = 50%, while ¢, = 1% and &; = 0.
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Figure 1: Impact of the modified duration and the parameters o, and s; (t) on the volatility
of a zero-coupon bond
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Figure 2: Impact of the modified duration and the credit spread on the volatility of a
zero-coupon bond
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Figure 3: Volatility of the German Bund 6.5% July 2027 (ISIN: DE0001135044)
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Figure 4: Volatility of the Walmart bond 4.875% September 2029 (ISIN: XS0453133950)
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Window (or historical) volatility Because the bond return R; (£) ~ N (0,0; (t)) is not
stationary, the bond volatility over the period [t1, 2] depends explicitly of the endpoints ¢
and to:

01 (t1,t2) = \/MDZ (1, £2) 02 + DTS? (11, 1) 02, + 52 (8)

where MDZ2 (t1,t2) and DTS? (t1,t2) are the time average of the squared modified duration
and squared duration times spread over the period [t1,%2]. In the case of a zero-coupon
bond, we have:

1
MD (t1,t2) = (Ti — t2 = 1) Ty + 5 (83 + tota +17)
DTS; (t1,t2) = T2s? (t1,t2) — 2Tits? (t1,t2) + 257 (1, t2)

where s2 (t1,t2), ts2 (t1,t2), and 252 (t1,15) are the time average of s2 (), ts? (t) and t252 (t).
Assuming that ¢ > ¢t and h’ # h, we obtain the following properties:

O'i(t,t—Fh) #Uz(t—Fh)
oi (t,t+h)#o; (¢, 8 +h)
o; (t,t+h)#o; (t,t+ 1)

The first property means that the window (or historical) volatility differs from spot volatility.
In particular, if we assume that the parameters are constant, we find that o; (t +h) <
o; (t,t+ h). On average, the historical volatility tends to overestimate the spot volatility.
The second property implies that the window volatility is also time-dependent. For example,
the one-year rolling volatility is not stationary. The third property highlights the dependence
of the historical volatility on the window length. For instance, a one-year historical volatility
generally differs from three- or five-year measures. On average, we deduce that the historical
volatility is an increasing function of the window length.

Table 1: Bias of the window volatility o; (¢t — h,t) with respect to the spot volatility o; (¢)

Increasing spread

1Y oY 10Y
-0.9% —6.0% -13.1%
0.6% 0.8% —2.9%
2.7% 11.0% 15.3%
81%  36.5% 61.3%
10.7%  48.9% 83.5%
14.9%  69.5% 120.5%
23.5% 111.1%  194.4%
49.9% 237.2%  417.2%
104.0% 491.8%  864.2%

+00 +00 +00

Decreasing spread

1Y 5Y 10Y

10.0 4.7%  25.9% 57.3%
15.0 6.2% 34.4% 78.0%
20.0 8.7% 50.7% 119.4%
25.0 14.9% 94.0% 237.4%
26.0 17.7%  113.8% 292.8%
27.0 | 221% 145.7%  382.2%
28.0 31.0% 207.6% 554.9%
29.0 58.5% 391.2% 1059.4%
29.5 | 115.6% 759.0% 2058.0%
30.0 400 400 400

t

T
|
|
}
+
|
|
|
|
|
|
|
|
|
|
|
|
|
|
L

To illustrate the behavior of window volatility relative to spot volatility, we consider a
30-year zero-coupon bond. We assume o, = 30 bps, o,; = 75% and &; = 0. We compute
o; (t) and o; (t — h,t) for three window lengths h: one, five and then years. Figure 5 shows
the volatilities when the credit spread decreases linearly from 200 bps at inception date to
10 bps at maturity date, while Figure 6 shows the case where the credit spread increases
linearly from 10 bps to 200 bps over the same period. We have also reported the relative
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Volatility (in %)

Figure 5: Window and spot volatilities (decreasing spread)
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Figure 6: Window and spot volatilities (increasing spread)
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bias'? of the window volatility in Table 1. The first case highlights a systematic lag between
window volatility and spot volatility. The second case is more nuanced. For short maturities
(the last ten years), the same lag is observed. For longer maturities (the first twenty years),
however, the ordering of window volatilities is no longer monotonic. This is because the
duration effect is offset by the increase in the credit spread. In both cases, the relative bias
is largest for short maturities, and we get:

0 (t — ha t)

A L
o

The previous results have some implications for portfolio management. While it is com-
mon practice to estimate equity volatility using long historical windows, a shorter window
is generally more appropriate for individual bonds. This difference stems from the non-
stationary nature of bond volatility, which depends on time-varying factors such as duration
and credit spreads. In equity markets, volatility is often assumed to exhibit mean reversion,
which justifies the use of long estimation windows — typically one to three years — to obtain
stable and representative measures. An exception is when considering the derivatives mar-
ket or intra-day trading where equity volatility is better estimated using GARCH processes.
By contrast, for individual bonds, volatility is largely driven by deterministic components
linked to time to maturity. As a result, past observations over long horizons may not be
representative of current or future risk. Using long windows for bonds therefore introduces
a bias, as historical volatility tends to overestimate spot volatility and may obscure recent
dynamics. Shorter windows, on the other hand, are better suited to capturing the current
risk profile of the bond. More generally, the notion of volatility mean reversion, which is
central in equity markets, does not directly apply to individual bonds. Bond volatility does
not fluctuate around a stable long-term level but evolves structurally over time, reflecting
the bond’s aging.

2.2.2 Correlation risk

For equity portfolios, the standard practice is to use the covariance matrix (5) derived from
multi-factor models. For instance, in the case of CAPM, the risk factor is the return of the
market portfolio, and the covariance matrix is equal to:

Y =0236" +D (9)

where 8 = (81, ..., 8n), Bi is the (traditional) beta coefficient of stock ¢ and o, is the market
volatility. More sophisticated factor models can be used to incorporate size, value, momen-
tum, and other risk factors. It is generally assumed that the risk factors are uncorrelated,
and Equation (5) becomes:

S=0nB88" +> o8B + D (10)

=2

where ;) and o(;) are the vector of sensitivities and the volatility with respect to the jth
risk factor.

The same approach can be used for fixed-income securities, with the key distinction that
the sensitivities are time-varying:

S()=BHQB{#) +D (11)

13The bias is defined as the ratio (o; (t — h,t) — 0 (t)) /o; (t) and is expressed in %.
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For instance, in the case of the two-factor model, we obtain the following covariance matrix'4:

S (t) = o2MD () MD () + (DTS (1) @ 0,) © p, © (DTS () ©0,) | + D
It follows that the bond correlation is a linear combination of three correlations!®:
Pii (t) = @rij () priij + @5 (t) psisj + i jPig (12)
where p,; ; =1, ps;; € [0,1] and p; ; = 0 for all i # j.

Figure 7: Bond correlation
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Using the previous framework, we can show that:

apléi]t(t) <0 and tlir% pi; () =0
This implies that bond correlation is an increasing function of time to maturity, and vanishes
as maturity is approached. Therefore, it tends to be higher for long-maturity bonds and
lower for short-maturity bonds. This property is illustrated in Figure 7 using the following
parameters: o, = 5, = 5; = 0; = 6; = 50 bps, 0,; = 0,; = 50% and p,;; = 50%. The
relative contributions of interest rate, credit, and idiosyncratic risks determine the overall

14See Appendix B.2.4 on page 93.
15The weighting coefficients are:
o2
W, g g (t) = —Tr MDZ (t) MDJ (t)
W0 00
5,195s,]
s = ——=—DTS; (¢t) DTS, (¢
Ws,iyg U'i~(t20'j ) i (1) 5 (1)
Gi0j

i (t)oj (t)

Wi,j =
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level of bond correlation. High interest rate risk tends to push bond correlation toward one'6,

high idiosyncratic risk tends to push bond correlation toward zero'”, while high credit risk
tends to align bond correlation with credit correlation'®. These dynamics explain why bond
correlation behaves differently across sovereign, corporate, and high-yield bonds, and why
it varies over time depending on the dominant economic regime.

Remark 1. This property can be illustrated by considering three fized-income universes™ :

government bonds, investment-grade corporate bonds, and high-yield bonds. For each uni-
verse, we compute the one-year covariance matriz and perform a principal component anal-
ysis. Figure 8 shows the proportion of total variance explained by the first principal com-
ponent. For government bonds, the first principal component explains approzimately 95%
of the variance, for investment-grade corporate bonds, about 80%, and for high-yield bonds,
only 30%. The number of significant principal components, defined as those explaining more
than 1% of the total variance, is equal to 2, 7 and 11, respectively. Therefore, only two
common factors are needed to model US government bond returns from May 2025 to April
2026, whereas the universe of the US high yield bonds requires 11 independent risk factors.
These empirical results have two main implications. First, the underlying risk structure is
more complex for high-yield bonds than for government and investment-grade bonds. Second,
idiosyncratic risk cannot be ignored in the high-yield universe.

Figure 8: Proportion of total variance explained by principal components
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or is set to 200 bps.
&; and G; are set to 200 bps.

18, and sj are set to 500 bps.

19We use the ICE BofA USD indices and filter US-domiciled securities. As of April 2026, we have 244 US
govies, 7382 US investment-grade corporate bonds and 1274 US high yield bonds.
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2.2.3 Investment universe

One major difference between equity and bond investment universes is the number of se-
curities they contain. In equity indices, the relationship between issuers and securities is
generally close to one-to-one, with one company corresponding to one listed stock. For
example, the CAC 40 and the DAX are the main French and German equity benchmarks.
Each index tracks the performance of the 40 largest listed companies in its respective market,
and is therefore composed of exactly 40 stocks, each representing a single share class issued
by a company. However, there are a few exceptions. Some companies issue multiple listed
share classes with different voting rights or ownership structures. The most notable exam-
ple is Alphabet, which has two listed share classes with different ticker symbols: GOOGL
and GOOG. GOOGL corresponds to Class A shares, which carry voting rights under a
one-share-one-vote structure, whereas GOOG corresponds to Class C shares, which have
no voting rights. As a result, while the S&P 500 is designed to represent the 500 largest
US companies, it typically contains between 503 and 506 stocks because some firms have
multiple listed share classes.

Bond indices differ fundamentally because the one-issuer-one-security rule does not ap-
ply to fixed-income instruments. A single issuer can have dozens, or even hundreds, of
outstanding bonds. For instance, governments typically maintain continuous issuance pro-
grams covering multiple maturities, coupon structures, and issuance dates. The same logic
applies to financial institutions and corporate issuers, which often issue bonds across differ-
ent currencies, maturities, seniority levels, and regulatory formats. As a result, the number
of securities in a bond index is, on average, far greater than in an equity index covering a
comparable investment universe (Table 2). For example, the MSCI EMU Index contains
fewer than 250 stocks, whereas the ICE BofA EUR Corporate Index includes more than
4000 individual bonds.

Table 2: Size of some common equity and bond indices

Equity | Fixed-income
Index name Size ! Index name Size Issuer
Eurostoxx ~ 250 | ICE BofA EUR Corporate ~ 4500 ~ 850
FTSE Global AC ~ 9000 : ICE BofA USD Corporate ~ 11500 =~ 1400
MSCI ACWI ~ 2900 | ICE BofA Global Corporate ~ 20000 = 2500
MSCI ACWI IMI ~ 9000 : ICE BofA Global High Yield ~ 3200 = 1500
MSCI EM ~ 1400 | ICE BofA USD High Yield ~ 1900 ~ 840
MSCI EMU ~ 240 : Bloomberg Global Aggregate Bond ~ 32000 = 3200
MSCI USA ~ 620 | Bloomberg Euro Aggregate Bond ~7900 =~ 1120
MSCI World ~ 1500 : Bloomberg US Aggregate Bond ~ 14000 = 1150
NIKKET 225 225 , JPM EMBI Global Diversified ~ 1050 ~ 150
Russell 1000 1000 ' JPM GBI-EM Global Diversified ~ 440 20
Russell 3000 3000 : iBoxx Euro Corporates ~ 4200 775
S&P 500 500 ' FTSE World Government Bond/WGBI ~ ~ 1430 26
STOXX Europe 600 600 : FTSE EMU Government Bond/EGBI =~ 425 10
TOPIX ~ 2000 ' FTSE EM Government Bond/EMGBI ~ 350 16

Source: Bloomberg, Factset & Authors’ research.

This structural difference between the equity and bond universes has two important con-
sequences for portfolio optimization. First, the dimensionality of the optimization problem
is much larger in fixed income than in equities. A bond portfolio manager may need to opti-
mize allocations across thousands of securities rather than a few hundred stocks. Traditional
quadratic programming techniques, which are standard in equity portfolio optimization, can
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be computationally expensive or numerically unstable in bond applications. For this reason,
alternative formulations, such as linear programming, are frequently used in fixed-income
portfolio management. Second, the statistical properties of bond universes present a greater
challenge. Since multiple bonds are issued by the same borrower and are driven by same
risk factors, many securities exhibit high correlations. Consequently, the covariance matrix
of bond returns often contains groups of securities with correlations close to one?’. This
creates significant numerical difficulties. Thus, the covariance matrix is generally less well-
conditioned for bonds than for equities due to the high dimensionality of the investment
universe and the strong comovement among bonds issued by the same entity. In practice,
this means fixed-income portfolio construction often requires regularization techniques to
achieve a stable solution (Bruder et al., 2013).

2.3 Alternative specifications of bond portfolio optimization

Unlike equity portfolios, where risk is generally assessed through volatility and correlation
alone, the previous analysis shows that this approach is too restrictive for bond portfolios.
Since bond risk is multi-dimensional by nature, bond portfolio construction is typically more
complex, aiming to capture additional sources of risk beyond volatility. These may include
measures such as modified duration, duration times spread, and liquidity metrics. In this
framework, maturity risk, credit risk, and liquidity risk complement traditional volatility
risk.

Another key difference from equity portfolio construction, which usually relies on an ag-
gregate portfolio risk measure, is that bond portfolio construction generally uses a clustering
approach. Specifically, the bond universe can be divided into groups based on characteristics
such as currency, sector, credit quality and maturity band. The cluster (EUR, Financials,
AAA to A—, 1Y-3Y), for example, represents euro-denominated bonds issued by financial-
sector entities with credit ratings above A— and maturities ranging from one to three years.
In this sense, a cluster can be viewed as a generalisation of the sector concept, incorporating
multiple characteristics simultaneously. The multi-dimensional nature of risk and the use
of clustering are ultimately the main features that differentiate bond portfolio construction
from equity portfolio construction. In practice, however, the distinction between the risk
dimension and the clustering dimension is somewhat artificial. For instance, both credit
rating-based clusters and duration times spread relate to credit risk. As a result, some
overlap may arise between risk optimisation and cluster matching.

2.3.1 Clustering

As said previously, clustering constitutes the backbone of bond portfolio optimization. In
practice, it is extremely rare for portfolio managers to implement an optimization framework
without introducing objectives or constraints related to predefined groups of securities. This
reflects the inherently multi-dimensional nature of bond risk, which cannot be adequately
captured by aggregate portfolio statistics alone. Clustering offers a structured approach to
control exposures across critical dimensions such as currency, sector or credit quality.

Partition vs. overlapping clustering In fact, we distinguish between two types of
clustering. Let & = {1,...,n} be the bond investment universe. We denote by G; the j*!

20Previously, we found that the first principal component explained 81% of the total variance in the ICE
BofA US IG Corporate Bond universe. However, this estimate was overestimated by the presence of multiple
securities issued by the same companies. After correcting for this issuer concentration bias, the proportion
of variance explained falls to approximately 60%—70%.
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cluster (or group) of bonds. We introduce the delta notation:

i |1 ifieg;
5“3_]1{26%}_{ 0 ifigg,
The first form of clustering corresponds to a partition of the investment universe. In this
case, the clusters are mutually exclusive and collectively exhaustive. This means that each
bond belongs to one and only one cluster, while the union of all the clusters reconstructs
the full investment universe. Mathematically, a partition P is defined as follows:

P—{gj:U:igj—5/\gjﬂgj/—[2)f0rj7éj’}

This implies that Z?gl 0;,; = 1 for all i € £. Examples of partition-based clustering include

classifications credit rating buckets or maturity bands.

Besides partitions, the second type of clustering is overlapping clustering, in which a
bond may belong to multiple groups simultaneously. This occurs naturally when clusters
represent non-exclusive characteristics. For example, consider two binary characteristics:
Euro-denominated (EUR vs. non-EUR) and Financial sector (FIN vs. non-FIN). Under a
partition framework, the investment universe is divided into the four clusters: EURXFIN,
non-EURXFIN, EUR xnon-FIN, and non-EUR xnon-FIN. By contrast, under an overlapping
clustering framework, the same universe is represented by four independent groups: EUR,
non-EUR, FIN and non-FIN. In this case, a bond belongs to several clusters simultaneously.
For instance, a euro-denominated financial bond belongs to both the EUR and FIN groups.

Clustering-based risk contribution and score Let Mj; denote the kR metric (or
feature) of bond ¢. The portfolio score with respect to metric k is equal to the weighted
average of the individual metrics:

Sk (w) = Mk (w) = ZwiMk,i
i=1

The contribution of cluster G; to the portfolio score is defined as follows:

n
Cik (w) =Y wiMy; =Y wibi ;M
1

i€G; i=

where 6; ; = 1 {z € Qj}. Under a partition framework, the sum of contributions is exactly

equal to the portfolio score?!:

ng n
D Cin(w) = wiMy,; =S (w)
j=1 i=1
Alongside the cluster contribution, one may also consider the cluster score:

. . n
>ieg, WiM i wibs My

Sjk (w) = =
! Yieg, Wi D1 Wi
21'We have:
ng ng n n ng n
S Cin )= > widi My =Y wi | Y 8ij | Mpi=» wiMy,;
Jj=1 Jj=1i=1 =1 Jj=1 =1
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Let w; = >, w;d; ; be the total weight of cluster G;. It follows that > 1 | w;6; jMy,; =

Sjk (w) >, w;d; ;. We can therefore deduce that the global score at the portfolio level is

the weighted average of the cluster scores??:

ng

Sk (w) = ZwiM;m- = ijSj,k (w)
i=1 j=1
By combining the two decompositions, we obtain the following identity:
ng ng
Sk (w) = Cjp(w) = > w;S;x (w)
j=1 j=1

Portfolio matching involves constructing a portfolio that satisfies pre-defined targets, based
on cluster contributions:

(CjJC (w) ~ (C;,k = Zwiéi’ij’i — (C;‘(,k ~0 (13)
=1
or on cluster scores:
Sj’k (w) I S;k = Zwiéi,j (‘2\4}“Z — S;,k) ~0 (14)
i=1

Table 3: Characteristics of the investment universe (Example #1)

Bond #1  H#2 #3  H4 H#5 H6 H#HT O #8 #9
w; (in %) 21 19 16 12 11 8 6 4 3
MD; (in years) 3.16 6.48 3.54 9.23 6.40 230 812 7.96 5.48
DTS; (in bps) 107 255 75 996 289 45 620 285 125
Cluster 1 1 1 2 2 2 3 3 3

The modified duration and the duration times spread are certainly the two most used
risk metrics in fixed-income management. In the sequel, we denote the contributions as
Cwmp,; (w) and Cprs,; (w), and the scores as MD; (w) and DTS; (w) (or Sup,; (w) and
Sprs,; (w)). Let us illustrate these concepts with the example described in Table 3. The
investment universe consists of nine bonds. For each bond, we have indicated its weight w;,
its modified duration MD; expressed in years, and its duration times spread DTS; expressed
in basis points. The investment universe is also divided into three clusters Gy, G5, and G3. In
Table 4, we report the weight, contribution and score of each cluster. For instance, the first
cluster has a weight of 56%, a contribution of 45.35% to the portfolio MD and 28.58% to the
portfolio DTS. The MD and DTS scores for the first group are 4.39 years and 148.07 bps,
respectively. At the portfolio level, we have MD (w) = 5.43 and DTS (w) = 290.18. This
example highlights how the decomposition of portfolio exposures across groups of bonds
provides a more granular view of risk allocation than portfolio-level statistics alone.

22We have:
n ng n ng n ng
E wl-Mk’i = E E wi5i7ij,i = E Sj,k (w) E wl5w = E ijj,k (w)
i=1 Jj=1li=1 j=1 i=1 j=1
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Table 4: Weight, contribution and score of each cluster (Example #1)

gj w; Cup,j (w) Swp,j (w) Cors,; (w) Sprs,; (w)
(in %) (inyears) (in %) (in years) (in bps) (in %) (in bps)
G1 56.00% 2.46 45.35% 4.39 82.92 28.58% 148.07
Go 31.00% 2.00 36.77% 6.44 154.91 53.38% 499.71
Gs 13.00% 0.97 17.87% 7.46 52.35 18.04% 402.69
w  100.00% 5.43 100.00% 5.43 290.18  100.00% 290.18

2.3.2 Basic optimization problems

Without a benchmark We consider a generalization of the mean-variance framework
defined by Equation (1):

w* = arg min %R (w) — yp (w) (15)

where R (w) and p (w) are the risk measure and expected return of the bond portfolio w,
respectively. Since the risk of a bond portfolio depends on several factors, we assume that
R (w) is a linear combination of individual risk measures:

R (w) = Z o Ry (w)
k=0

where ¢ > 0 are non-negative weighting coefficients. The first risk measure corresponds
to the portfolio variance: Rg (w) = 02 (w) = w ' Yw, while the other risk measures Ry, for
k > 1 are associated with a specific metric or feature. More specifically, the £s-norm risk
measure Ry, (w) is defined as:

2

ng ng n
R (w) = Z ((ijk (w) — (C;‘-,k>2 = Z Zwi5i,ij,i - (C;‘:k
i=1 j=1 \i=1

where C;j, (w) is the contribution of cluster G; with respect to metric k and C7, is the
corresponding target value. In a similar way, we decompose the expected return as follows:

) =S G ()
k=0

where ¢, > 0 are non-negative weighting coefficients, and py, (w) is the k" alpha source.
The first alpha source corresponds to the portfolio carry: pg(w) = C(w) = Y1 w;C;.
The remaining alpha sources are assumed to be linear with respect to the portfolio weights:

i (w) = >0 wiay; for k > 1, where ay; denotes the kth alpha signal for bond 1.

Remark 2. An alternative specification of the risk measure replaces cluster contributions
by cluster scores. In this case, we have:

2
ng ng n
Ry (w) = Z (ijj’k (w) —w; ;k)z = Z Zwi&,j (Mk,i - ;k)
= j=1 \i=1

The coefficient w; is introduced to take into account the relative importance of the clusters.
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Let us illustrate some basic optimization problems based on the previous framework. If
we assume that ¢ = ¢, = 0 for £ > 1, we obtain the carry-volatility optimization problem:

1
w* = arg min éwTEw —~C (w)

If we assume that ¢y = 0 and the two risk dimensions are the modified duration and the
duration times spread, the objective function is maximizing the carry of the portfolio under

a risk decomposition constraint?*:
PMD 2 DTS 2
wo= argmin SR Y (@MDJ (w) — MD;) + By (CDTSJ (w) — DTs;) —C(w)
j=1 j=1

~ argmaxC (w) s.t. w € )
where MD; and DTS; are the target values of the contribution, and the set € is defined as:
0= {w : Caip,y (w) ~ MDY, Cprrs ; (w) &~ DTSY, j = 1,.. .,ng}
Of course, the matching quality of MD and DTS contributions depends on the values of

emp and @pTs.

Remark 3. If My ; =1, the metric correspond to the weight of the §* group:

Weight; ( Z w; = z": w;d; ;
i=1

1€G;

In this case, we obtain:

This risk measure can be viewed as the €s-norm version of the active share applied to a set
of clusters with pre-defined weights w}.

With a benchmark We now consider that the investment strategy has a benchmark b,
and the objective of the portfolio manager is to minimize the active tracking risk. In this
case, Problem (15) becomes:

* = arg min %R (w]b) —yp(w]b) (16)

where R (w | b) and p (w | b) are the active risk measure and the expected excess return of
the portfolio w relative to the benchmark b, respectively. Again, we write R (w | b) =
SiE erRe (w | b) and p(w|b) = ", drpe (w|b). Because there is a benchmark,
the first risk measure becomes the tracking error variance: Ro (w|b) = o2 (w|b) =
(w—1b)" = (w— b), while we define the other risk measures Ry (w | b) as follows:

2

ng ng n
w|b Z Jk(b))2 Z; 2; _b)gz]Mkz
j=1 j i=

23Without loss of generality, we set v to one.
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This is equivalent to imposing a target value that is exactly equal to the benchmark metric:
(C;Jc =G, (b) = Z?:l bid; j My ;. Regarding the expected excess return, we consider the
n

excess carry o (w |b) = C(w]|b) = > (w; — b;)C;, while the other alpha sources are
defined as i (w | b) = >0 (w; — b;) o for k > 1.

Remark 4. In the case where we use the scores instead of the contributions, we obtain the
following formula:

2
ng ng n
Rk (w | b) = Z (’u}ij’k (U}) - ’LUij’k (b))2 = Z Zwiéi’j (Mk,z — Sj’k (b))
j=1 j=1 \i=1

Corresponding quadratic programming problems As explained by Perrin and Ron-
calli (2020), the success of a portfolio optimization method depends on several practical
considerations: its operational feasibility, the computational time required to solve the prob-
lem, how easily the input parameters can be estimated, and the speed of convergence of the
underlying algorithm. These considerations help to explain why many portfolio optimiza-
tion models — many of them developed in academia — have never been widely adopted by
practitioners, as they are often too complex to implement or computationally infeasible with
existing numerical methods. In this context, the success of the mean-variance optimization
model developed by Markowitz (1952) can be attributed to the relative simplicity of estimat-
ing or defining its inputs, particularly the covariance matrix, and the ability to efficiently
compute solutions through quadratic programming (QP). Following the same rationale, we
reformulate the basic optimization problems introduced previously as QP problems.

In Appendix B.5 on page 99, we show that the quadratic form of the objective function
without a benchmark is:

%R(w) —yp(w) = OF (w; Q, R, s)

where:
nr ng
Q=0oS+ > or Y (0;© M) (5 QMk)T
k=1  j=1
nr ng Ny
R = Z@kMkQZC;’k(Sj + v ¢0C+Z¢kak (17)
k=1 j=1 k=1
1 nr ng )
s=5> @) Cjy
k=1  j=1

If we use cluster scores instead of cluster contributions, the quadratic form is simplified and
we have:

Q= pos + f:% i (5]. © (Mk - Sh)) (5]‘ ® (Mk —~ S?,k))T
k=1 j=1

R=nv6oC+>_ drou

k=1

s=0
If we include a benchmark, the objective function becomes:

%R(w |b) —yp (w | b) = QF (w;Q, R, 5)
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where:
nRr ng T
Q= 9002-1-2%2(53' ® My,) (6; © My)
k=1  j=1
nR ng T om
R=goSb+> oy (6,0 M) (6; 0 Mi) b+ | ¢oC+ D drou
k=1  j=1 k=1
s = EQO bTEbﬁ-lisﬁkibT (5 @Mk) ((5 @Mk)TlH—’y 10} bTC'i‘i(ﬁkaOék
27 23 j=1 ’ ’ ’ k=1

(19)
In the case where we use cluster scores instead of cluster contributions, the quadratic form

1S:

nRr ng -
Q= poX + Z@k Z (5j ® (Mg, — Sjk (b))) ((5j ® (M, — Sj i (b)))
k=1  j=1
R = po¥b+ 7 | ¢oC + Z P (20)
k=1
1 -
s= icpngEb + | b C + ; dpbT ay

The previous framework can easily be extended to take into account £5-norm penalization
functions. For instance, if we incorporate the weight metric described on page 26, the
quadratic form of this penalization function is:

ng

P(w) = Z Zwl —wj

j=1 i€G;
ng
2
— TS, *
= E (w 5J—wj)
Jj=1

ng
_ Te T, T o *2
= gwéjéjw 2w 5jwj+wj
j=1

= QF w;Qi‘sjdy‘T’Qidjwﬂ*"iwf
j=1 Jj=1 J=1

If the reference weights are those of the benchmark, we have w} = 6]—-rb. When the weight
metric is applied to the individual securities instead of the clusters, we obtain:

P(w) = zn: (wi —b;)* = QF (w; 2I,,20b, bbT>
=1

This is a special case of the previous quadratic form with a partition corresponding to the
investment universe.
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The transformation of the objective function into a quadratic form helps to numerically
solve the optimization problem because we obtain a QP problem:
1
w* = argmin ngQw —w'R (21)
Aw=1B
s.t. Cw<D
w <z <wt

where the matrix () and the vector R are given by the quadratic form. In this framework,
imposing linear constraints becomes straightforward. A challenge arises, however, when con-
straints are formulated in terms of relative weights rather than absolute weights. Consider,
for instance, the portfolio decarbonization example discussed in Roncalli (2026, page 1048).
The carbon intensity of the ;" cluster is given by:

Yicg, wiCL; (6,0 Cl’)T w
CZ;(w) = — = 5T
Ziegj Wy i w

Imposing the constraint CZ; (w) < CZ7 is equivalent to the following inequality:

. (ecr) w
CZ;(w) < czj@’éTg ;
& (40cT) wez; (5] w)

J
& <5j@ (cz-cz;))ngo

.
Hence, the constraint can be written in canonical QP form with C' = <§j ® (CI — CI;))

and D = 0. The goal is therefore to systematically reformulate the optimization problem
into a canonical QP framework.

2.3.3 Extension to £;-norm risk measures

As explained previously, the number of bonds in the investment universe can be extremely
large, making the dimensionality of the optimization problem numerically challenging. In
particular, the matrix ) contains n? elements, implying a memory requirement of 8n? bytes,
or equivalently 8n2/1024% megabytes when stored in double precision. For n = 1000, 5000,
10000, and 30000, the size of the () matrix is approximately 7.8 MB, 191 MB, 763 MB, and
6.7 GB, respectively. In this context, computing a numerical solution becomes increasingly
challenging for large bond investment universes. Moreover, relying on a large covariance
matrix with millions of variance and covariance terms is questionable??, as portfolio risk is
generally driven by a limited number of systematic risk factors. For this reason, practitioners
often simplify the objective function by replacing £o-norm risk measures with £;-norm risk
measures. At first glance, such a transformation may appear to involve a substantial loss of
information. In practice, however, replacing a quadratic programming problem with a lin-
ear programming formulation significantly improves numerical tractability and enhances the
interpretability of the solution. Moreover, replacing the £3-norm with the £;-norm funda-
mentally modifies the geometry of the optimization problem and its financial interpretation.

24Tf p = 10000, we get 50 millions of variance and covariance terms, and the growth is quadratic —
doubling n multiplies the number of variance and covariance terms by 4.
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The €5 penalty is quadratic. It increases rapidly with the magnitude of each deviation, so
the optimizer is motivated to eliminate a small number of large mismatches. By contrast,
the £; penalty is linear. Each unit of deviation carries the same marginal cost regardless
of its size. This encourages the optimizer to spread residual risk evenly across all buckets.
In bond portfolio management, this distinction is financially significant. A portfolio with a
single large deviation in one bucket exposes the manager to significant directional risk. An
£1-optimized portfolio, on the other hand, tends to produce many small, diversified devia-
tions across buckets. This is why we observe that the impact of parameter changes on the
optimal solution is generally more transparent and predictable within this framework.

Without a benchmark The £;-norm optimization problem is closely related to the £5-
norm optimization problem. We have:

1
w* = arg min 572 (w) — yp (w) (22)
where R (w) is now defined as an £;-norm risk measure, while the expected return of the bond

portfolio remains the same®>. Again, the aggregate risk measure is expressed as R (w) =
>orZo ¢k Ry (w), where the individual risk measures Ry, for k > 1 are defined by:

ng ng n
Ric(w) = 3| Ci (w) = T = S| D7 widsMas — 5
j=1

j=1|i=1
or by:
ng ng n
R (w) = 3 [ Sy (w) = ;S5 (w)| = S| widiy (M = 85
j=1 j=1|i=1

In this approach, the main challenge is defining a risk measure R (w) that plays an equiv-
alent role to the variance in the classical mean-variance framework.

A first idea is to use the decomposition ¥ = LLT where L is a n x n matrix. We have:
w'Sw = w'LLTw
T
= <LTw) (LTw)
2
= [em]
2
A natural £1-norm equivalent risk measure is then:
R = o]
1
n

n
D |2 Ligws

j=1|i=1

The choice of L is not unique. If ¥ is strictly positive definite, we can use the Cholesky
decomposition ¥ = PPT where P is a lower triangular matrix. In the case where ¥ is
positive semi-definite or has negative eigenvalues, the previous approach does not work.
Therefore, we can use the eigendecomposition®0 ¥ = UAU " and set L = UA'/2.

25We recall that p(w) = ZZ;O Grpg (w) with po (w) = C(w) = 37 wiC; and pg (w) = D7 wiag;
for k > 1.
26We first transform 3 to remove the negative eigenvalues.
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Remark 5. Most of the time, practitioners do not use the full-rank matriz L = UAY?
because it is equivalent to assuming that n common risk factors are needed to assess the
risk of the investment universe. In fact, this method is equivalent to a principal component
analysis, and we usually retain only a few principal components. Let L; = (L17j7 . ,Ln,j)
be the 7™ principal component vector. One generally replaces the previous risk measure
with?7 :

Ro (w) = i )L;w‘
j=1

where m < n. The dimension reduction is particularly relevant because the memory require-
ment for the L matriz is now Snm bytes instead of the 8n? bytes for the Q matriz. For
instance, if n = 30000 and m = 10, the memory requirement is reduced by a factor of 3000/
Besides the computational time and feasibility advantages, another interesting feature is that
reducing the number of factors to m eliminates the noise of the covariance matrixz. Thus,
applying the £1-norm risk measure is equivalent to performing covariance denoising (Laloux
et al., 1999).

Another approach consists in approximating the covariance matrix using a suitable factor
model, which leads to a risk measure expressed as a sum of £;-norms (see Appendix B.1
on page 90). For instance, under a two-factor model with uniform default correlation, we
obtain the following formula?®:

Ror (w) = 0, MD " w + /pv[Jw + /1 = p|lv, © w|,

where o, is the interest rate volatility, MD = (MDy,...,MD,,) is the vector of modified
durations, ps is the uniform correlation of credit spreads, v, = (vsyl, o ,vsyn) is the vector
of credit spread risk, v,; = DTS;0,,; is the product of the DTS and the credit spread
volatility. This formula has a clear financial structure:

e The first term captures interest rate risk, driven by the portfolio’s aggregate duration.
e The second term captures the systematic component of credit spread risk.

e The third term captures the idiosyncratic component of credit spread risk, which
depends on the individual credit spread volatilities.

With a benchmark Including a benchmark is straightforward since we simply replace
the vector of weights w with the vector of active weights w — b. Nevertheless, we must be
careful because while w is a positive vector??, the vector w — b contains both positive and
negative values. As for the £o-norm optimization problem, the optimal solution satisfies:

w* = arg min %’R (w]b) —yp(w]b) (23)
where R (w | b) = Y"1 %, ¢xRi (w | b) and g (w | b) = 31" drpu (w | b) are the active risk

measure and the expected excess return of the portfolio w relative to the benchmark b,
respectively. The individual risk measures Ry (w | b) are:

Ro (w | b) = HLT (w—b)H1 - i zn:Lm (w; — b)

j=1|i=1

27For instance, if we consider a three-factor model, we have Ro (w) = ‘LlTw‘ + ‘L;w‘ + ‘L;w‘.

28We use Equation (48) on page 92 and exploit the properties that MD;, DTS;, 0,,; and w; are positive.

29We assume that w; > 0, which imposes no short selling. This is standard in bond portfolio optimization
because it is extremely difficult and costly to short bonds.
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and:
w | b Z 5 JMk i

or:

Regarding the expected excess return, pg (w |b) = S0, (w; —b;)C; and gy, (w | b) =
Z?:l (wz - bi) Qg for k > 1.

Remark 6. In the case of the two-factor risk model, the tracking error risk is defined as
follows (see Appendiz B.2.2 on page 91):

RQF (w ‘ b) =0,

MDT (w fb)‘

T w =)+ VT=pllo. w-b),

Remark 7. When practitioners include a benchmark, they often use active share as a prozy
for tracking error risk:

1 —n 1
Rg(w|b):AS(w|b):§Zizl|wi—bi|:§||w—b||1

This is equivalent to setting L = I,,, meaning that the risk of each bond is entirely due to
an idiosyncratic component of uniform magnitude across all bonds. While this assumption
is clearly a simplification, active share remains widely used in practice for its transparency
and ease of computation. However, it should be noted that active share measures positioning
risk rather than market risk°.

Corresponding linear programming problems

Absolute value trick Using the £1-norm instead of the £2-norm allows us to refor-
mulate the optimization problem as a linear programming (LP) problem. The idea is to use
the absolute value trick. Let us assume that ¢; > 0 for ¢ = 1,...,n. We have the following

equivalence:
n
min g i +g(x

<7‘Z
T,LZO

mancl}fl |+g

If f; (x) and g (x) are linear functions, then the optimization problem becomes linear because
\fi(x)| <mie - < fi(@) A fi(z) <

We denote by z* the solution of the first (unconstrained) problem and (z*,7*) the
solution of the second (constrained) problem. Since ’ fi (3:)’ < 7;, we have:

n

Zcz|fl(ac)| +g(z) < Zcm—i-g(x)
i=1

i=1

It follows that the constrained problem can never be better than the unconstrained problem.
Let x be a feasible point in the unconstrained problem. We define 7; = ’ fi (m)’ We deduce

30Two portfolios with identical active shares can have very different tracking errors if their active positions
differ in duration times spread.
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that (mﬁ = |f (x)}) is a feasible point in the constrained problem, and the two problems

have the same value:
n

docilfi@]+g(@) = Zcm +g ()

i=1
We deduce that the optimal value is:

n

> il fi(a")

i=1

+g(@) =) o +g(=")
i=1

where 7 = | fi (a:*)| Because the constrained problem is never better than the uncon-
strained problem, we conclude that the optimal solution of the constrained problem is the

optimal solution of the unconstrained problem:
(2%, 7) = (%77 = |f ("))

Linear programming and extended linear forms The standard formulation of a
linear programming problem is:

r* = argminc'z (24)

Ax =B
s.t. Cx <D
T <z<zgt

where x is a n x 1 vector, cis a n x 1 vector, A is a n4 X n matrix, B is a ny x 1 vector, C'is a
nc X n matrix, D is a ng x 1 vector, and 2~ and T are two n x 1 vectors. Unlike quadratic
programming, where quadratic forms provide a natural and highly effective representation,
the standard linear form ¢’z + d is often insufficient for expressing and manipulating LP
problems. To address this limitation, we introduce the following extended linear form:

LF (x; c,d,C, D, x_) =clz+d+1q(x)

where 1 () is the convex indicator function®! of Q = {:E :Cex < D,x> x_}. We have the
following properties:

e The multiplication of an extended linear form by a positive scalar ¢ > 0 remains an
extended linear form:

- LF (:z:;c, d, C,D,xf) =LF (:E; e, ed, C,D,xf)

e The sum of two extended linear forms is an extended linear form. When considering
the same variable, we obtain:

LF (m;cl,dl,Cl,Dl,xf) + LF (a:;cz,dg,Cg,Dg,:E;) =LF (x;c,d, C,D,m_)
where:

C D _ _
c=cl+02,d=d1+d2,C={C; ],D:[D;},andz zmax<:z:1,x2)

31This means that 1 (z) = 0 for € Q and 1q (z) = +oo for = ¢ Q.
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When considering two distinct variables « and y, we get:

LF (x§czadzaCzaDmx_) + LF (y;Cy,dy,Cy,Dy,y_) =LF (Z;cz7d2’7cszZ’Z_)

where z = { z } is the augmented variable and:

Cy 0

MOy N Cy

C, = |: Ca :| 9 dz :dz+d’y, Cz = l 0 NCg My

Cy

D, N
’D{D ],andz {y‘

Y

We now examine the relationship between the absolute value trick and the extended
linear form. Let a = (a;;) and b be a n x m matrix and a m x 1 vector. We have:

m
m | n min er
minz Zawmi — bj = =1 "
st { ’Zizl i jTi = bj| <7
o Tj 2 0

j=1|i=1

m
min E Tj
j=1

< = Dlimy 0i T — T < b
n
s.t. Dim @i — T < b;
Tj >0

< min LF (z; cy,d,,C,,D,, z_)

where the augmented variable is the (n +m) x 1 vector z = [ i } . The other matrices are

defined as®?:
| =b | —oo-1,
,DZ—[ b},andz —[ 0, }

LP bond optimization In Appendix B.6 on page 103, we show that the extended
linear form of the objective function without a benchmark is:

min %R (w) —yu (w) = min LF (z; ¢, d,C, D, z_)

where the augmented variable is the (n + m + ngng) x1 vector: z = (w, T(0)> T(1)s - - - ,T(nR)>.
T 1 1 1

The objective is defined by ¢, = | =y | $oC + >_ oraw |, 5@01,,,, 5@1111@, ce §@nR1nG
k=1

and d, = 0. The bounds are 2~ = Oy {m4ng xng- Lhere are 2 x (m + ngrng) inequality con-

32Because the matrix forms of the inequalities are — Z?:l a;jr; — 75 < —bj & —a'z—7 < —b and
Z'?:l Qi jT; — Tj < bj salz—71 <b.
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straints, defined by D, = (0y,,0,,, —Cj,

LT
LT

T,...,—Cy.,Cr ) and:
-1, i
1,

— I,
— I,

—Ing

—Ing

where blanks are zeros. If we use cluster scores instead of cluster contributions, only C, and
D, change. We have D, = O3(;y4nrng) and:

—(fo (M —57)"
(50 (M —8p) "

_LT
LT

(5 ® (Mo _ S;R))T

(60 (Mg —;

2)

If we include a benchmark and add the active share risk measure, the objective function

becomes:

min %R (w | b) — Y (w | b) = min LF (z;c, d, C’,D,z_)

where the augmented variable is the (2n + m + ngng)x1 vector: z = (w, T(0)s T(’O), T(1)y -+ s T(nR)).

The objective is defined by c,

2u 1 1 1 1
- <¢OC + Z ¢kak‘> ) 59001m7 igololna 59011@ P §Son711ng
k=1

and d, = v (qﬁoC + ZZ; (bkozk)Tb. The bounds are z= = O2p4m4ngng- There are 2 X
(m +n 4+ ngng) inequality constraints, defined by:

_LT
LT
-1,

_Im

*Im
_In
_In

—Ing

—Ing
~Ig
—Ig

and D, =

~LTb
LT
—b
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where blanks are zeros. If we use cluster scores instead of cluster contributions, only C, and
D, change. We have D, = 03(yy4-ntnzng) and:

LT I,
LT -1,
_In _In
I I,
- (6 © (Ml - ST)): _I’I’Lg
C. = (6 (M; —SY)) —Ing
' T
_ (5 © (M, — S:m)) —I,,
T
(60 (Mur —S3)) ~In; |

Comparison between LP and QP bond optimization As discussed earlier, the
preference for LP over QP formulations is driven by computational considerations. The
dimensions of each problem are:

Model Variables Objective function Constraints

QP n n’+n 0

LP, n+m -+ nrng n+m -+ nrng (2m 4+ 2ngng) X (n+ m+ nrng)
LP, n—+m -+ ngng n—+m -+ nrng (2m + 2ngng) X (n+ m+ nrng)

LP; 2n+m+nrng  2n—+m+ ngng (2m + 2n 4 2ngng) X (2n + m + ngng)

where LP;, LP5, and LP3 denote respectively the LP problem without benchmark, the LP
problem with benchmark, and the LP problem with benchmark and active share. We recall
that n is the number of bonds in the portfolio, m is the rank of the covariance matrix, ng
is the number of clusters, and nx is the number of additional risk measures. Since ng < 5
and ng < n, we derive the following approximate orders of magnitude:

Model Variables Objective function Constraints
QP n n’ 0

LP; n+m n+m 2mn + 2m?
LP, n+m n+m 2mn + 2m?2
LPs3 2n+m 2n+m 4n? + 6mn + 2m?

It is clear that the LP formulations are more computationally efficient than QP if and only
if m < n, i.e. when the rank of the covariance matrix is small relative to the number of
bonds. The most favourable case is m = 0, corresponding to the exclusion of covariance risk
from the optimisation problem. In this case, the approximate dimensions reduce to:

Model Variables Objective function Constraints

QP n n? 0
LP, n n 2nnrng
LP, n n 2nnrng
LP; 2n 2n 4n?

In this case, LP; and LPy are substantially more efficient than QP, since their constraint
matrices scale as 2nngng, which is of order O (n) rather than O (n2) To illustrate, consider
a typical setup with MD and DTS risk measures, 10 sectors, and 4 maturity bands. We
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obtain 2ngng = 2 x 2 x 40 = 160, which is negligible compared to a universe of n > 1000
bonds. However, LP3 is an exception. The inclusion of the active share introduces an
additional 2n rows in the constraint matrix, pushing the problem to order O (n2) and
making it comparable in cost to QP. This computational bottleneck is solved in the next
section.

2.4 Advanced bond portfolio optimization

Previous sections focused on two classes of optimization problems and the numerical algo-
rithms used to solve them: quadratic programming and linear programming. In this section,
we extend the discussion to more advanced optimization techniques, such as the alternating
direction method of multipliers (ADMM) and proximal operators. We also examine more
complex optimization problems that involve discrete decision variables, requiring approaches
such as integer programming and genetic algorithms.

2.4.1 Revisiting the £;-norm optimization problem

The idea is to exploit the separability of the objective function (Perrin and Roncalli, 2020,
Third trick, page 18). For instance, we can split the risk measure into two components:
R (w) = RM (w) +R®P (w). Then, we can reformulate the optimization problem in ADMM
form?3:

1 1
fw'aty'} = argmin 7R (2) — e (2) + 1o (2) + 3R (1)
—_——
Ja () fy()

st. z=y=w

The ADMM algorithm consists of the following three steps:

1 0 2
2+ = argmin £ (@) = SRO) () - ) Lo (2 + 5 Hw — o0+

y5+D) = argmin £+ () = ;R@) +e H (k+1) y+u(k)H
wk D) = (k) 4 (x<k+1> _ y<k+1>)

where 6 > 0 is the augmented Lagrangian penalty parameter and u(*) is the dual variable.
For instance, we can set R() (w) = 317, o Ry (w) and RP) (w) = poRo (w) = pow ' Sw.
With this splitting, the original optimization problem decomposes into two subproblems
that are easier to solve.

An equivalent formulation of the previous problem can be derived using the fourth trick
of Perrin and Roncalli (2020, page 18) by setting y = L'z, where L is obtained from the
matrix decomposition ¥ = LLT. Tt follows that :

-
y'ly = (LTI> (LTI> =z LL'z=2"%x

We deduce that:

* * 1 1
P oty ) = argmin LRO) (1)~ e a) + Ta () + 5Ty
N——

w=x

T—:
s.t. {Lw y=On

33See Appendix B.7.1 on page 106 for a presentation of the ADMM algorithm.
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The ADMM algorithm becomes:

. . 1., 0 2
2 1) = argmin fékﬂ) (r) = 3 SorE okRe (@) — yu (x) + 1o (z) + 3 HLTiL' —y®) 4 U(k)Hz

k+1)

. i 0 2
y ™D = argmin £ () = SeoyTy + 3 HLT:E(’““) —y+ul® H2

w1 = 4 (B) (LTxum) _ y<k+1>)

Finally, a third approach can be derived using the second trick proposed by Perrin and
Roncalli (2020, page 17). The idea is to separate the objective function from the constraints:

1
fw' oyt = agmin IR (2) — () + Lo ()
——
| ——

st. rz=y=w

The corresponding ADMM algorithm is:

1 0 2
A S T RN

y® ) = argmin £ (5) = Lo () + 2 [|o®D —y+u®)|
uk+D) — k) (x<k+1> _ y<k+1>)

The first step admits a straightforward analytical solution. Indeed, we have:
1 Hx —y®) 4y ® H2 Ll (yac) _ u<k>>T - <y<k> _ u(k))
2 2 2
— %m T (y<k> _ u(k)) + % (y<k> _ u<k>>T (yac) _ u(k))

oF <I; L 40— ), % (v - u(k))T (v - u(k)))

1
Using the quadratic form of §R (z) — yu (x), we obtain:

fFD (2) = QF (1;Q.R,s) +0QF (w; Loy y™®) —u®,

(s - u(k))T (s - u(k)))
)

(yac) _ u(kz)) ! (ym B u(k))

N D N -

- OF (x;QwIn,Rw (y(k) —u“f)) .5+

and:
argmin £+ (z) < 2%+ = (Q + 01,,) " (R +6 (y(k) — u(k)>)

Therefore, the z-update has a closed-form solution. The second step can be expressed as:
0 2
arg min fzg]”l) (y) = argminlg (y)+ 5 Hx(kJrl) —y+ u®) H2

1 1 2
= argmind (H]IQ (y) + 3 Hy _ k1) u(k)H2>

= proxg,, (x(kﬂ) + u(k))

— Py (x<k+1> T u(k))
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Because ) corresponds to linear constraints (equality, inequality and bounds), the ana-
lytical projections given in Perrin and Roncalli (2020, page 21) can be used (affine set,
hyperplane, half-space and box). When several linear constraints are combined, i.e. Q =
{a: eER": Az =B,Cx <D,z <z < x+}, Dykstra’s algorithm provides an efficient numer-
ical solution (Perrin and Roncalli, 2020, Algorithm 7, page 28). In this approach, quadratic
programming is completely replaced by a succession of projections*.

Remark 8. The three ADMM formulations illustrate how a problem can be split into two
subproblems that are easier to solve individually. Other possible splits depend on the specific
structure of the bond portfolio optimization problem. Moreover, the above analysis can be
easily extended to the optimization problem with a benchmark.

2.4.2 Revisiting the £;-norm optimization problem
We note that the general bond portfolio optimization problem takes the form:
2* = argmine]z+d,

st. 2€Q={2:4,2=8,,0,2<D,,2>0,_}

Applying again the second trick of Perrin and Roncalli (2020, page 17), we have:

{z*,2%,y*} = argminelz+d, +1q(y)
—_—— =
fa () Ty (y)

st. z=y==z2
The corresponding ADMM algorithm is:
0 2
2*+1) = arg min £ (r)=cle+d. + 3 ”x —y®) 4 U(k)Hz

0 2
y® ) = argmin £ (5) = Lo () + 3 [|o® —y+u®)|
w1 — k) 4 (x<k+1> _ y<k+1>)

We have:
0 T
(k+1) — . _ (k) _ ,, (k) T, k), (k) (k) _ ,, (k)
fa (2) Q]-'(m,@]nz, cz—i—ﬁ(y U )7dz—|—2(y U ) (y u ))
The solution of min fékﬂ) (x) is:
2D = (01,.)”" (_Cz + 6 (y(k) - u(k))) = y®) — o ®) %cz

We deduce that the optimal solution can be found using the following ADMM iteration:

2D — ) gy L

yk+D) — P, (I<k+1> 4 u(k))
w1 = (k) 4 (x(kJrl) _ y(k+1)>

In this formulation, linear programming is entirely replaced by a projection onto €2, which
can be computed efficiently with the Dykstra’s algorithm by exploiting the sparsity of C..
The choice between linear programming or ADMM will depend on the dimension of the
optimization problem.

34The algorithm is described on pages 109 and 110.
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2.4.3 The active share problem

The £5-norm formulation When a benchmark is introduced, the objective function takes
the following form:

w* = argmin QF (w;Q, R, s)
s.t. weN

1
where QF (w; Q, R, s) = 573 (w | b) -y (w | b) and € is the set of (equality, inequality and

bound) constraints. Under the linearity assumption on all constraints, we obtain a standard
QP problem. If we would like to control the active share of the portfolio, we can consider
two equivalent formulations:

w*(A) = argmin OF (w;Q, R, s) + AAS (w | b) (25)
st. wel
or:
* (AS"’) = argmin QF (w;Q, R, s) (26)

¢ w € Q)
11 AS (w]b) < AST

where A > 0 is the penalization coefficient and AST is the maximum level of active share.
By standard duality arguments, these two formulations are equivalent in the sense that for
every AS™T, there exists a A > 0 such that the two problems have the same solution, and
vice versa.

To solve the active share problem without introducing a non-convex complementarity
condition, we can first use the following decomposition:

w; = b; — Aw] + Aw;

where 0 < Aw; < b;, 0 < AwS < 1—b; and Aw; Aw;" = 0. Here Aw;” and Aw;" capture
the downward and upward deviations of portfolio weight w; from the benchmark weight b;.
We deduce that:

AS (w | b) = Z'wl b;| %zn:‘Awf— ‘ %i(Awﬁr—i—Aw;)
i=1

i=1

Uunsing this decomposition, Problems (25) and (26) can be rewritten in terms of the aug-

mented variable set {w, Aw™, Aw™}. The penalized formulation becomes®:
. . A
{w*, Aw™  Aw™ } = argmin QF (w;Q, R, s) + B (11Aw_ + 11Aw+) (27)
w €

Lyw+ I,Aw™ — I, Awt =10

s.t.
0, <Aw <Vb
0, <Awt <1, -b
35The complementarity constraint Aw~ ® Awt = 0, vanishes because it is satisfied by any optimal

solution. This is due to the convexity of the objective function and the linearity of the constraints.
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while the constrained formulation becomes:
{w*, Aw_*,Aw+*} = argmin OF (w;Q, R, s) (28)

w € )

1) Aw™ + 1] Awt <2487
s.t. Lyw+ I,Aw™ — I, AwT =b

0, <Aw™ <b

0, <Awt <1,-b

Problems (27) and (28) remain QP and can be solved numerically via their augmented
formulations. However, the number of variables increases to 3n and the quadratic cost of
the matrix @ grows from n? to 9n?. This can pose a computational challenge when the
benchmark already contains a large number of constituents.

The second approach is to use the ADMM formulation. The optimal solution w* is equal
to * or y*, where:

{w*,2*,y*} = argmin QF (;Q,R,s) + Lo (x) + NS (y | b)

st. z=y=w
or:

{w*,z*,y*} = argmin QF (z;Q, R, s) + 1g (z) + ]lAS(y|b)§AS+ (v)

st. r=y=w

The first problem is solved using the proximal of the £; norm (Perrin and Roncalli, 2020,
Section 3.3.3, page 22):

. AT
prox; (v) =b+sign(v—>0)©® (|v —b - 291n>

while the second problem is solved using the proximal of the £; ball with center b and radius
2AS8™ (Perrin and Roncalli, 2020, Appendix A.8.4, page 58):

ProX 45(,p)<As+ (v) = v —sign (v —b) ©min (Jv — b|, s*)

where s* is the solution of the following equation:

§* = s€R:Z(|vi—bi|—s)+:2AS+
i=1

The Z;-norm formulation In the case of the £;-norm optimization problem, the inclusion
of the active share requires n slack variables, which highly increases the dimension of the
inequality matrix C,. From a numerical standpoint, the high sparsity of C, can be exploited
using sparse linear programming. We recall that the dimension of the matrix C, is:

dim C, = (2m + 2n + 2ngng) x (2n+ m + nrng)
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We deduce that the number of entries is:
# (C.) = 4n* 4+ 6mn + 6nrngn + 2m* + dmngrng + 2n5ng
while the number of non-zero entries is:
nnz (C,) = 2mn + 4n + 2m + 2ngng + 2ngn

The sparsity of C, is then:

1_ mn + 2n 4+ m 4+ nrng + ngn
2n2 + 3mn + 3ngngn + m? 4+ 2mngng + nkng
1_n(m+ng+2)—|—m
2n? + 3mn + m?
m+ng + 2
2n +3m

sparsity (C,) =

Q

1-— ifm<n

Q

It follows that:
lim sparsity (C,) =1
—00

n

Below, we report some numerical figures assuming that ng = 5 and ng = 40:

sparsity (C) m=mn m = 50
n=1000 | 85.2% 96.7% 96.7% 96.7%  96.7%
n = 5000 83.7% 99.1% 99.1% 99.1% 99.1%
n = 10000 83.5% 99.6% 99.6% 99.6% 99.6%
n = 30000 83.4% | 99.8% 99.8% 99.8% 99.8%

Assuming the rank of the covariance matrix ¥ is at most 50, the sparsity of C, is already
greater than 95%. Moreover, it exceeds 99% as soon as the number of bonds exceeds 5 000.
These results confirm that C., is a highly sparse matrix and can be exploited to dramatically
reduce storage requirements and computational complexity.

Let {c.,d.,C,,D,} be the matrices of the ¢;-norm problem without the active share
risk measure. When the active share constraint is included, the bond portfolio optimization
problem takes the following forms:

z* = argmine] 2z +d, + AAS (w | b)
s.t. ZEQ:{Z:Az:BzaszSDzaZZOnz}
or:
* _ T
z* = argminc, z+d,

z€QNO
s.t. Q:{Z:AZ:BZaszSDmZZOnz}

0 ={z: AS(w|b) < AS*}
The corresponding ADMM formulations are:

{z*,2%,y*} = argmine]z+d. + 1o (z) +AAS (y | b)




Bond Portfolio Optimization

and:

{Z*’ z*7y*} — argmincZTm + dz + 1Q (l’) + ﬂAS(y\b)SAS*’ (y)

st. z=y=z2

In both formulations, the xz-update is solved via a nested ADMM subproblem, while the
y-update corresponds to the proximal operator of AAS (y | b) or 1g (y) respectively. These
were derived in closed form on page 41.

An alternative approach is to define the active share at the bucket level rather than at
the security level. The idea is to group benchmark weights according to pre-defined buckets.
For example, bonds can be grouped at the sector level. Given a bucket partition, the active
share is defined as follows:

1 & RO
.ASB(U}|b):§Z Zw’_zb1:§z ch,](wl_bz)
J=1|i€B; i€B; j=1|i=1

where ¢;; = 1 {z € Bj} and {Bi,...,B,,} are the set of pre-defined buckets. The vector
z = (w,7), 7-(’0), T(1)s - - - ,T(nR)) is now of dimension (n +m + ng + ngng) x 1 rather than

(2n +m 4+ ngng) x 1. The objective function is defined by:

TLM

1 1 1 1
Cz:= | =7 ¢OC+Z¢kak 759001777,7550617157igpllnga”wi@nnlng
k=1

and d, = v ((boC + ZZ;I gbkozk)T b. The lower bounds are 2~ = 0,4 m4ng+ngng- Lhere are
2 x (m + np + nrng) inequality constraints, defined by:

-LT -1, —L"b
L™ —I, LT
_CT _InB _CTb
o, = —(5®M1)T I and D, = —(5®M1)Tb
(6 © My) L, (6o M) b
— (60 M,y) | — I, — (6 M) b
| o) Lo | | oMb |

Therefore, the complexity of the optimization problem is significantly reduced, becoming
comparable to that of LP; or LPs:

Model Variables Objective function Constraints
2n +m + nrng 2n +m + nrng (2m 4+ 2n + 2ngrng) x
! (2n+m +nrng)
n+m+ng+ngng n+m-+ng+ngng (2m+2ng+ 2ngng) X
LP, (n4+m+ng + nrng)
~n—+m ~n+m ~ 2mn + 2m?
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2.4.4 Model portfolio vs. investable portfolio

Minimum trading volume and lot size Let ¢; be the number of shares of asset 4
held in a portfolio, and p; be its market price. The monetary value invested in asset i is
Q; = q;p;- By definition, the total portfolio value V is equal to the sum of all individual
positions: V = Z?:l Qi = Z;;l q;p;- Therefore, the portfolio weight of asset 7 is w; =
Qi aipi

VoY 4w
portfolio weights can always be calculated. In portfolio optimization, the primary decision
variable is the weight w;, not the number of shares ¢; (or the monetary value Q;). However,

we can calculate these two quantities if we know the total capital V invested in the portfolio.
Qi wV

. Thus, given a portfolio composition in terms of shares, the corresponding

2 Di
A portfolio can then be represented equivalently by its weight allocation (wq,...,w,), its

share allocation (g1, ..., qn), or its monetary allocation (Q1,...,Q,). In theory, relative and
nominal allocations are equivalent representations when fractional shares ¢; are allowed. In
practice, however, ¢; and w; belong to N and R, respectively, which introduces rounding
constraints. As a result, nominal allocations are generally not perfectly equivalent to relative
allocations3%:

Indeed, the monetary allocation is @; = w;V, and the share allocation is ¢; =

n n
w:wiGRJr,Zwi:l Versus qiqi€N7ZQipi+Cash:V

=1 =1

Relative allocation (weights) Nominal allocation (shares)

We introduce the cash amount C,gp, which is the residual monetary value not invested in
the assets. C,sp can be positive or negative. In this last case, this means that we borrow
cash.

Consider an equity portfolio designed to replicate a benchmark with weights b. Assuming
that fractional shares are not permitted and adopting a floor rounding approach, the number

1%
of shares invested in stock ¢ is ¢; = L L J The corresponding weight of stock ¢ in the

b
investable portfolio is then equal to w; = qul. To quantify the deviation between the

benchmark weights b and the investable portfolio weights w, we compute four different
statistics:

1. Residual weight: Wesiqual = 1 — Z?:l W;

2. Cash proportion: Weash = Casn/V

1
3. Active share: AS (@ | b) = 3 Yo Wi — byl

4. Tracking error volatility: o (@ | b) = \/(1[1 —b) (@ —b)

Because of the floor rounding approach, one can show that Wyesidual = Weash = 2AS (11} | b).
Figure 9 shows the distribution of constituent stock prices p; in the MSCI World Index at
the end of May 2026. The prices range from $0.85 to $122200. However, 61.5% and 97.5%
of stocks have prices below $100 and $ 1000, respectively Moreover, only four stocks have

36We introduce the cash position Cgsp, which is defined as the residual amount of capital that is not
invested in the assets. The cash position may be either positive or negative. A negative cash position
indicates that cash has been borrowed to finance some positions (3°7_; gip; > V).
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Figure 9: Distribution of constituent stock prices p; in the MSCI World Index (end of May
2026)
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Figure 10: Active share AS (121 | b) and tracking error volatility o (u? | b) of investable port-
folios (MSCI World Index, end of May 2026)
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prices above $5000, representing 5 bps of the MSCI World Index allocation. In Figure
10, we report the active share and the tracking error volatility of investable portfolios with
respect to the portfolio value V. Despite the integer-share constraint, the benchmark can
be replicated with a high degree of accuracy. With $ 10 million, the resulting active share
is only 0.54%, while the tracking error volatility is approximately 9 bps. Increasing the
portfolio value to $ 100 million reduces the tracking error volatility to one basis point.

In the case of bonds, each security is associated with a minimum tradable amount (MT)
and a lot size (LS). For example, a EUR investment-grade corporate bond is often traded
with a minimum tradable amount of €100 000 and a lot size of €1 000. This means that this
corporate bond can only be traded in amounts of €100 000, €101 000, €102 000, etc. There-
fore, it cannot be traded in arbitrary amounts such as €50 000 or €102 500. Mathematically,
we have:

¢; = x; MT; +x;y; LS;
where MT; and LS; are the minimum tradable amount and lot size of bond 4, x; € {0,1} and
y; € N is the number of tradable lots. Let p; be the notional price expressed as a percentage
of the par value of the bond. We have:

Qi = aipi
For instance, if the par price is €100 and the current price is €95, then p; = 95%.
Figure 11: Distribution of minimum tradable amounts (GOBC Index, end of May 2026)
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Figure 11 shows the distribution of minimum tradable amounts for the ICE BofA Global
Corporate Index (GOBC). As of the end of May 2026, the index contained 20350 bonds.
Four values of MT; dominate the sample: 1000, 2000, 100000, and 200000 (see Table 21
on page 111). Regarding the lot size, it is generally a fraction of the minimum tradable

LS;
amount. Table 5 reports the distribution of the ratio MT? - About 38% of bonds have a lot

?
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size equal to half the minimum tradable amount, while about 31% have a ratio of one. In
the remaining cases, the ratio is below 50%. In particular, the ratio is equal to 1% and 0.5%
for 16.4% and 10.1% of bonds, respectively.

LS;
Table 5: Distribution of the lot size ratio M§f (GOBC Index, end of May 2026)

3

L5: 0,0005) —— 0005001 —— 005,05 +  ]0.510 1
MT; T 200 e 100 o 2
Count 262 2059 339 3334 361 7771 0 6224

Frequency 1.29% 10.1% 1.67% 16.4% 1.77% 382%  0.00%  30.6%

Source: ICE BofA & Authors’ calculations.

Let V' be the total portfolio value and b the benchmark weights. The floor rounding
approach applied to bonds is then defined by the following two equations. First, x; indicates
whether bond i can be included in the portfolio at its minimum tradable amount:

T; = min bV 1
L MT;p; |’

Second, the number of additional lots y; that can be purchased on top of the minimum
tradable amount is given by:

o {(biV —x; MT; p;) miJ
v LSipi

The factor x; in the numerator ensures that y; = 0 when the bond is excluded from the
investable portfolio (x; = 0). Since the resulting tradable quantity of bond i is ¢; =

x; MT; +z;y; LS;, the weight of bond 4 in the investable portfolio is equal to w; = qg%

Figure shows the active share of the investable portfolio using the floor rounding ap-
proach. We note that the active share is much higher than in the equity case. For instance,
the active share is equal to 46.84% when V' is $10 mn, whereas it was only 0.54% for the
MSCI World. Using alternative methods®” (nearest or threshold rounding) yields better re-
sults, but the order of magnitude remains comparable. For example, the required portfolio
value to bring the active share below 10% is $2.9 billion under floor rounding, $1.45 billion
under nearest rounding, and $390 billion under threshold rounding.

Mixed integer programming We recall that the generic optimization problem is:

wr = argmin%R(w\b)—%u(wM)
w €
w; € [0,1]

37The nearest rounding approach is a variant of the floor rounding approach in which the floor op-
erator is replaced by the round operator. In the threshold rounding approach, the first step becomes
z; = 1{b;V < 0*MT,; p;}, where the optimal parameter 6* is calibrated as follows: 6* = argminf s.t.
Cash > 0 and 6 € (0,1].

-+

S.T.
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Figure 12: Active share AS (d} | b) of investable portfolios (GOBC Index, end of May 2026)
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In the case of investable portfolios, the optimization problem becomes:

* N P ~
{z*,y*} = argmin iR (@ | b) — v (w | b) (29)
¢ = x; MT; +x;y; LS;
b — 4iPi
s.t. e
x; € {07 1}
y; €N

This reformulation has an important consequence. The solution in w is replaced by the
solution in (x,y), and the two problems behave differently with respect to scale. The first
problem is invariant with respect to the total portfolio value, while the second is not:

w* (V1) = w* (Va)
(z* (V1),y* (V1)) # (2" (Va) ,y* (Va))

Problem (29) can be solved using specific algorithms dedicated to mixed integer linear
(MILP) or quadratic (MIQP) programming. The MILP takes the generic form:

V175V2:>{

2* = argminc] z+4d,

C,z< D,
s.t. .
z; € 7 for some components i
1
while the objective function becomes §ZTQZZ — 2T R, in the MIQP case.

Mixed-integer optimization has been the subject of extensive research over the past
decades (Nemhauser and Wolsey, 1988; Conforti et al., 2014). However, MILP and MIQP
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are NP-hard optimization problems. Their computational complexity grows exponentially
with problem size, making the exact solution of large instances challenging (Vielma, 2015;
Bengio et al., 2021). Modern exact solvers therefore combine several algorithmic techniques,
including branch-and-bound (Land and Doig, 1960), cutting planes (Gomory, 1958), and
branch-and-cut (Padberg and Rinaldi, 1991). These advances have increased the size of
practical problems that can be solved, resulting in highly efficient commercial and open-
source solvers such as CPLEX, FICO Xpress, Gurobi, Mosek and SCIP. The case of MIQP
is generally more difficult than MILP because of the presence of quadratic terms in the
objective function and convexity issues (Belotti et al., 2013; Del Pia et al., 2017). In the
context of bond portfolio optimization, MILP have been used to problems such as small-
scale portfolio construction, ETF creation and redemption baskets, and bond index sampling
(Ben Slimane and Menchaoui, 2023; Alreshidi, 2019).

Remark 9. Although exact methods remain the standard when optimality guarantees are
required, they can be too computationally expensive for large-scale portfolio construction prob-
lems involving thousands of securities, numerous practical constraints, or non-convex,/non-
smooth features. For this reason, some practitioners and researchers have investigated meta-
heuristic approaches, such as genetic algorithms (Ben Slimane, 2021). These methods sac-
rifice global optimality guarantees for reduced computational effort (Goldberg, 1989). More-
over, they often produce high-quality solutions for investable bond portfolio problems. Re-
cently, quantum optimization has emerged as a promising alternative framework, although it
is still at an early experimental stage. In the future, quantum methods may be competitive for
certain classes of large combinatorial portfolio optimization problems (Abbas et al., 2024).

3 Applications

This section presents several applications of bond portfolio optimization using the investment
universes of three ICE BofA indices: the ICE BofA EUR Corporate Bond Index (ER00),
the ICE BofA USD Corporate Bond Index (COAQ), and the ICE BofA Global Corporate
Bond Index (GOBC). The examples compare tracking error volatility measured under the
£1 and £ norms, apply the BARRA factor model, demonstrate constrained optimization
incorporating sector views, and highlight the role of bucketing and clustering techniques in
portfolio construction.

3.1 ¥#4- versus £3;-norm risk measures

Our first application highlights the differences between portfolio optimization based on the
£; and £, risk measures. Using a two-factor risk model, we seek to enhance the yield of the
ICE BofA EUR Corporate Bond Index (ER00) subject to constraints on duration, duration
times spread, issuer concentration, and active share. To this end, we first calibrate the
covariance matrix ¥ and then specify the optimization problem. We conclude by comparing
the efficient frontiers obtained from the £;- and £3-norm optimization problems.

3.1.1 Two-factor risk model

Tracking error volatility We consider the two-factor risk model presented in Appendix
B.2 on page 90. However, we now assume that the interest rate and credit spreads are
correlated. The covariance matrix becomes:

EiJ = MD1 MDJ 03 + MDl MD] Si (t) S5 (t) ps,i,jo—s,io—s,j +
MD; MDj i (t) Pr,s,j0r0s 5 + MD]' MD; s; (t) Pr,s,i0r0s.q
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where p,,; is the correlation between r (t) and s; (¢). It follows that:
Yi; = MD;MDj o} + DTS; (t) DTS; (t) psi,j0s,i0s; +
MD; DTSj (t) Prs,i0r0s5 + MDj DTS; (t) Pr.s,i0r0si

where DTS; (t) = MD; s; (£). In matrix form, the covariance matrix can be written as follows:
¥ =o2MD MD' +v, ® P @ ’UST + o, (MD (pm ® ’US)T + (pm ® vs) MDT> (30)

where p; is the n x n correlation matrix between credit spreads and p;  is the n x 1 vector
of correlations between the interest rate and credit spreads. Assuming that p,; ; = p for all
1 # j and p,,; =1, we obtain:

Y = o2MDMD' +pv,0] + 1o, (MD v+, MDT> + (1 — p) diag (vs ©) vj)
= BQB"+D (31)
where:
B= ( MD )
2
0— ( o;  noy
no.  p
D=(1- )dlag(’USQ’U )

If p > n?, the matrix Q admits a Cholesky factorization Q = LLT with:

(% )
RV
The expression of the tracking error variance is then equal to:
o?(wld) = (w —b)" (BQBT —l—D) (w—10)
= (w-b)" (BLLTBT + D) (w—b)
= |e7BT - b)Hz (1= )o@ (w - )|

Since we have:

o T
LB (w—b) = < " ﬁ)(l‘fﬁ >(wb)
oMD" (w — b)+77v (w —b)
Vo —m?v] (w—b)

( 0,C, +nc
T

where C,, = MD " (w — b) and C, = v
tracking error volatility is:

(w — b), the final expression of the quadratic £3-norm

oe, (w]8) = /(0,0 + 002+ (p—1?) C2 + (1=p) o0 (w=b)[}  (32)

while the linear £1-norm tracking error volatility is calculated with the upper bound:

ot (w18) = lorCy 410 + Vo= B ICI 4+ VTPl 0 =B, (39
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Calibration of the model We estimate the parameters using daily data from 3 January
2020 to 29 May 2026. For the interest rate factor, we use the German bond yield curve across
seven tenors: 2Y, 5Y, 7Y, 10Y, 15Y, 20Y, and 30Y. The estimated annualized volatilities®® of
the yield variation are reported in the second column in Table 6. We note that the volatilities
are very close across all tenors, yielding an average volatility of 78.91bps. For the credit
risk factor, we calculate the weighted average option-adjusted spread (OAS) for each sector
within the ICE BofA EUR Corporate Bond Index (ER00). Table 7 shows the annualized
volatility of the change in the logarithm of the OAS spread by sector. The real estate sector
exhibits the lowest annualized volatility (21.02%), whereas the leisure sector has the highest
volatility (45.63%). The average volatility of the credit spread across all sectors is 30.06%.
We have also calculated the correlation between interest rates and credit spreads in Table
6. On average, the empirical correlation is —26.16%. Based on these estimates, we use the
following baseline parameters: o, = 80bps, o, = 30%, p = 80%, and n = —25%.

Table 6: Yield volatility and correlation with credit spreads (Jan. 2020-May 2026)

Tenor  Volatility (in bps) Correlation (in %)

2Y 79.51 —28.54
5Y 83.67 —26.63
Y 81.15 —26.39
10Y 79.26 —24.89
15Y 76.83 —25.92
20Y 76.21 —25.64
30Y 75.73 —25.10
Average 78.91 —26.16

Table 7: Volatility of credit spreads by sector (Jan. 2020-May 2026)

Sector Volatility (in %)  Sector Volatility (in %)
Automotive 32.59 Leisure 45.63
Banking 34.40 Media 27.77
Basic Industry 27.12 Real Estate 21.02
Capital Goods 28.84 Retail 30.30
ConsumerGoods 29.50 Services 26.94
Energy 35.45 Technology & Electronics 31.56
Financial Services 32.33 Telecommunications 28.16
Healthcare 29.84 Transportation 26.36
Insurance 29.97 Utility 23.23

Average = 30.06

3.1.2 Optimized portfolio and efficient frontier

We would like to replicate the ICE BofA EUR Corporate Bond Index as of the end of May
2026, subject to the following constraints:

e Increase duration by 0.20 to 0.50 year relative to the index;

e Limit concentration risk by capping the weight of issuers at 1%;

38 All computations assume 252 business days per year to annualize the volatility.
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e Impose a maximum active share of AS™;
e Impose the following constraints on duration times spread contributions:

— Overweight the DTS of bonds in the 5Y bucket by at least 100 bps;

— Overweight the DTS of bonds in the 7Y bucket by 25 to 100 bps;

— Underweight the DTS of bonds in the 10Y+ bucket by —100 to —25 bps
— Overweight the DTS of bonds in the financials sector by at least 100 bps;
— Underweight the DTS of bonds rated A by —100 to —25 bps;

— Overweight the DTS of bonds rated BBB by 25 to 100 bps;

The corresponding optimization problem is:

1
w* = argmin 502 (w | b) (34)
1w=1

w > 0,

0.20 yr < MD (w) — MD (b) < 0.50 yr

S.t. ZiEIssuerj w; < 1% Vj = 15 <oy NIssuer

1 n
§Z|wz _bil S .AS+
i=1

LB]CSDTS%]C (’LU)—DTS;B,c (b)SUBk V]{;ZL...,G

where DTSg, (w) = 3 e, wi DTS;, By, is the E*™® bucket (5Y, 7Y, 10Y+, Financials, A,
and BBB), LBy, and U By, are the lower and upper bound of DTS constraints. For instance,
the sixth DTS constraint can be formulated as 25 bps < ZmieBBB (w; — b;) DTS; < 100 bps
where fR; is the credit rating of bond i. The optimization is implemented using linear
programming for the £; problem and quadratic programming with augmented variables for
the £5 problems.

Table 8: £;-optimized bond portfolios (ER00 Index, end of May 2026)

Active share limit AS™

Statistic Benchmark 95%  30%  40% 100%
Holdings 4663 3466 3220 2847 2847
Active share (in %) 25.00 30.00 38.17 38.17
ENB (w) 3940 425 372 284 284
Top 100 weight (in %) 5.36 29.22 33.97 41.89 41.89
oe, (w]b) (in bps) 49.54 48.73 48.24 48.24
oe, (w]b) (in bps) 16.06 15.61 16.11 16.11
Yield (in %) 3.47 353 347 345 345
Bors (w | b) 100  1.08 1.04 1.00 1.00
MD (in year) 448  4.68 4.68 4.68  4.68
5Y DTS (in bps) 92 192 192 192 192
7Y DTS (in bps) 101 126 126 126 126
10Y+ DTS (in bps) 48 4 0 0 0
Financials DTS (in bps) 128 228 228 228 228
A-rated DTS (in bps) 159 134 134 133 133
BBB-rated DTS (in bps) 193 249 218 218 218
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Table 9: €5-optimized bond portfolios (ER00 Index, end of May 2026)

Active share limit AST

Statistic Benchmark 2%5%  30%  40% 100%
Holdings 4663 3506 3966 4469 4609
Active share (in %) 25.00 29.94 39.40 49.36
ENB (w) 3940 783 1496 1576 1222
Top 100 weight (in %) 5.36 27.56 18.28 13.40 15.02
oe, (w]b) (in bps) 51.48 5145 56.30 60.90
oe, (w]b) (in bps) 15.74 1538 15.35 15.35
Yield (in %) 347 353 351 351 351
Bors (w | b) 1.00 107 105 104 1.04
“MD (in year) 448  4.68 4.68 4.68  4.68
5Y DTS (in bps) 92 192 192 192 192
7Y DTS (in bps) 101 126 126 126 126
10Y+ DTS (in bps) 48 10 7 10 11
Financials DTS (in bps) 128 228 228 228 228
A-rated DTS (in bps) 159 134 134 134 134
BBB-rated DTS (in bps) 193 245 223 225 226

Table 8 and 9 report the results for different active share targets: 25%, 30%, 40% and
100% (no active share constraint). For each optimized portfolio, we evaluate the number of
holdings, the active share, the effective number of bets??, the top 100 concentration weight,
the £; and €, tracking error volatilities, the portfolio yield, and the DTS beta®. The
bottom panel outlines the specific portfolio constraints imposed on the modified duration
and DTS contributions. The figures shows that the optimized portfolios are significantly
more concentrated than the benchmark. While the 100 largest exposures account for only
5.36% of the benchmark, they represent 30-42% of the £;-optimized portfolios and 13-27%
of the £s-optimized portfolios. This higher concentration is also reflected in the effective
number of bets, which decreases from 3940 in the benchmark to 280-430 for £; and 780—
1580 for £5. Comparing the two optimization methods highlights a clear trade-off between
sparsity and diversification:

e Constraint behavior
Both methods exhibit similar behavior with respect to the portfolio constraints. Each
method reaches the lower bound of the target duration (+0.20 years) and maximizes
the allowable range of DTS positioning. This indicates that both optimizers fully
exploit the constraint boundaries to minimize tracking error.

e Portfolio structure
The main difference between the two methods lies in portfolio construction. The £;
solutions are considerably sparse and more concentrated, while the £5 solutions remain
more diversified. This is evident from the top 100 weight concentration (35.5% for £,
versus 12.3% for €5 in the unconstrained active share case) and the effective number
of bets (280-430 versus 780-1 580, respectively).

39The effective number of bets is the inverse of the Herfindahl index:

ENB (w) !

W) = ——5
Y w]

40The DTS beta is defined as follows:

Z?:l wy DTSl

w|b) =
Bos (w | b) " b, DTS,
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e Active share
The active-share constraint affects the two approaches differently. The £; portfolios
cap out at 38.17% active share, even without an active share limit. By contrast, the
£ portfolios continue to increase active share as the constraint is relaxed, ultimately
reaching 49.36%.

e Tracking error
As expected, each method performs best according to its own objective function. The
£, portfolios achieve a lower £; tracking error volatility (48-50 bps vs. 51-61 bps for
the €5 portfolios). Conversely, €5 portfolios achieve a lower €5 tracking error volatility
(15.3-15.8 bps vs. 15.6-16.1 bps for the £; portfolios).

Nevertheless, these discrepancies in tracking error are relatively marginal. Overall, both op-
timization approaches produce portfolios with similar risk and return characteristics. Port-
folio yields remain close to 3.5%, and DTS betas range from 1.04 to 1.08 across all solutions.
Therefore, the primary distinction between £;- and £;-norm minimization lies in portfo-
lio composition. £; favors sparse and concentrated portfolios, while €5 promotes greater
diversification, with only limited differences in risk and return characteristics.

Let us now draw the efficient frontier. The optimization problem becomes:

w*(y) = argmin %02 (w]b) —yp(w]b) (35)
st. we

where  is the set of constraints defined in Equation (34), p(w|b) = >0 (w; —b;) y,
is the excess yield of portfolio w with respect to the benchmark b, and y; is the yield of
bond . The efficient frontiers are reported in Figures (23) and (24) on page 123. At
first glance, the two frontiers appear quite different, but this comparison is misleading.
Indeed, the values of oy, (w | b) and oy, (w | b) are not directly comparable since we have
O, (w | b) > 0y, (w | b). This is because the £; tracking error volatility provides an upper-
bound approximation of the £ tracking error volatility. On average, we observe a scaling
factor ¢ =~ 3.2 between the two norms. To provide a meaningful comparison, Figure 13
shows the two eflicient frontiers by considering the scaled £; tracking error volatility:

1
5@1 (w ‘ b) = ;Ugl (w ‘ b)

Once adjusted, the frontiers are remarkably close, with similar starting and ending points.
The main distinction lies in their curvature, with the £5 solutions exhibiting a more pro-
nounced convexity.

3.2 Barra multi-factor risk model
We use now a multi-factor risk model:
R(t)=a+ BF(t)+e(t)

where R (t) = (Ry (t),..., R, (t)) is the vector of bond returns, F (t) = (Fi1 (t),...,Fm (1))
is the vector of risk factors, and e (t) = (g1 (t),...,e, (t)) is the vector of idiosyncratic
risks. The loading matrix B collects all the sensitivities: B = (Bi,j) where ¢ € {1,...,n}
and j € {1,...,m}. We assume that E [F (t)] = ¢, cov(F(t)) = Q, E[e(t)] = 0,,
cov (¢ (t)) = D and F (t) L £ (t). Then, the covariance matrix of bond returns is:

Y =BOQB" + D (36)
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Figure 13: Comparison of £1- and £s-norm efficient frontiers (ER00 Index, end of May 2026)
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This specification corresponds to the Barra risk model (Barra, 2007). For fixed-income
portfolios, the Barra model incorporates two main categories of common risk factors:

e Interest rate risk factors: shift, twist and butterfly (3 principal components), or
maturity-based (1M, 3M, 6M, 1Y, 2Y, 5Y, 7Y, 10Y, 15Y, 20Y, 25Y, 30Y, 50Y).

e Credit spread risk factors: including both general market spread factors and sector-
specific factors such as Energy (ENGY), Financials (FIN), Industrials (IND), and

Utilities (UTL).

These risk factors are defined separately for each country or region. Consequently, the
number of factors varies substantially across markets, reflecting differences in market depth
and maturity. Here is the number of factors considered per area: AU(4), CA (5), CH (3),
EM_CORP (12),EM_SOV (5), EUR_EMU GOV (14), EUR_IMPVOL (1), EUR_ SWAP
(9), EU (39), GB (19), HK (1), JP (3), NO (3), NZ (2), SE (3), SG (1), and US (34). There-
fore, the Barra model is much richer than the two-factor risk model that was studied in the

previous section.

3.2.1 Comparison with the two-factor risk model

To illustrate the difference, we consider the same optimization problem as defined on page
52 (Equation 34), but use the Barra multi-factor risk model instead of our two-factor risk
model. Results are given in Table 10. The impact of the DTS and the MD constraints
remains the same. Indeed, all bounds except those of BBB-rated DTS are saturated in the
same direction: MD +0.20 year, 5Y DTS +100 bps, 7Y DTS +25 bps, 10Y+ DTS —25 bps,
Financials DTS 4100 bps, and A-rated DTS —25 bps. In terms of financial performance,
the portfolio yield y (w) and the DTS beta Sprs (w | b) are higher, while the tracking error
volatility o (w | b) is lower. However, the main difference concerns the portfolio structure.
The active share reaches 87% with the Barra model, whereas it reached only 50% with the
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Table 10: Tracking error minimization with specific risk (Barra model, ER00 Index, end of
May 2026)

Active share limit AST

Statistic Benchmark 95%  30%  40% 100%
Holdings 4663 3463 3244 2786 643
Active share (in %) 25.00 30.00 40.00 87.39
ENB (w) 3940 530 475 379 214
Top 100 weight (in %) 5.36 28.70 33.12 40.70 58.38
o (w|b) (in bps) 13.64 11.48 9.38  7.46
or (w]b) (in bps) 11.50  9.13  6.70  4.23
oc (w|b) (in bps) 214 235 267 323
Yield (in %) 347 363 363 3.63  3.66
Bors (w | b) 100 1.20 120 119 118
MD (in year) 448  4.68 4.68 4.68  4.68
5Y DTS (in bps) 92 192 192 192 192
7Y DTS (in bps) 101 126 126 126 126
10Y+ DTS (in bps) 48 23 23 23 23
Financials DTS (in bps) 128 228 228 228 228
A-rated DTS (in bps) 159 134 134 134 134
BBB-rated DTS (in bps) 193 289 286 277 267

£y-norm model. Moreover, the effective number of bets decreases with AS™ here, whereas
it increased previously. The Barra model also produces more concentrated portfolios.

We define the contributions of common and specific risk factors using the Euler decom-
position as follows:

0
o(wlb) = Z(wi—bi)m

= 2 (wz bl) 5 o (U) | b)
(w—1b)" BOBT (w - b) N (w—1b)" D(w—b)
o (w|b) o (w]|b)
a]:(w\b) ag(w\b)

The two metrics o (w | b) and o, (w | b) are reported in Table 10. We note that specific risk
matters since o, (w | b) ~ 2-3 bps, representing about 28% of the tracking error volatility
when the active share limit AS™ is 40%, and 43% when the active share limit is 100%. In
the case of the £3-norm optimization, the decomposition is the following:

Active share limit AS™

Statistic (in bps) 959, 0%  40%  100%

o (w]b) 1574 1538 1535 15.35
or (w|b) 1539 1528 15.30 15.30
oc (w]b) 035 010 0.05 0.05
0'2 noy, . T .
We recall that Q = 77(; p and D = (1 — p)diag (Us (OXI) ) In fact, the specific

risk of the £5-norm model is not truly idiosyncratic because the specific volatilities are very
uniform and the default correlation is very high (p = 80%). This explains its low contribution
to the total tracking error volatility.
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Remark 10. Table 22 on page 112 shows the results of the Barra optimization when specific
risk is excluded from the covariance matriz. As expected, the resulting portfolios are more
concentrated. The effective number of bets decreases while the cumulative weight of the top
100 positions increases. This outcome is intuitive. When idiosyncratic risk is ignored, the
optimizer no longer needs to diversify specific risk exposures and can therefore achieve its
objectives using fewer securities.

3.2.2 Yield maximization

Let us consider the problem of yield maximization w* = argmax u (w | b). Results are
reported below. Compared to tracking error minimization, we observe two effects: portfolios
are more concentrated, and the tracking error volatility explodes while the modified duration
constraint remains around at its lower bound (+0.20 year). We also remark that the active
share constraint helps to mitigates these effects.

Table 11: Yield maximization (Barra model, ER00 Index, end of May 2026)

Active share limit AST

Statistic Benchmark 95%  30%  40% 100%
Holdings 4663 3502 3261 2786 104
Active share (in %) 25.00 30.00 40.00 97.85
ENB (w) 3940 395 328 255 101
Top 100 weight (in %) 5.36  29.40 34.25 43.83 99.00
o (w|b) (in bps) 53.28 52.16 56.24 87.62
or (w]b) (in bps) 51.97 50.80 54.79 85.01
oc (w | b) (in bps) 131 136 145 261
Yield (in %) 347 380 3.85 393 4.18
Bors (w | b) 100 127 1.28 1.30 145
MD (in year) 448 474 472 4.68  4.68
5Y DTS (in bps) 92 192 192 192 192
7Y DTS (in bps) 101 126 126 126 126
10Y+ DTS (in bps) 48 23 23 23 23
Financials DTS (in bps) 128 228 228 228 234
A-rated DTS (in bps) 159 134 134 134 134
BBB-rated DTS (in bps) 193 293 293 293 293

3.2.3 Efficient frontier

The efficient frontier is shown in Figure 25 on page 124. It is close to the one obtained
with the £o-norm model. However, the magnitude of the tracking error volatility differs.
To analyze this, we match the tracking error volatilities o, (w | b) and 0Berra (w | b) such
that the £5- and Barra-optimized portfolios share the same excess yield p (w | b). Figure
14 shows the scatter plot of the two tracking error volatilities. We observe the following
relationship:

wl(w|b) low = 0Barra (w | b) < oy, (w | b)
wu(w|b) high = ogarra (w|b) > 0y, (w|b)

As a result, the £5-norm model generates a higher tracking error when targeting low excess
yields, whereas the Barra risk model generates a higher tracking error when targeting high
excess yields.
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Figure 14: Scatterplot of tracking error volatilities (ER00 Index, end of May 2026)

90
o
o AST =25%
80 I o AST =30%
o AST =40%
70 (@] NO AS+ O
% 60
e}
g
~— 50 -
=
S 40¢f .-
- -
E30f
20 +
10pF=""
O 1 1 1 1 1 1
10 15 20 25 30 35 40

o, (w | b) (in bps)

3.2.4 Extension to larger bond investment universes

The ER00 Index is a relatively small investment universe, containing approximately 4 600
bonds. To assess the impact of a larger opportunity set, we also examine two broader
universes: the ICE BofA USD Corporate Bond Index (COAO) and the ICE BofA Global
Corporate Bond Index (GOBC). The results of the tracking error minimization and excess
yield maximization problems are reported in Appendix C on pages 112-115. The behav-
ior of the optimized portfolios for the COAO and GOBC universes differs somewhat from
that observed for the EROO universe. Because these universes contain substantially more
securities, the optimizer has greater flexibility in constructing portfolios. As a result, when
the objective is to minimize tracking error, it can achieve significantly lower tracking error
volatility while maintaining a high degree of diversification. Conversely, when the objective
is to maximize excess yield, the larger investment universe provides more opportunities to
identify high yield bonds and concentrate active positions.

The benefits of a large investment universe can be illustrated using the efficient frontiers
(Figures 26 and 27 on page 125). We observe that, given a target tracking error volatility, we
can obtain significantly more excess return. For instance, Figure 15 compares the efficient
frontiers when the active share limit is set to 30%. We clearly observe that COAO-optimized
portfolios dominate ER00-optimized portfolios, while GOBC-optimized portfolios dominate
COAOQ-optimized portfolios. Each time we double the number of securities, the excess yield
is improved by at least 25%.

Remark 11. The previous results may suggest that it is easy to outperform a bond index
and generate alpha. In fact, we recall that there is a great deal of difference between model
portfolios and investable portfolios. This aspect will be discussed later in Section 3.6 on page
71.
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Figure 15: Efficient frontier when AS™ = 30% (end of May 2026, Barra risk model)
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In summary, duration and DTS views can be efficiently implemented across all universes
with limited tracking error, as active risk is mainly driven by factor exposures rather than
specific risks. Relaxing the active share constraint and expanding the investment universe
— particularly with COAO and GOBC — significantly improves the risk-return profile. This
shifts the efficient frontier upward, enabling portfolios to generate higher excess yields for a
given tracking error budget. However, these marginal gains diminish rapidly beyond mod-
erate risk levels. Furthermore, broader universes like GOBC introduce additional currency
and implementation complexities, particularly when managing the total number of portfolio
holdings.

3.3 Active management

We adopt a top-down approach in which the portfolio is structured along two primary axes:
maturity and sector. The idea is to simultaneously exploit relative value opportunities
across maturities and sectors. Let P; (t) and 7T; be the dirty price and maturity of bond i,
respectively. The instantaneous return of bond 4 can be decomposed as follows*!:

Ri(t)=— 3 KRDx (t) dy () — SD; (1) ds (1

where y, (t) is the zero-coupon yield at maturity pillar &, s; (¢) is the credit spread, KRD, , (t) =
dPi(t) . : S OInP(t) .
————— is the key-rate duration of bond 4 at pillar k, and SD; (t) = —————= is the
Oy (t) Js; (t)
spread duration of bond i. The first term captures exposure to movements in the yield
curve, while the second term captures sensitivity to changes in the credit spread. To keep

the model simple and tractable, we focus on the credit return component, but the extension

41We have:
() = dPl((r;) —dmP ()= d1n P; (t)

8P (t)
P (t = Owm ()

dsi (1)

dyp (t) + ds; (t)
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to the full return decomposition is straightforward*?. By approximating the spread change
in relative terms, the return of bond 4 simplifies to:

ASZ' (t)
si (1)

At the sector level, we get?3:

AS(j) (t)
s (0)
where DTS(;y (t) and s(;) () are the benchmark-weighted DTS and credit spread of sector

Jj, respectively. This sector-level return representation naturally leads to a one-factor risk
model. Indeed, the covariance matrix between sector returns is given by ¥ = BQBT,

RSectorj (t) = R(j) (t) =~ — DTS(j) (t)

where B = diag (f DTSqy,...,— DTS(m)) and 2 is the covariance matrix of relative spread

changes across sectors.

3.3.1 A model of credit return decomposition

Let At be the holding period, which is typically one month. Over the interval [t,t + At], the
credit return of bond ¢ can be decomposed into three economically meaningful components:

R; (t) ~ OAS; (t) At + —SD; (t) (52‘ (t + At) — 5 (t)) + —SD; (t) A OAS; (t)

Carry Rolldown Repricing
= Carry; (t) + Rolldown; (t) + Repricing; (t)

where OAS; () is the option-adjusted spread of bond i at time t, s (t + At) — s; (¢) is the
change in the fitted credit spread due to the passage of time, and A OAS,; (t) = OAS; (t + At)—
OAS; (t) captures the residual idiosyncratic or market-driven spread change. Each compo-
nent has a distinct economic interpretation (Hamdan et al., 2016):

e Carry
The investor earns OAS; (t) At by simply holding the bond over the period and collect-
ing the credit premium for default risk compensation, providing that no credit event
occurs. This component is known and deterministic at time t.

e Rolldown
As time passes, the bond’s remaining maturity shortens from T; to T; — At. If the
credit spread curve is upward-sloping, the bond naturally rolls down to a lower spread
point, generating a price gain. This component is also observable ex-ante, given the
current shape of the credit spread curve.

e Repricing
The spread curve shifts between ¢ and t+ At in an unpredictable manner. This parallel
or non-parallel movement of OAS; (t) generates an unexpected price gain or loss and
is the primary source of return uncertainty over the holding period.

This decomposition is useful because it separates the predictable and structural return com-
ponents (carry and rolldown) from the unpredictable, market-driven component (repricing).

42This is the generalization of our two-factor risk model.
43We use the notations (j) and Sector; interchangeably to denote sector j.
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Figure 16: Carry and rolldown components
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Aggregating across bonds within each sector j, the expected credit return at the sector level
is given by:

ey = Carryy (t) + Rolldown ;) (t) + Eq [Repricing(j) (t)}
While carry and rolldown are directly observable, forming a view on E; [Repricing(j) (t)

— that is, forecasting the direction and magnitude of spread moves at the sector level — is
precisely where active management plays its role.

Figure 17: Repricing component
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Remark 12. This decomposition is illustrated in Figures 16 and 17. The central concept is
the spread curve SCy (T), which gives the credit spread of a bond with a remaining maturity
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T at time t. Over the holding period At, the bond’s remaining maturity decreases from T
to T — At. As a result, its spread shifts from SCy (T') to SCiyae (T — At). In addition to
the carry, the investor therefore captures a mark-to-market return proportional to the spread
difference SC¢ (T) — SCrynt (T — At). This difference can be decomposed into two distinct
components:

SC(T) — SCoint (T — At) = SC; (T) — SC, (T — At) + SC; (T — At) — SCyyny (T — At)

Mark-to-market Rolldown Repricing

The rolldown component measures the impact of the maturity, while the repricing component

measures the reshaping impact of the spread curve**.

Carry component  Since Carry; (t) = OAS; (t) At, the sector-level carry is the benchmark-

weighted average of the carry of the bonds belonging to sector j:

ZiESectorj wy - Carryi (t)

ZiGSectorj Wi

Carryy (t) =

Rolldown component To calculate the rolldown, we assume that the OAS of bond 1
depends on the following five determinants: the sector spread curve, the bond’s maturity,
its rating, its seniority, and its specific risk. We therefore formulate the following panel
model with two sets of fixed effects:

m 4 3
OAS; = Z 1 {z € Sectorj} SC; (Ti)—&-z 1 {i € Ratingy } Ck‘f'z 1 {i € Seniorityy } &p+e;
j=1 k=1 k=1

where SC(;y (T) is the spread curve of sector j, (i is the rating fixed effect (AAA, AA, A,
or BBB), & is the seniority fixed effect (senior, secured, or subordinated), and ¢; is the
idiosyncratic risk. The sector spread curve is parameterized using the Nelson-Siegel model:

SC) (T) = Bo,j + ﬁmlex;/(TT/T) + Ba,; (W — exp (_T/’T)>

where By j, B1,; and B2 ; are the level, slope, and curvature parameters of sector j, while
7 is the decay parameter common to all sectors. The parameter vector 6 in this model
consists of the 3m sector-specific parameters (ﬁo,j, B, ﬂzvj), the common decay parameter
7, the four rating fixed-effect coefficients (i, and the three seniority fixed-effect coefficients
&,. Parameters are estimated by weighted least squares?®:

. n —\2
6 = argmin} b, (OASi —OASi)
i=1
where the fitted value is:
m 4 3
OAS; = Z 1 {i € Sector; } SC; (T;) + Z 1{i € Ratingx} ¢ + Z 1{i € Seniorityy} &k
j=1 k=1 k=1

Once the parameters are estimated, the rolldown of bond i is computed as follows:

Rolldown; (t) = — SD; (t) (S\c(j) (T; — At) — SCy,) (Ti))

44For simplicity, we will use in the sequel the notation SC (T) instead of SCt (T).
45We use the BBB/senior category as the reference point of the panel model.
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where SEU) (T') is the estimated spread curve of the sector to which bond ¢ belongs. The
sector-level rolldown is then the benchmark-weighted average:

ZiESectorj w;j - ROlldO’wnl (t)

Rolldownjy (t) = 5 o
i€Sector; 't

Repricing component The future evolution of credit spreads is uncertain and cannot be
forecasted deterministically. Therefore, we translate fund manager views into standardized
spread scenarios scaled by the historical volatility of relative spread changes. For each sector,
the fund manager assigns a qualitative view, which is encoded as a z-score:

Sector view Interpretation K(4)
++ + Strong expected spread tightening -3.0
++ Moderate expected spread tightening -2.0

+ Mild expected spread tightening —1.0
Neutral No directional view 0.0
— Mild expected spread widening + 1.0

—— Moderate expected spread widening + 2.0

- —— Strong expected spread widening + 3.0

For each sector j, the expected relative spread shock is defined as follows:
As) As)
= AR(j)o = AR()0(j)

)

E;

@)

where o ;) is the historical volatility of relative spread changes, ;) encodes the qualitative
sector view, and A > 0 is a confidence scaling parameter that controls the weight assigned
to active views. It can also be interpreted as the Sharpe ratio of the manager’s views. For
example, A = 0 ignores all sector views, A\ = 0.25 corresponds to moderate conviction, and
A > 0.50 corresponds to high conviction. The expected repricing return of sector j is then*%:

E; Repm'cing(j) (t)} = —)\Kv(j) DTS(]-) a3)

3.3.2 An example with sector views

We consider the investment universe defined by the ICE BofA Euro Corporate Index (ER00),
which comprises 18 sectors: Automotive, Banking, Basic Industry, Capital Goods, Consumer
Goods, Energy, Financial Services, Healthcare, Insurance, Leisure, Media, Real Estate, Re-
tail, Services, Technology & FElectronics, Telecommunications, Transportation, and Utility.
To achieve greater allocation granularity, each sector is subdivided into five maturity buck-
ets: 0-3Y, 3-5Y, 5-7Y, 7-10Y, and 10Y+. Active positioning can be therefore implemented
at the sector x maturity level rather than at the sector level alone. In theory, there are
18 x 5 = 90 sector-maturity clusters. In practice, however, only 89 clusters are represented,
because one maturity bucket is absent in a particular sector*” (Table 29 on page 115). We
assume that the portfolio manager expresses views on the ten sectors reported in Table 12.
In addition, portfolio construction is subject to two constraints: a maximum active share of
10%, and a limit on sector-level DTS exposure, where each sector’s DTS contribution may
not exceed 130% of the corresponding benchmark contribution.

s6p E: [Reprici _ _ As)
ecause E¢ |Repricing ;) (t)| = —SDyjy (t) E¢ |A OAS;) (t)| = — DTS (1) Eq o) .
G
47This is the Services/10Y4 cluster.
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Table 12: Sector views of the portfolio manager

Sector Views Sector Views
Banking +4 Capital Goods —
Financial Services + Retail —
Insurance + Technology & Electronics —
Real Estate + Telecommunications —
Utility + Consumer Goods ——

Let us first consider the maximization problem of the expected excess return:

w*(\) = argmaxpu (w|b\)

AS (w | b) < 10%

i€Sector;
s.t. e i
1 w=1
w > 0y,

i€Sector;

where w is the 89 x 1 vector of sector/maturity weights. Recall that the expected return in
our model is given by:

m

w(w; ) = Z w;)Carryy + Z w(;)Rolldownjy 4+ Z wy;j)Repricing;

Jj=1 Jj=1 Jj=1

where Repricingjy = —r(;) DTS o(;y represents the normalized expected repricing return
when A\ = 1. It follows that the expected excess return is equal to:

p(wlbA) = p(w—bA)

(w(j) — b(j)) Carry(j) + Z (w(j) — b(j)) Rolldown(j) +
j=1

|
.MS

<
I
—

A

9

(w(j) — b(j)) Repm'cing(j)

Jj=1

The optimization is performed across different values of A\. Results are reported in Table
13. One must be careful when interpreting these figures across different values of A. If
we consider two optimal portfolios w* (A1) and w* (A2) generated by two distinct values A
and Ao, we can easily compare their portfolio structure and risk profiles. However, directly
comparing their return figures is more complex. Because p (w;A) and p (w | b;A) depend
on the value of A, the return components differ for the same portfolio under different values
of A. If Ay # Ao, then g (w; A1) # p(w;A2) and p(w | by A1) # p(w|b;A2). In fact, the
difference in expected returns decomposes as:
m
w(wa; Ao) — p(wryN) = Z <U)(j)2 - w(j)’l) (Car?“y(j) + Rolldown ;) + AlRepricing(j)>

=1

<

m
+ (A2 — A1) Z w(y),2 Repricing

The first term reflects the change in portfolio composition, valued at the confidence level A1,
while the second term reflects the change in the confidence parameter itself, applied to the
new portfolio ws. When A = 0, the expected return is 108 bps, which is entirely explained
by the carry and rolldown components (Carry = 83 bps, Rolldown = 25 bps). For A > 0,
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the carry-rolldown contribution falls below 108 bps, because the optimization now considers
repricing in addition to carry and rolldown. For example, when A = 50%, the expected
return increases to 168 bps, decomposed as follows: Carry = 80 bps, Rolldown = 24 bps,
and Repricing = 63 bps. Thus, the choice of )\ substantially impacts expected return and
tracking error volatility while having a limited influence on portfolio concentration (measured
by the number of holdings and effective bets). However, A affects the sector and maturity
allocation (see Tables 30-32 on page 116).

Table 13: Excess return maximization under a constraint of active share (active management,

ERO00 Index, end of May 2026)

Confidence A

Statistic Benchmark 0 10% 20% 30% 40% 50%

Portfolio structure

Holdings 89 78 7 78 7 7 76
AS (w | b) (in %) 0 10 10 10 10 10
ENB (w) 32 29 29 27 27 27 27
CRisk
o (w|b) (in bps) 123 120 86 74 72 7.0
DTS (w) (in bps) 382 415 407 394 387 384 380
Bors (w | b) 1.00 1.09 1.07 1.03 1.01 1.01 1.00
Return
w(w; A) (in bps) 101 108 118 130 142 155 168
Carry 83 82 81 81 80 80
Rolldown 25 25 25 24 24 24
Repricing 0 11 24 37 50 63
Cp(w[bA) (inbps) 7 10 15 21 2T 33
Carry 5 4 3 3 2 2
Rolldown 2 1 1 1 1 0
Repricing 0 5 11 18 24 31

We now consider the mean-variance optimization problem:

w* (y,A\) = argmin %02 (w | b) — v (w | by \)
AS (w | b) < 10%

ot > icsector; Wi DTSi < 130% X 3 secror, bi DTS; Vi=1,...,18
o 1) w=1
w > 0,,
where ¢? (w | b) = (w — b)" BOBT (w—b), B = diag (— DTSy, .., —DTS(m)> and € is

the covariance matrix of relative spread changes across the sector/maturity clusters. Re-
sults are reported in Figure 21. The efficient frontiers exhibit the expected concave profile,
reflecting the fact that the marginal excess return diminishes with each additional unit of
active risk. For low values of A, which correspond to limited confidence in sector views, the
trade-off between tracking error volatility and expected excess return remains relatively flat
because the repricing component does little to differentiate portfolios across the risk spec-
trum. As )\ increases®®, the efficient frontiers diverge progressively, revealing the growing

48We verify that the limit case v — oo corresponds to the solution of the excess return maximization
(Table 13).
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value of incorporating sector views into portfolio construction. Stronger convictions unlock
higher expected excess returns at every level of tracking error. For example, with a tracking
error of 2 bps, increasing conviction from A = 0% to A = 50% raises the expected active
return from approximately 6 bps to 17 bps. This illustrates that performance enhancement
from active sector views interacts with the active risk budget rather than being merely addi-
tive. The greater the risk a portfolio is permitted to take, the more valuable a well-calibrated
set of views becomes.

Figure 18: Efficient frontier (active management, ER00 Index, end of May 2026)
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Remark 13. The active management model presented in this section is very standard. It
can be made more complex by considering other return engines. For example, Bajo Traver
(2026, Equation 8.1) uses a four-component model that incorporates the convezity effect:

R; (t) = Carry; (t) + Rolldown; (t) + Repricing; (t) + Convexity; (t)

3.4 Portfolio decarbonization

One of the most common applications of bond portfolio optimization is the construction of
benchmarks with enhanced sustainability characteristics. The underlying principle is gen-
erally the same. Starting from a well-established parent index, the index provider creates a
sustainable benchmark by improving selected ESG metrics while maintaining risk and return
characteristics similar to those of the original index (Ben Slimane et al., 2019b,c). ESG in-
tegration can be implemented through several approaches, including scoring, screening, and
optimization techniques. The objective is typically to replicate the parent index as closely as
possible while achieving a superior ESG profile. For example, in portfolio decarbonization
strategies, the carbon footprint of the portfolio is constrained to be lower than that of the
benchmark. Let CZ; be the carbon intensity of bond i. The carbon footprint of portfolio
w is measured by its weighted average carbon intensity: CZ (w) = .., w;CZ;. Portfolio
decarbonization consists of imposing a minimum reduction in carbon intensity relative to a
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benchmark: CZ (w) < (1 —R)CZ (b). The value of the reduction rate is typically deter-
mined by the index provider. In some cases, however, it is given by regulation, as for climate
transition benchmarks (CTB) and Paris-aligned benchmarks (PAB), which are subject to
minimum decarbonization requirements. For instance, Barahhou et al. (2022) and Ben Sli-
mane et al. (2023) propose minimizing the active credit risk and the active share of portfolio
w with respect to benchmark b, subject to a carbon footprint reduction constraint:

NSector

R
w* = argmin 3 Z |w; — b;| + ¢ Z 4 Z (w; — b;) DTS; (37)
i=1 j=1 |i€Sector;
ot CT (w)<(1—R)CI(b)
o w € Ql n QQ

where R is the reduction rate, 21 N2 is a set of portfolio constraints, and ¢ is the trade-off
parameter that controls the relative importance of the DTS component?®. The first con-
straint set ) = {w:1Jw=1,0, <w < 1,} defines a fully invested long-only portfolio.
The second constraint set €25 controls the risk deviation between portfolio w and benchmark
b. A typical specification is Qg = Qo/NQor Ny, where Qo = {w s> (wp — b)) MD; = 0},
Qo = {w SV, ZieBucket(]’) (w; —b;) = O} and Qo = {w LV, ZieRating(k) (w; —b;) = 0}-
Qo neutralizes the modified duration exposure at the portfolio level, whereas Q5 and Qg

ensure that the portfolio allocation is the same as the benchmark per maturity buckets and
rating categories, respectively.

Table 14: Sector allocation in % when the reduction rate is set at 50% (Barra model, GOBC
Index, end of May 2026)

Sector Index | 8C; S8Ci_» S8C®; 8Ci_;
Communication Services 7.18 7.18 7.17 7.17 7.17
Consumer Discretionary 6.75 | 6.75 6.75 6.72 6.72
Consumer Staples 5.80 | 5.80 5.80 5.69 5.80
Energy 6.65 | 6.60 6.49 6.11 4.08
Financials 34.88 | 35.96  36.53 38.54  35.83
Health Care 7.82 | 7.82 7.83 7.82 7.82
Industrials 8.70 | 8.71 8.70 8.83 10.83
Information Technology 4.65 | 4.70 4.65 4.65 4.61
Materials 3.20 3.11 3.05 2.99 2.92
Real Estate 394 | 3.94 3.94 3.94 3.94
Utilities 10.42 | 9.43 9.09 7.54 10.29
AS (w | b) (in %) 3.02 3.66 6.81  15.04
o (w|b) (in bpd) 1439 1571 16.94 1837

For reasonable reduction rates, Table 14 confirms the results of Barahhou (2022) that
decarbonization has little impact on portfolio characteristics (DTS, MD, yield, sector al-
location). However, when the reduction rate exceeds 50%, we observe a deformation of
the portfolio structure. In particular, portfolio decarbonization is a strategy that is long
financials and health care, and short energy and utilities when we consider scope 3 up-
stream emissions, while it becomes long industrials and short financials and energy when
downstream emissions are included®® (Luciani and Roncalli, 2026).

49 is set to 50, implying that the trade-off is 1% of active share for 2 bps of DTS.
50See Tables 42-45 on pages 121-122.
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Figure 19: Impact of the carbon scope on the active share (GOBC Index, end of May 2026)
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Figure 20: Impact of the carbon scope on the tracking error volatility (GOBC Index, end of

May 2026)
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3.5 Clustering and bucketing methods

The concept of bucketing has a long history in fixed-income portfolio management. One
of the earliest applications of mean-variance optimization to bond portfolios used matu-
rity buckets instead of individual securities to determine the optimal allocation (Cheng,
1962). The importance of maturity segmentation remains central to fixed-income analysis
and reporting. Most bond portfolio reports present key statistics across standard maturity
bands, typically 0-1Y, 1-3Y, 3-5Y, 5-7Y, 7-10Y, and 10Y+. Bucketing has also become
a standard tool for describing the credit risk profile of bond portfolios. In the investment-
grade universe, the most common rating buckets are AAA, AA (including AA+ and AA—),
A (including A+ and A—) and BBB (including BBB+ and BBB—). These dimensions can
be naturally combined to define more granular classifications. For example, a maturity X
rating framework partitions the investment universe into the following cells:

[ 0-1Y 1-3Y 35Y 57Y 7-10Y 10Y+
AAA
AA
A
BBB

The bucketing concept is closely related to the notion of risk factors. Its primary objective
is to summarize a large bond universe consisting of thousands of securities into a limited
number of representative cells. In practice, one of the most widely used approaches is based
on four dimensions: Maturity x Rating x Sector x Currency. This framework provides an
informative representation of the key sources of risk within a bond portfolio. More generally,
statistical clustering techniques can be used to group securities by their characteristics or
risk profiles, extending the traditional bucketing approach in a data-driven way (Focardi
and Fabozzi, 2004).

The concept of bucketing is also closely related to security analysis and index replication.
In practice, the characteristics and performance of an individual bond are often evaluated
relative to its bucket or cluster. Bucketing plays also a central role in bond index tracking.
One of the simplest and most widely used approaches to replicate a fixed-income benchmark
is applying stratified sampling (or cell-based matching) to a partition of the investment
universe. The objective is then to construct a portfolio whose aggregate exposures within
each bucket closely match those of the benchmark. Stratified sampling has been applied to
bond portfolios since Rudd (1980) introduced this methodology as a practical alternative to
full replication. Since then, bucket-based replication techniques have become standard in
fixed-income management (Gouzilh et al., 2014). From this perspective, bucketing provides
an implicit approach to tracking error control. Rather than minimizing an explicit mathe-
matical measure of tracking error, the portfolio manager aligns the portfolio and benchmark
exposures across a set of predefined buckets.

Consider the following optimization problem:

w* = argmaxpy (w|b)

MD (w) = MD (b)
DTS (w) = DTS (b)
AS (w | b) < 50%
s.t. i€Lssuer; w; S 1%
1 w=1

0, <w<1,

w e Q‘Bucket
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The objective is to maximize the excess yield of the portfolio u (w | b) subject to the following
constraints: the portfolio’s modified duration and duration times spread must match those
of the benchmark; the active share relative to the benchmark must not exceed 50%; issuer
concentration risk is controlled by capping each issuer’s aggregate exposure at 1%; and the
weights must satisfy standard long-only and fully-invested constraints.

Table 15: Tracking error volatility o (w | b) in bps of clustering-based optimized portfolios
(Barra model, GOBC Index, end of May 2026)

Bucket definition (=, ¢7) =(05,2.0) (¢—,9") =1(0.9,1.1)
No clustering 155.02 155.02
Currency 113.29 99.29
Maturity 155.02 151.91
Rating 155.00 162.47
Sector* 155.02 150.59
Sector 153.36 150.70
" Currency x Maturity ] 1291 99.12
Currency x Sector* 116.35 95.80
Rating x Sector 148.05 148.26
Currency x Maturity x Rating 112.41 103.70
Currency x Rating x Sector 110.69 68.97
Currency x Maturity x Rating x Sector* 108.75 81.51
Currency x Maturity x Rating x Sector 97.86 62.88

Using the GOBC investment universe, we obtain a solution with a tracking error volatility
of 155 bps when no bucket restriction is imposed. We then define the following bucket-level
restrictions:

e Currency: EUR, USD and others;
e Maturity: 0-3Y, 3-5Y, 5-7Y, 7-10Y, and 10Y+;
e Rating: AAA, AA, A and BBB;

e Sector*: Level 2 with 3 sectors (Financials, Corporates and Utilities) — or Sector:
Level 3 with 18 sectors.

The number of buckets are ngycper =3 X 5 X 4 X 3 =180 and nycker =3 X 5 X 4 X 18 =
1080, respectively. We then impose that the portfolio’s aggregate weight within each bucket
remains close to that of the benchmark. Specifically, we require that it stay within the

following range:
T2 s > wiset Y oh
i€Buckety 1€Buckety i€Buckety

Adding these constraints reduces o (w | b) to 108.75 bps with three sectors and 97.86 bps

with 18 sectors when (¢, ¢™) = (0.5,2.0), confirming that finer bucket granularity yields
tighter tracking. Table 15 reports results across some bucket-definition combinations.

Remark 14. Portfolio managers often use MD or DTS bucket-level restrictions instead
of weight-based restrictions. The bounds of these restrictions can be narrowed to further
tighten tracking control. More generally, bucketing provides a flexible framework for manag-
ing tracking risk without explicitly optimizing it. Which bucket-level restrictions to impose
— weight, MD, or DTS — depends on the relative importance of the underlying risk fac-
tors. For instance, weight and MD restrictions are usually more relevant for sovereign bond
portfolios, while DTS restrictions are more appropriate for credit portfolios.
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3.6 Investable solutions

3.6.1 The mathematics of investable solutions

We now turn to the problem of computing investable portfolios®?.

introduce a binary variable z; € {0,1} defined by:

For each bond i, we

1 if bond i is held in the portfolio
€Ty = .
0 otherwise

The tradable nominal is then given by:
¢i = x; MT; +x;y; LS;

where MT; and LS; are the minimum tradable amount and lot size of bond %, respectively.
Here, y; € N is the number of additional lots purchased. To ensure that no lots can be
purchased when the bond is not selected, we impose the constraint:

0 <y <aziy
where yj is an upper bound on the number of additional lots. A natural choice is:

gt = g —MT,;
g LS;

where qj' is calculated from the maximum weight allowed for bond i. We can then simplify
the expression of ¢;:
¢ = z; MT; +y; LS;

and we have:
$i=O:>yi:O:>qi:O
Let V be the total portfolio value. The weight of bond ¢ in the portfolio is:

o = P _ (@iMTi+y; LS))p; _  MTp; n LSipi
1 T V - V - ? V yl V

where p; is the dirty price of bond i. We note that w; is a linear combination of the integer
variables x; and y;. As in the continuous case, constraints can be formulated directly in
terms of the weights w; and then translated into equivalent constraints on z; and y;. We
can also add two important types of constraints:

1. Cash constraint
If the maximum allowable cash position is C;rs » = 0, then we have:

V—Cr, <> api <V

=1

51Previously, exposures were expressed as a percentage under the following constraints: w; € [0,1] and

7 ,w; = 1. The optimiser does not generate null weights by construction, but we generally adopt the
convention that small weights are forced to be zero: w; < ¢ = w; = 0. In previous applications, we set € to
10-6.
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We deduce that:

3

sh
=1
where: .
C+ Cash
ash — vV

2. Cardinality constraint
Since x; = 1 if and only if bond i is held, the total number of holdings is:

n
Nholding = E Zq
1=1

A lower and upper bound on portfolio size is then enforced by:

n
NT <Y o <N
i=1
More generally, we can impose minimum and maximum number of holdings for the
cluster G; as follows:

N <Y ne
1€G;

Remark 15. The yield mazimization and £1-norm optimization problems can be reformu-

lated as mized integer linear programs (MILP) because the objective functions and portfolio

constraints are linear. For the tracking error minimization and o-norm optimization prob-

lems, we obtain a mized integer quadratic program (MIQP). While MILPs are relatively easy
to solve, MIQPs are time-consuming even with commercial solvers.

3.6.2 One-step vs. two-step investable portfolios

We obtain the following optimization problem:

* * . 1 ~ ~
{z*,y*} = argmlnﬁ’R(wM)f’yu(wM) (38)

/U]__x'MTipi_'_ _LSipi

(2 ? yl V

s.t. T € {07 1}
Yi € {0;1,~7y1+}
{w,z,y} € Q

Given an investment universe b, this one-step approach solves a single mixed-integer program
to directly find the optimal integer allocations {z*,y*}. An alternative is the two-step ap-
proach, which first computes the continuous model portfolio w* and then finds the investable
portfolio {z*,y*} closest to it. The first step is the standard continuous optimization prob-
lem:

w* = argmin %R (w]b) —yp(w]b) (39)

¢ w € N
Sl o <w<,

The second step then seeks the investable portfolio that best replicates w*. One natural
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Figure 21: One-step vs. two-step investable portfolio optimization
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formulation minimizes the active share AS (1IJ | w*) under the same optimization constraints
plus the integer constraints:

1 n
{z*,y*} = argmin 5 Z |w; —wy] (40)
i=1

_ MT;p; LS; pi
Wi = T; + Y v

s.t. Zi € {0’ 1}
Yi S {0’15";ay;’_}
{w,2,y} € Q

The feasible set € of this second step is therefore a subset of @ — Q c Q. For instance,
imposing a cash constraint and bounds on the number of holdings gives:

Q:{weﬂzl—ﬁglzvjjgl,N— §11x§N+}
This second optimization is referred to as implementation gap minimization.
Remark 16. The implementation gap corresponds to the active share between the investable
portfolio and the model portfolio:

1 n
IGap = AS (0 | w*) = v Z |z7 MT; p; + yi LS; pi — wi V|
i=1

It can be calculated for the two approaches (Figure 21).

3.6.3 Example

We consider the yield maximization problem presented in Section 3.2.2 on page 57. We
recall that the corresponding constraints are:

e Increase duration by 0.20 to 0.50 year relative to the index;
e Limit concentration risk by capping the weight of issuers at 1%;

e Impose a maximum active share of AS™;
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e Impose the following constraints on duration times spread contributions:

Overweight the DTS of bonds in the 5Y bucket by at least 100 bps;

— Overweight the DTS of bonds in the 7Y bucket by 25 to 100 bps;

— Underweight the DTS of bonds in the 10Y+ bucket by —100 to —25 bps
— Overweight the DTS of bonds in the financials sector by at least 100 bps;
— Underweight the DTS of bonds rated A by —100 to —25 bps;

Overweight the DTS of bonds rated BBB by 25 to 100 bps;

In addition to these continuous constraints, we impose the following integer constraints:
e The maximum cash ratio ¢t is set to 2%.
e The total portfolio value V takes the values 50 mn, 100 mn, 500 mn, and 1 bn.

e We consider two cases: one with no holding constraint, and one requiring at least 150
holdings.

Without active share limit Results for the ER00 Index are reported in Tables 16, 17
and 18. When there is no active share constraint, it is easy to find an investable portfolio
close to the model portfolio, using either the one-step or two-step approach. In fact, in-
vestable portfolios achieve the same yield as the optimal continuous portfolio. Moreover,
the cash constraint is never reached. The results are quite similar when we consider the
CO0AO and GOBC indices (see Tables 34—40 on pages 117-120). However, we note that the
cash constraint is reached using the two-step approach with the GOBC investment universe.

Table 16: Optimal investable portfolios (Barra model, ER00 Index, end of May 2026, one-
step approach, no cardinality constraint, no active share limit)

Statistic Benchmark Continuous 50 mn 100 mn 500 mn 1 bn
Holdings 4663 104 115 114 116 119
Active share (in %) 97.85 97.67  97.74  97.75 97.66
ENB (w) 3940 101 108 104 102 102
Top 100 weight (in %) 5.36 99.00 94.34  97.11 98.47 98.39
o (w|b) (in bps) 87.62  90.31 90.95 88.19 87.38
or (w]b) (in bps) 85.01  87.96 88.55 85.62 84.86
oc (w|b) (in bps) 2.61 2.35 2.41 2.57  2.52
Yield (in %) 3.47 418 417 4.18 418  4.18
Bors (w | b) 1.00 145 146 1.46 145 145
“MD (in year) 448 < 4.68 468 469 = 4.68 468
5Y DTS (in bps) 92 192 192 192 192 192
7Y DTS (in bps) 101 126 126 126 126 126
10Y+ DTS (in bps) 48 23 23 23 23 23
Financials DTS (in bps) 128 234 235 230 234 233
A-rated DTS (in bps) 159 134 134 134 134 134
BBB-rated DTS (in bps) 193 293 293 293 203 293
cqsp in%) 000 000 000 0.00
Casn (in €) 1648 2108 2 62
ZGoap (in %) 9.26 4.59 1.57 155
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Table 17: Optimal investable portfolios (Barra model, ER00 Index, end of May 2026, one-
step approach, at least 150 holdings, no active share limit)

Statistic Benchmark Continuous 50 mn 100 mn 500 mn 1 bn
Holdings 4663 104 150 150 151 150
Active share (in %) 97.85 97.60  97.68  97.67 97.65
ENB (w) 3940 101 109 105 103 102
Top 100 weight (in %) 5.36 99.00 93.90  96.79  98.33 98.40
o (w]b) (in bps) 87.62  88.11 91.26 88.23 87.37
or (w]b) (in bps) 85.01  85.71 88.86 85.67 84.86
oc (w | b) (in bps) 2.61 2.40 2.39 2.56  2.51
Yield (in %) 3.47 418 417 4.18 418  4.18
Bors (w | b) 1.00 1.45 1.46 1.46 1.46 145
"MD (in year) 448 ¢ 468  4.68 469  4.68 4.68
5Y DTS (in bps) 92 192 192 192 192 192
7Y DTS (in bps) 101 126 126 126 126 126
10Y+ DTS (in bps) 48 23 23 23 23 23
Financials DTS (in bps) 128 234 233 231 234 233
A-rated DTS (in bps) 159 134 134 134 134 134
BBB-rated DTS (in bps) 193 293 293 293 203 293
“cgsn in%) 000 000 000 0.00
Casn (in €) 2 2054 189 825
ZG.ap (in %) 7.64 4.74 1.26  1.58

Table 18: Optimal investable portfolios (Barra model, ER00 Index, end of May 2026, two-
step approach, no cardinality constraint, no active share limit)

Statistic Benchmark Continuous 50 mn 100 mn 500 mn 1 bn
Holdings 4663 104 113 112 111 114
Active share (in %) 97.85  96.77  97.37  97.67 97.60
ENB (w) 3940 101 110 106 102 103
Top 100 weight (in %) 5.36 99.00  94.07  96.71 98.56  97.92
o (w|b) (in bps) 87.62 8543  86.93  87.48 87.31
or (w]b) (in bps) 85.01  82.95 84.41 84.89 84.80
oc (w | b) (in bps) 2.61 2.49 2.53 259  2.51
Yield (in %) 3.47 418  4.09 4.15 417 417
Bors (w | b) 1.00 1.45 1.44 1.45 1.45 145
~MD (in year) 448 468 468  4.68  4.68 4.68
5Y DTS (in bps) 92 192 192 192 192 192
7Y DTS (in bps) 101 126 126 126 126 126
10Y+ DTS (in bps) 48 23 23 23 23 23
Financials DTS (in bps) 128 234 228 233 233 235
A-rated DTS (in bps) 159 134 127 131 134 134
BBB-rated DTS (in bps) 193 293 292 293 293 293
Ccasn (%) 192 078 018 025
Casn (in k€) 961.1 777.4 900.4 2479
ZGap (in %) 4.53 1.92 0.38 097
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The framework admits several natural extensions. In the one-step approach, the objective
function can be modified to account for the return earned on residual cash:

{z*,y*} = arg maxz Wifk; + Teash | 1 — Z wW; (41)
=1 =1

where 7.4sp, is the cash return. Similarly, the two-step implementation gap minimization
can be extended to penalize excess cash holdings:

* % 1 . ~ * . ~
{x,y}:argmm§2|wi7wi|+gﬁ 172101 (42)

where ¢ > 0 is a penalty parameter governing the trade-off between the implementation gap
and residual cash. As ¢ increases, the optimizer progressively reduces residual cash at the
cost of a wider implementation gap. Results are reported in Tables 19, 37 and 41. We also
note that the portfolio yield has increased, especially for the GOBC Index.

Table 19: Optimal investable portfolios (Barra model, ER00 Index, end of May 2026, two-
step approach, no cardinality constraint, no active share limit, ¢ = 1)

Statistic Benchmark Continuous 50 mn 100 mn 500 mn 1 bn
Holdings 4663 104 129 168 118 347
Active share (in %) 97.85  97.58  97.61 97.63 97.50
ENB (w) 3940 101 108 105 102 103
Top 100 weight (in %) 5.36 99.00 94.24  96.81 98.56  98.23
o (w|b) (in bps) 87.62  83.11 86.94 87.35 87.19
or (w]b) (in bps) 85.01  80.56 84.40 84.76  84.67
o (w | b) (in bps) 2.61  2.55 2.54 2.60  2.52
Yield (in %) 3.47 418  4.15 4.17 418 418
Bors (w | b) 1.00 145  1.44 1.45 145 145
MD (in year) 448 < 4.68 469 469 468 468
5Y DTS (in bps) 92 192 192 192 193 192
7Y DTS (in bps) 101 126 126 126 126 126
10Y+ DTS (in bps) 48 23 23 23 23 22
Financials DTS (in bps) 128 234 228 232 234 234
A-rated DTS (in bps) 159 134 134 134 134 134
BBB-rated DTS (in bps) 193 293 290 293 203 293
Ccqsh (%) 000 000 000 0.00
Casn (in €) 389 644 940 1882
ZG.p (in %) 5.49 2.32 0.46  1.09

Numerical experiments offer valuable insights into the performance of investable port-
folio formulations. The one-step approach is remarkably robust. Regardless of the size of
the portfolio or investment universe, the resulting investable portfolio is close to the con-
tinuous solution in terms of expected yield and risk exposure. This confirms that integer
constraints introduce only marginal distortions in practice. As expected, the implementa-
tion gap narrows as the size of the portfolio increases because larger portfolios can spread
capital across a greater number of bonds, more faithfully replicating the continuous solution.
Beyond size, the structure and liquidity of the investment universe also play a decisive role.
The gap remains negligible for concentrated, liquid universes, such as COAO. However, it is
more difficult to replicate broader, multi-currency universes, such as GOBC, due to greater
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heterogeneity in lot sizes and minimum tradable amounts. To mitigate these errors, the
implementation gap minimization approach uses the available cash budget as an additional
degree of freedom to systematically absorb discrepancies arising from lot size constraints.
Together, the one-step and two-step approaches highlight the fundamental trade-off in in-
vestable portfolio construction: maximizing expected yield versus faithfully reproducing the
optimal continuous allocation.

With active share limit Introducing constraints on active share complicates optimiza-
tion and does not always guarantee a solution. This issue arises even in the continuous case.
We can divide the set of constraints into two groups:

w €

1
5O lwi—b| < AS

In fact, the maximum active share AS* must be sufficiently high to guarantee the existence
of a solution. Assuming that w € Q # 0, this means that AS™ ¢ [0, 1] but AST € [AS* ,1].
For example, in the previous applications (Sections 3.1 and 3.2 on pages 49-59), we chose
four values of AS™: 25%, 30%, 40%, and 100%. This is because AS* ~ 17% in the case of
the ER00 Index. Therefore, no solution exists if AS™ is set to 10% or 15%, which explains
why all the applications begin at AST = 25%. In the discrete case, the set of constraints
becomes: _

W E Ny =0

{$7y} € Qm,y = {xl = 0717% = 07177y:r}
MT; p; LS; p;
Y Ty
3 > @i —bi| < AS*

W; = I;

Assuming that @ € Q, N {z,y} € Q., # 0, we obtain AST € [AS* (V),1], where
AS* (V) > AS*. The lower bound on the maximum active share is higher than in the
continuous case by construction and depends on the portfolio value V. However, because
of the tradability constraints on the investable portfolio, we may face situations where
AS* (V) > AS™.

From a numerical standpoint, the lower bounds are calculated using the following opti-
mization problems:

1 n
* _ 3 PR— .
AS* = 1nf§iz:;|wZ bi|
st. we

and:
AS* (V) = i f1 gn |w; — byl
* in 3 2 ny i

W€ Qu
s.t. {:z:,y} S Qx,y
MTipi+ LSi pi
v YTy

’II)Z‘:J}i

We have limy_,o, AS™ (V) = AS™.
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Figure 22: Relationship between the lower bound of the maximum active share and the
portfolio value (ER00 Index, end of May 2026)

100

90 [

(
()

()
D

ER00
80 - - - -CO0AO0

70

60

50

40

AS* (V) (in %)

30

20

AS*=16.65%

10 |

0 1 1 1 1
10° 10t 10?2 10° 10%
V (in mn)

In Table 20, we report the estimated values of AS* and AS* (V). The continuous min-
imum active share AS* is equal to 16.65%, 12.02%, and 9.81% for the ER00, COAO, and
GOBC indices, respectively. The magnitude of AS* depends primarily on the number of
securities in the investment universe. By contrast, the magnitude of AS™ (V) depends on
three factors: the number of securities, the trading characteristics of the universe, and the
portfolio value V. The continuous minimum active share tends to be lower when the invest-
ment universe is large because the optimizer has more flexibility in the security selection
process. This explains why AS* is lower for GOBC than for ER00 (9.81% vs. 16.65%).
For investable portfolios, the distribution of minimum tradable amounts and lot sizes plays
an additional role alongside the number of holdings. For example, if the average minimum
tradable amount is $1 000 in one universe and $100000 in another, then the first universe
is more flexible. This makes it easier to construct an investable portfolio. Portfolio value
V' also matters, since a larger portfolio can accommodate more bonds at their minimum
tradable sizes. Because of the interplay of these three factors, AS™ (V') does not vary mono-
tonically across universes or portfolio sizes (Figure 22). For instance, AS™ (V) is lower for
COAO than for ER00 at a portfolio size of $50 million, but higher at $1 billion (Table 20).
This reversal occurs because minimum tradable amounts are generally lower for COAO than
for EROO, favouring COAO at small portfolio sizes, whereas ER00 has fewer holdings than
CO0AO. This difference becomes the dominant factor at larger portfolio sizes.

Table 20: Lower bound of the maximum active share (end of May 2026)

. * AS* (V)

Index  Holdings ASZ 50 mn 100 mn 500 mn 1 bn
ERO00 4663 16.65% 79.95% 68.13% 30.73% 21.68%
CO0AO 11507 12.02% 58.08% 50.59% 36.99% 23.78%
GOBC 20350 9.81% 84.72% 83.09% 52.30% 41.20%
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4 Conclusion

The academic quest to apply quantitative allocation models to fixed income began shortly
after the advent of mean-variance optimization, pioneered by Cheng (1962), who adapted
the Markowitz framework to determine the optimal maturity distribution of debt issues.
Despite this early foundation, subsequent academic literature shifted away from portfolio
optimization toward specialized single-security analytics. On the practitioner side, interest
in bond portfolio optimization remained slower to develop. It is only sparsely present in the
Yield Book and the broader body of work of Martin Leibowitz, who was one of the foremost
authorities in fixed-income securities and a pioneer in liability-driven investment and ma-
turity matching (Bernstein, 2007). Against this backdrop, the objective of this paper is to
present a comprehensive framework for bond portfolio optimization at the individual secu-
rity level. By synthesizing the existing literature on the subject, this study aims to highlight
the practical solutions currently available to market participants. Rather than introducing
novel concepts, this paper is intended to serve as a reference guide for practitioners and
academics navigating the field of bond portfolio optimization.

We first show that the limited adoption of bond portfolio optimization is structural rather
than merely historical. Three fundamental challenges distinguish fixed-income optimization
from its equity and multi-asset counterparts. The first challenge involves risk measurement.
Bond volatility and correlation are non-stationary by construction. As a bond approaches
maturity, its duration — and therefore its sensitivity to interest rate changes — decreases
mechanically, causing the volatility to converge to zero. Similarly, bond correlation depends
on several sources of co-movement, such as correlation between interest rates, correlation
between credit spreads, and correlation between default times. These properties make the
empirical covariance matrix, which is the standard input of mean-variance optimization,
unreliable as bonds age. Another important consequence is that the standard deviation of
bond returns is not necessarily an appropriate measure of bond risk. Similarly, tracking
error volatility may not be the most appropriate metric for measuring the tracking risk of
a bond portfolio relative to a benchmark. For instance, practitioners often use other con-
cepts such as modified duration and duration times spread instead of price-based metrics to
define bond risk. The second challenge concerns the structure of the investment universe.
Bond indices are considerably larger and more heterogeneous than their equity counter-
parts. A single issuer may have dozens of outstanding securities that differ in terms of
maturity, coupon, seniority, and currency. Moreover, the composition of the index changes
continuously as bonds are issued and mature. This complexity makes direct application of
classical portfolio optimization difficult and explains why practitioners have traditionally
relied on bucket matching, duration control, and security selection rather than on formal
mathematical optimization. The third challenge is the gap between a model portfolio and an
investable portfolio. Unlike equities, bonds are subject to minimum tradable amount and lot
size constraints. These trading constraints and liquidity issues of the bond market make the
rounding of continuous weights into integer positions a non-trivial problem, particularly for
smaller portfolio sizes. This can lead to substantial deviation from the theoretical optimum.

To address these challenges, we develop a unified optimization framework that accom-
modates the structural specificities of fixed-income markets. We consider a family of opti-
mization problems with and without a benchmark, under alternative risk factor models and
various practical constraints. Our framework is based on a generic formulation of the risk
measure as a linear combination of several risk metrics, including volatility risk, duration
risk, and spread risk. In a similar way, we consider several sources of expected returns that
can be incorporated into the objective function. As a parsimonious yet realistic representa-
tion of bond risk, we focus on a two-factor model based on modified duration and duration
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times spread. This model captures the dominant role of interest rate and credit spread risk
while remaining tractable. For more sophisticated applications, we also consider multi-factor
risk models, which allow for a richer decomposition of portfolio risk into common factor and
specific risk contributions. A central methodological contribution of this paper is the dis-
tinction between £1-norm and £3-norm portfolio optimization problems. We show how these
formulations can be cast as linear and quadratic programming problems, respectively, using
the properties of quadratic and extended linear forms. Moreover, we illustrate how combin-
ing £; and £5 norms results in richer and more flexible optimization problems. In addition to
linear and quadratic programming techniques, we show how specific algorithms, such as the
alternating direction method of multipliers and proximal operators, can solve challenging
bond optimization problems. We pay particular attention to the active share constraint,
which plays a central role in fixed-income portfolio management. Unlike its equity coun-
terpart, the active share of a bond portfolio is mechanically high due to the large size and
continuous turnover of bond indices. Therefore, it must be handled carefully during the op-
timization. Finally, to bridge the gap between the model and investable portfolios, we show
how the continuous optimization problem can be extended to a mixed-integer program that
explicitly considers minimum tradable amounts and lot size constraints. We also discuss
one-step and two-step approaches to solving this problem in practice (single-step discrete
optimization vs. implementation gap minimization).

The second part of the paper presents a series of empirical applications conducted on the
ICE BofA Corporate Bond indices (EUR, USD, and Global), which illustrate the practical
relevance of the methodological choices discussed above. These three indices contain 4 663,
11507, and 20 350 securities at the end of May 2026, respectively, which gives a sense of the
scale of the optimization problems considered. The first application compares £;- and £o-
norm solutions and shows that, while they lead to similar risk-return profiles, they produce
different portfolio structures. The £; solutions tend to be sparser and more concentrated,
while the £, solutions are more diversified. We also illustrate how the two norms gener-
ate fundamentally different concepts of tracking error risk with significant implications for
portfolio construction. The second application considers the Barra multi-factor risk model
and confirms that the choice of the risk model has a significant impact. Richer factor mod-
els generally produce lower tracking error, but they can also lead to more concentrated
active portfolios and allow for a finer decomposition of portfolio risk into common factor
and specific risk contributions. Comparing the efficient frontiers obtained with the £3-norm
risk model and the Barra multi-factor model further shows that tracking error volatilities
in bond markets are highly definition-dependent, much more than in equity markets. The
third application addresses active portfolio management, where expected excess returns are
decomposed into carry, rolldown, and repricing components. We show how these com-
ponents can be integrated into a systematic optimization framework. Using sector views
formulated by the portfolio manager, we illustrate that the shape of the efficient frontier
is highly sensitive to the degree of confidence assigned to those views. The fourth applica-
tion considers the classical problem of portfolio decarbonization and shows that significant
reductions in carbon intensity can be achieved at a modest cost in terms of tracking error
if the optimization problem is structured properly. The fifth application examines the sen-
sitivity of portfolio construction to alternative clustering and bucketing methodologies. It
confirms that the choice of segmentation significantly impacts the resulting portfolio. This
underscores the importance of aligning the optimization architecture with the investment
process. In particular, we show how bucketing methodologies can serve as a practical tool
for portfolio managers to control the tracking risk of their portfolios in a transparent and
interpretable way. The sixth and final application reveals that the construction of investable
portfolios is a primary issue in fixed-income optimization. Converting continuous weights
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into integer positions subject to minimum tradable amounts, lot size constraints, and cash
management requirements, introduces substantial deviations from the theoretical optimum.
This issue is particularly acute for smaller portfolio sizes, and must be managed explicitly
within the optimization process rather than treated as a post-processing afterthought. This
issue is particularly acute when active share constraints are imposed because the interaction
between cardinality and active share creates additional combinatorial complexity.

Looking ahead, several factors suggest that bond portfolio optimization will become in-
creasingly central to fixed-income asset management. One of the major historical obstacles
to its development has been computational feasibility. In equity markets, portfolio optimiza-
tion could be applied to relatively small investment universes. For instance, country indices
such as the CAC 40, the FTSE 100, the DAX 30, MSCI indices, and even the S&P 500
Index were tractable with quadratic programming from an early stage (Perrin and Roncalli,
2020). In fixed income, by contrast, bond indices typically contain thousands of securities,
making the optimization problem considerably more challenging. Yet the past two decades
have fundamentally changed this landscape. Genetic algorithms, which were indispensable
for solving investable portfolio problems a decade ago, have largely been replaced by mixed-
integer programming solvers, due to dramatic increases in computational power and the
maturation of numerical optimization libraries. Looking further ahead, the emergence of
quantum computing promises to make bond portfolio optimization faster, more scalable,
and more accessible. This could remove the computational barriers that have historically
constrained its adoption, opening the door to optimization at a scale and speed that are cur-
rently out of reach. The rapid growth of the active fixed-income ETF market is the second
factor driving renewed interest in bond portfolio optimization. The ETF structure priori-
tizes benchmarking and transparency, regardless of the management style (active or passive).
Benchmarking requires the continuous measurement, control, and reporting of tracking er-
ror risk. Meanwhile, ETF transparency obligations demand a disciplined, fully auditable
investment process. A formal optimization framework naturally and efficiently meets these
requirements by producing systematic, reproducible, and well-documented portfolio deci-
sions. In addition, the market-making mechanism that underpins ETF liquidity requires
this same level of systematic and operationally robust portfolio construction, as authorized
participants must be able to efficiently create and redeem shares using a well-defined and
replicable process. Beyond these structural requirements, rapid growth and increasing com-
petition in the active ETF space pressure managers to combine multiple sources of systematic
alpha in a scalable and consistent manner, rather than relying solely on discretionary bond
selection. This is a challenge that the emerging quantamental approach seeks to address by
blending quantitative and fundamental analysis. Taken together, these forces make portfo-
lio optimization essential for any asset manager seeking to develop and scale a competitive,
active fixed-income ETF franchise.

These institutional drivers raise a more fundamental issue. Tracking error risk in fixed
income is difficult to measure because it is highly definition-dependent. Unlike in equity
markets, where a covariance matrix estimated from historical returns provides a reasonably
consistent measure of risk, the bond market offers no such simple benchmark. Our results
illustrate this ambiguity. For the same portfolio, the £; tracking error can be roughly three
times larger than the £y tracking error, and both differ from the figures obtained under a
richer multi-factor model. This raises a rarely asked, yet central, question in fixed-income
risk management: What precisely does tracking error measure? Is it primarily interest rate
risk, reflecting duration mismatches with the benchmark? Or is it spread risk, capturing
divergences in credit exposure? Or, in the case of lower-quality credit, is it default risk,
reflecting differences in the probability and severity of issuer-specific losses? Each of these
dimensions requires a different risk model. Moreover, the relevant definition is unlikely to
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be universal. It must adapt to the investment universe. For sovereign bonds, where credit
risk is generally limited, interest rate risk naturally dominates the definition of tracking
error. For investment grade corporate bonds, spread risk becomes increasingly important
alongside duration risk. For high yield bonds, default risk and idiosyncratic credit events
play a significant role. A tracking error measure that ignores these dimensions may give
a misleading picture of the true risk. As the active fixed-income ETF market continues
to grow, and ex-ante tracking error becomes contractual and regulatory information rather
than an internal risk metric, this ambiguity cannot be considered a technical detail. We
believe that rethinking how tracking error risk is defined will become increasingly central to
the future of bond portfolio optimization.
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A Notations

e 0, is the vector of zeros.
e 1, is the vector of ones.

e ¢; is the unit vector, i.e. [e;];, =1 and [e;]; = 0 for all j # .

e 2 ®y is the Hadamard element-wise product: [z ©yl; ; = [z, ;[y], ;. The product
x ®y exists if z and y are compatible, i.e., the number of rows and columns are either
1 or n.

e A' is the Moore-Penrose pseudo-inverse matrix of A.

e A® B is the kronecker product, where each entry A; ; is replaced by the block matrix
Ai,j -B

e 1o (z) is the convex indicator function of Q: 1 () =0 for x € Q and 1g (z) = +00
for « ¢ Q.

o Affineset [A, B is the affine set {x € R" : Az = B}.

1
e AS (w|b) = 3 Yoi lw; — by| is the active share of Portfolio w with respect to Bench-

mark b.
1
o ASy (w|b) = 3 Sy (w — b;)” is the £3-norm version of the active share AS (w]b) =
L <
3 > i [wi = bil

o ASz (w]b) = $ 3205 [ Cics, wi — Dies, b
pre-defined buckets {B1, ..., B, }-

is the active share applied to the set of

e oy ; is the kth alpha signal for bond 4, while aj, = (ak’l, . ,ak,n) is the corresponding
n x 1 vector across all bonds. We also note « the corresponding n,, X n matrix.

e b= (by,...,b,) is the vector of benchmark weights.
o B,y [acﬂx*] is the box {x ceR":z- <z< x*}.
o B, (c,r) is the £,-ball {x ER™: o —c||, < r}.

e OpTs (w | b) is the DTS beta of portfolio w relative to benchmark b.
® C,.pis the cash ratio.
e C,sn is the cash position.

e C; is the carry of bond ¢, while C = (Cy,...,C,) is the corresponding n x 1 vector across
all bonds.

° (C;’k is the target contribution for the j* cluster and the k" risk measure, while

C; = ((C’ik, - 7C20,k) is the corresponding ng x 1 vector across all clusters.

e CZ,; is the carbon intensity of bond ¢, while CT = (CZ4,...,CZ,,) is the corresponding
n X 1 vector across all bonds.
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D is the diagonal matrix of idiosyncratic variances.
DTS; is the duration times spread of Bond 1.

8;,i is the indicator function: 1 {i € G;}, while d; = (J;1,...,;) is the corresponding
n x 1 vector across all bonds. We also note § the corresponding ng x n matrix.

ENB (w) is the effective number of bets.

G; is the 4t cluster or group of bonds.

Haifspace [C, d] is the half-space {x eR":cTax < d}.
Hyperplane (@, b] is the hyperplane {x ER":a'x = b}.
i is the bond index (i = 1,...,n).

ZG,p is the implementation gap ratio.

j is the cluster index (j = 1,...,ng).

k is the metric index (for the risk measure, k = 1,...,ng, while for the alpha signal,
E=1,...,n.).
Ly (z) = ||z||; = |z1| + |z2| + - - - + |zp] is the £1-norm.

£ (7) = ||z|ly, = /2 + 2% + -+ + 22 is the £y-norm.
LF (x;¢,d) is the linear form ¢z + d.
LS; is the lot size of bond 1.

M, ; is the k" metric (or feature) of bond i, while M; = (Mk,l,---,Mk,n) is the
corresponding n x 1 vector across all bonds. We also note M the corresponding ng xn
matrix.

MD; is the modified duration of Bond 3.

MT; is the minimum tradable amount of bond 3.
= (p1,-..,un) is the vector of expected return.
p(w) = w' p is the expected return of Portfolio w.

p(wlb) = (w-— b)—r i is the expected excess return of Portfolio w with respect to
Benchmark b.

i (w) is the kM alpha signal of portfolio w.

n is the number of assets in the investment universe.

prox; (v) is the proximal operator of f (x): prox; (v) = arg min, {f () + % |z — v||§}
Pq (v) is the projection of v onto the set Q: Pq(v) = argmingeq i ||lz — v||§ =
ProXy, ;) (v).

¢r is the weight of the k*" alpha signal in the objective function.

©r is the weight of the k' risk measure in the objective function.
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q; = x; MT; +x;y; LS; is the tradable nominal.

QF (z;Q, R, s) is the quadratic form %xTQx —z ' R+s.

r is the risk-free interest rate.

R (w) is the global risk measure.

Ry (w) is the k' risk measure for portfolio w.

ps is the m x n correlation matrix between credit spreads.

s; is the credit spread of Bond 1.

Sy, is the unit simplex with dimension n.

Sk (w) is the portfolio score with respect to metric k: Sy, (w) = My, (w) = >0 w; My, ;.

S}y is the target score for the 4t cluster and the k'™ risk measure, while S; =

( IRREEE ,S:LG},C) is the corresponding ng X 1 vector across all clusters.

4,j=

Y= [pi,jaiajhjzi is the covariance matrix where o; is the volatility of Asset i and
pi,j is the correlation between Asset ¢ and Asset j.

o (w) = Vw T Xw is the volatility of Portfolio w.

o(w|b) = \/(w —b)" S (w—b) is the tracking error volatility of Portfolio w with
respect to Benchmark b.

0,,; is the volatility of the credit spread.
T (v,27,2") = max (x’, min (z, x*)) is the truncation operator.
7 is the slack variable of the absolute value trick.

T (x| 2) =30, |z — & is the turnover between Portfolios z and Z. The maximum
acceptable turnover is denoted by 771.

v, = DTS, o, ; is the credit spread risk, and v, = (vsyl, e Us,n) is the corresponding
n x 1 vector across all bonds.

V' is the total portfolio value.

w = (w1, ..., w,) is the vector of portfolio weights.

. MT; p; LS; ps
Wi = T t Y %

is the discrete weight of bond i in the investable portfolio,

whose value is V.
x; € {0, 1} is a binary variable equal to 1 if bond ¢ is held in the portfolio, 0 otherwise.

y; is the number of lots purchased.
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B Mathematical appendix
B.1 Approximation and upper bound of portfolio tracking error
volatility

Let w and b denote the vectors of portfolio and benchmark weights. Let ¥ be the covariance
matrix of bond returns. The tracking error volatility is given by:

o(w|b) = \/(w—b)TE(w—b)
The portfolio return volatility is obtained by setting b = 0
o(w)=0c(w|0,)=VwSw

We assume that 3 = 27:1 pjp]T where p; is a vector of dimension n. We deduce that:

() = -1 ﬁjlpjpi (w—b)
_ jf;(pﬁw—b)f
- i\pﬁw—b)f
and: :
7w = 1]pjw\

We impose p; > 0,. In the case m = 1, we get:
o (w|b) =lpe (w=b)ll, <3 pifwi -~ bi (43)
In the case m > 2, a convenient upper bound is:

o(w]|b) < Zp;r|w—b| (44)

B.2 A two-factor model for interest rate and credit risk
B.2.1 Analytical expression of the covariance matrix

We consider an investment universe of n zero-coupon bonds. Let B; (¢,T;) be the price at
time ¢ of the i*" bond with maturity 7;. We have B; (t,T;) = exp ( ft (r (u) + s; (u)) du).
We deduce that:

dln B; (t,T;) = —MD; dr (t) — MD; ds; (¢) (45)

where MD; = T; — ¢ is the remaining duration, r; is the (risk-free) interest rate and s; (¢)
is the credit spread. This specification yields a two-factor model with two risk factors: one
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factor capturing the yield curve risk and the other representing the credit or default risk®2.
If we assume that these two risk factors are uncorrelated, we deduce that:

o? (dn B; (t,T;)) = MD? 02 (dr (t)) + MD7 o? (ds; (1))

where o2 (dr (t)) and o2 (dsi (t)) are the variance of the interest rate risk and the default
risk. We set 02 = 02 (dr (t)) and 02; = 02 (dIns; (t)). It follows that:

o (dInB; (t,T;)) = MD; /o2 + 52 (t) 02,

sy0

The bond volatility is a linear function of the duration and is increasing with respect to the
interest rate volatility, the credit spread and the spread volatility. This formula extends nat-
urally to the covariance matrix. Let p;; ; be the correlation between dlns; (¢) and dlns; (t).
We have:

X, = cov(dlnBi(t,Ti),dlnBj (t,Tj))
= cov (—MD; dr(t),—MD; dr (t)) + cov (— MD; ds; (t), — MD; ds; (t)) +
cov (=MD, dr (t), — MD; ds; (t)) + cov (— MD; ds; (t), — MD; dr (t))
= MD,; MD; 02 + MD; MD; s; (t) sj (t) ps,i,j05,i05,5

In matrix form, the covariance matrix can be written as:
Y =02MDMD' 4uv,®p, v (46)

where MD = (MDy,...,MD,,) is the vector of durations, v, = (vs’l,...,vs’n), Vsi =
MD; s; (t) 0,,; and ps is the correlation matrix of credit spread shocks.

B.2.2 Approximation of portfolio tracking error volatility

Let us assume that p,; ; = p for all ¢ # j. We obtain:
Y = o?MDMD' 4pvw] + (1 p)diag (vs O] vj)
= (0, MD) (0, MD) ' + (v/pvs) (\/ﬁvs)—r + (1 — p) diag (’Us ©) Uj)
We deduce that:

o (w|b) = (w-— b)" ((73 MDMD " +pv] + (1 — p) diag (vs O] ’UST)) (w—10)

MDT (w—b)f+ ‘2
p

ol (w=b)| + (1= p) v © (w-b)

2
Oy

Therefore, the quadratic £2-norm tracking error volatility is:

a<w|b>=%f%

52This model can be extended by incorporating additional risk factors. For instance, Ben Slimane et al.
(2019a) explicitly account for liquidity risk and propose the following factor model:

R; (t) = —MD; (t) Ar (t) — DTS; (t) R, (t) + LTP; (t) R, ; (t) + & (t)

MD' (w— b)‘2 +p |1)5T (w— b)|2 +(1-p) Hvs O (w— b)||§ (47)

where LTP; (t) is the liquidity-time-price factor, Ry, ; (t) captures the return component driven by liquidity
dynamics and ¢; (¢) is the idiosyncratic risk.

91



Bond Portfolio Optimization

while the linear €;-norm tracking error volatility is calculated with the upper bound®3:

vj(wfb)‘+\/17p||v5®(wfb)||1 (48)

MDT(wfb)‘+\fp

o(w|b) =0,

B.2.3 Bond volatility

We remind that the daily bond return at time ¢ is equal to®*:

R; (t) = — MD; (t) Ar (t) = DTS; () R; (t) + & (¢) (49)
where Ar (t) ~ N (0,02), R, (t) ~ N(0,0’ii) and €; (t) ~ N (0,62 (t)). Moreover, we
assume that the three stochastic components Ar (¢), R,; (t) and ¢; (¢) are independent. It
follows that:

Ry (t) ~ N (0,02 (1))

2

where o7 (1) is the instantaneous daily variance:

o7 (t) =MD} (t) o2 + DTS; (t) 02, + &7 (50)

Let us now compute the standardized integrated variance over the period [t,ts]. We
have:

1 2
02 (t,ty) = / (MD? (t)o? + DTS (t) o2, + 63) dt
to —t1 Jy,

= MD; (t1,t2) 02 + DTS (t1,t2) 02, + 67 (51)

where MD? (t;,t5) and DTS? (#;,t,) are the average of the square of the modified duration
and the duration times spread over the period [t1, ta]:

— 1
MD? (t1,t5) = p— Ji2 MD? (t) dt
[ DTS? () dt

t1

DTS? (t1,t9) = ——
i (t1,12) P—

In the case of a zero-coupon bond, we have:

_ 1 ta
MD?2 (ty,t) = P / (T, — t) dt
t1

- gl

to — 11

to

ty

1
= 3 (3Tf —3T; (t2 +t1) + (tg +toty + t%))

1
= (Li—t2—t)Ti+g (8 +t2t +83)

53We use the following relationship o (w | b) < or
VI=p|lvs © (w — b)||2 and the inequality ||z|ly < ||z]|;.

i (T
54We denote by R, ; (t) = 5 ¢
s (1)

MDT (wfb)‘ + P

vj (wfb)‘ +

the daily relative variation of the credit spread.
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and:
- 1 to 9
DTS (t1,t2) = / (T; — ) 2 (t) dt
to — 11 Jy,
1 t2
- / (Tf — 2Tt + t2) s2(t) dt
to —1t1 Jyy

= ’_Tf? (tl,tg) — QTZQ (tl,tg) +t25i2 (tl,tQ)

where s2 (t1,t5), ts2 (t1,t2), and t252 (t1,15) are the time average of s2 (), ts? (t) and t2s? (t).
Finally, we obtain:

1
02 (t1,ty) = ((E —ty — 1) T; + 3 (t§ + totq +t§)> o? +
(T2 (t1,12) = 2Tt (1, 12) + P (1, 12) ) o2, + 57 (52)

Remark 17. If the spread is constant over [t,ta] — s; (t) = s;, the expression of DTS? (t1,t5)
reduces to DTS? (t1,ta) = MD? (t1,t2) s? and we have:

1
o2 (1, ) = ((Ti —ty—t)Ti+ 3 (t% Ttoty + t%)) (af T sfaii> 152 (53)

B.2.4 Bond correlation matrix

For the two-factor model defined by Equation (49), the covariance between bonds ¢ and j is
given by:

;5 (t) = MD; (t) MD; (t) o7 + DTS; (t) DTS; (t) ps.i,j05,i05.5
for i # j and X, ; = o2 (t), where p,; ; denotes the correlation between the credit spreads of
bonds 7 and j. The corresponding matrix form is:

S (t) =MD (£) 0> MD ()" + (DTS (1) ©0,) @ p, © (DTS (H) ©0.) +D (54
where D = diag (6%, ...,52) is a diagonal matrix, MD (t) = (MDy (t),...,MD, (¢)), DTS (t) =

) n

(DT81 t),...,DTS, (t)) and o, = (05,1, cee O'S’n). Another decomposition of ¥ is:

() = (0,MD(#) @p,® (0, MD(t))" + (DTS (t) @ 0,) © p, © (DTS () © o)) +
OO
= v oOpou ) +u.()opou ) +50500" (55)

where p, = 1,1}, p = I,, v, (t) = 0, MD(t), v, (t) = DTS (t) ® 0, and © = 5. This
decomposition shows that the bond covariance matrix is driven by three distinct correlation
structures:

1. A rank-one correlation matrix p,: all bond returns depend on the short-term interest
rate, meaning that they are perfectly positively correlated on this risk dimension;

2. A general correlation matrix p, between credit spreads;

3. A zero correlation matrix p between uncorrelated idiosyncratic risks.
Finally, we obtain the following formula for the bond correlation:
_ MD; (t) MD; (t) pri,joy + DTS (t) DTS; (t) ps,i,j0s,i0s,j + Pirj0i0;

7: (0) 7 (1 (%)

pij (t)
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B.3 Linear and quadratic programming
B.3.1 Linear programming
Definition The canonical form of a linear program is:

r* = argmaxc z

¢ Sz <T
s.t. 23>0,

where z is a n X 1 vector, ¢ is a n x 1 vector, S is a ng X n matrix, and T is a ng X 1
vector. A minimization linear programming (LP) problem can be cast into a maximization
LP problem because min ¢’z = max —c¢ ' . A maximization LP problem is in standard form
if it is written as:

r* = argmaxc z

ot Sx=T
o x>0,

We notice that a canonical problem can always be put into a standard form by introducing
the slack variables &:

SIST@KZO”S :Sz+InS£:T}
We obtain the following LP problem:

y* = argmaxd'y

My=N
s.t. {yZOn

where d = (c,OnS), y = (2,8, M = ( S I, ) and N = T. The technique of slack
variables®® can also be used when the constraint is Sz > T and we have Sz — & = T. If
we introduce lower and upper bounds (z~ < z < x1), we can use the change of variable
y=x—x. It follows that y > 0,, and I,,y < 2+ —2~. Since we have z = 2~ +y, we obtain
c'le=c'a”4+c'yand Sx < T & Sy < T — Sz~. Finally,we deduce that:

r* = argmaxc'z y* = argmaxcly
S T— Sz~
Sz <T <+ y < + -
s.t. >0 s.t. 1, Tzt —x
- y >0,

If some variables x; € R, we can write x; = y; — z; where y; > 0 and z; > 0.

The previous analysis shows that we can always transform a general LP problem into
a canonical or standard form. This is why most numerical packages consider the following
general formulation:

r* = argminc'z (57)

Ax =B
s.t. Cx <D
T <zx<zt

55When we rewrite an inequality by substracting new variables, these last ones are also called surplus
variables.
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where x is a n x 1 vector, cis a n x 1 vector, A is a na X n matrix, B is a n4 x 1 vector, C' is
a nc X n matrix, D is a ng x 1 vector, and =~ and z are two n x 1 vectors. If ng = 0, there
is no equality constraints. Similarly, there is no inequality constraints if nc = 0. If there is
no lower bounds or/and upper bounds, this implies that 2= = —c0-1,, and 2¥ =00-1,,. A
solution z is said to be feasible if it satisfies all the constraints of the linear program (57).
The set of feasible solutions is called the feasible space 2:

Q:{xER”:Ax:B,CxSD,x_§m§x+}

Since Az = B and Cz < D define two convex sets (a hyperplane and a closed half-space),
Q is a convex set. If Q is not empty and ¢’z is bounded below, then there is an optimal
solution.

Duality If the primal problem is maximizing ¢z subject to Az < b and > 0,,, then the
dual problem is defined as:

r* = argminb'y (58)

s.t ATch
o y >0,

We notice that:
e The dual problem has a linear programming form,;

e The maximization problem and the < inequality type are changed into a minimization
problem and a > inequality type;

e Each dual variable y; may be assigned to a corresponding primal constraint Z?:l Ajx;
b

55
e The roles of the vectors ¢ and b are switched: ¢ becomes the right-hand side of the
constraints and b the coeflicients of the objective function;

e The matrix A of the inequality constraints is transposed.

Let Q; = {z: Az <b,z>0,} and Q, = {y : ATy >cy> Om} be the primal and dual
feasible spaces. The weak duality theorem states that®C:

Vmeﬂx,yEQy:chSbTy

This means that the objective value of the dual problem is an upper bound on the objective
value of the primal problem, and vice versa. Using this property, we can also formulate the
strong duality theorem: A primal feasible solution z* is optimal if and only if there exists
a dual feasible solution y* such that ¢'z* = bTy*. We also deduce that y* is the optimal
solution of the dual LP problem.

B.3.2 Quadratic programming
Definition A quadratic programming (QP) problem is an optimization problem with a
quadratic objective function and linear inequality constraints:
1
x* = argmin §xTQx —z'R (59)
st. Sz <T

56If £ > 0, and o > B, we have o'z > BTz because o;x; > B;x; and S Lo > > By, Using
the constraints Az <band ATy > ¢, we deduce that ¢ 'z =2 c<zTATy = (A:E)T y<bly.
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where x is a n x 1 vector, () is a n X n matrix and R is a n x 1 vector. We note that
the system of constraints Sz < T allows specifying linear equality constraints®” Az = B
or weight constraints = < z < xt. Most numerical packages then consider the following
formulation:
1
¥ = argmin imTQx —z'R (60)
Ar =B
s.t. Cx <D
T <zx<zt

because the problem (60) is equivalent to the canonical problem (59) with the following
system of linear inequalities:

—A -B
A B
C r < D

-1, —x~
I, zT

If the space 2 defined by Sx < T is non-empty and if @) is a symmetric positive definite

matrix, the solution exists because the function f(z) = imTQx — 2" R is convex. In the
general case where @) is a square matrix, the solution may not exist.
Duality The Lagrange function is:
L(x;\) = %JJTQx —2 'R+ A" (Sz—T)
We deduce that the dual problem is defined by:
A* =  argmax {il;f L(x; M) }
st. A>0

We note that 9, £ (z;\) = Qxz — R+ STA. The solution to the problem 9, £ (z;\) = 0 is
then z = Q™' (R— S'\). We obtain:

3 . _ 1 T T -1 QT _ T T —-1
nf£(@;)) = (R A S) 0 (R S )\) (R A S)Q R+
AT (SQ—l (R - ST)\) - T)
1 1
= 5RTQ—lR —A'SQ 'R+ 5ATSQ—lsTA —-R'Q'R+
IATSQIR—ATSQISTA—ATT
1 1
= —5ATSQTISTA4AT (s 'r-T)- SRTQ'R
The dual program is another quadratic program:
1 _ _
A = argmin §ATQA -\'R (61)
st. A>0
where Q = SQ~'ST and R = SQ~'R —T.

57This is equivalent to imposing that Az > B and Az < B.
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B.4 Linear and quadratic forms
B.4.1 Linear form

Definition Let ¢ = (¢1,...,¢,) be a n-dimensional column vector. A linear form is a
homogeneous polynomial of degree one:

n
LF (x1,...,x,) = E cri=c'x
i=1

We use the notation LF (z;¢) = ¢'x = 2 "¢ to define a canonical linear form. A generalized
linear form (or affine form) includes a scalar term:

LF (x;¢,d)=c'z+d

Main properties We have the following properties:

e The multiplication of a linear form by a scalar ¢ remains a linear form:

SDE]'—(%C,CZ):&F(%SDC’WU

e The sum of two linear forms is a linear form:

LF (xz;c1,d1) + LF (x;¢2,d2) = LF (2561 + ¢ca,d1 + da)
e The product of two canonical linear forms is a bilinear form:
LF (w5e1) - LF (y;e2) = BF (w5e10] )
where the bilinear form is defined by BF (z,y; A) = = " Ay.

B.4.2 Quadratic form

Definition In mathematics, a quadratic form is a polynomial whose terms are all of degree

two:
n n

QF (xla e 7xn) = Z Zai7jxixj = l‘TAa:

i=1 j=1

. . . . T
where A = (am) is a n x n matrix. Since ' Az is a scalar, we have (zTAz) =z ATz
and:

OF (z1,...,2n) = % (xTAx + xTAT;E) = %x—r (A + AT> x = %xTQx

1
where Q = A + AT is a symmetric matrix. We use the notation QF (z;Q) = ixTQx to
define a canonical quadratic form. A generalized quadratic form includes terms with degrees

=4
one and zero®®:

1
QF (2;Q,R,s) = ixTQac —2"R+s

58We add the one-degree polynomial —z " R instead of z T R in order to match the canonical form of a QP
problem.
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Main properties We list here some properties that are helpful when considering portfolio
optimization:

e The multiplication of a quadratic form by a nonnegative scalar ¢ > 0 remains a
quadratic form:

¢ QF (2;Q, R, s) = QF (;90Q, pR, ps)
e The sum of two quadratic forms is a quadratic form:
OF (2;Q1, Ry, 81) + QF (75, Q2, Ry, 52) = QF (2;Q1 + Q2, Ry + Rz, 51 + 52)
e A quadratic form applied to the difference vector x — y is a quadratic form in z:

OF (1 -y QR5) = 5(—1) Ql—y)— (1) R+s
= ; (;vTQx— 2xTQy+yTQy> —2'R+y ' R+s

1 1
= ixTQm —z' (R+ Qy) + inQy + yTR +s
1
- QOF (:v; Q,R+Qy, gyTQy +y R+ S>

and a quadratic form in y:

1 1
OF (z—y;Q,R,s) = gyTQy —y" (Qz—R)+ ngQx —2"R+s

1
= OF (y; Q,Qx — R, §xTQx —z"R+ s)
e When @ is a diagonal matrix, the quadratic form reduces to:
1 n ) n
OF (1;Q, R, S5) = B Zlq”% - erm +c

We deduce that:
1 n
3 > @iz} = QF (%D (q),0,,0)
i=1

where ¢ = (q1,...,qn) is a n X 1 vector and D (q) = diag (q).

e Using the previous properties, we have:

%Z% (w; — )" = QF (x — 4; D (q) ,0,,0) = QF (x;D(q) ;D (q) y, %yTD(q) y)
=1

e The square of a weighted sum is also a quadratic form:

2
n

% > g | = % (:ETq) (ﬂa’Tq)T = %wT (qu) " = QF (z;7 (q),0,,0)
i=1

where T (q) = qq" is the outer product of ¢ with itself.
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e We deduce that:

2

3 (Lat-w) = 0F @i T@.0,0) = 0F (7@ T@w 30" T(0)y)

e The previous results can be extended when we consider partial sums:

n

doqmi =) 1{ieQ} qui =) (wigs)
i=1

i€Q i=1

)" & where

where w; = 1{i € Q}. In a matrix form, we have ) . qz; = (WOq
w = (w1,...,wp). We deduce that:

1
5 Zieﬂ qlx% = Qf (LU,D (w © q),On,O)

1 1
3 Sica @i (ti —y:)* = QF (w;D (w®q),D(weq)y, inD (woq) y)
1 2
5 (Zica i) = OF (15T (w© q),0,,0)
2 1
(Zie(z qi (w5 — yi)) = QF (w; Twoq, Twoqy -y T(wog) y)

1
2 2

We notice that D (w ® ¢) = diag (w © q) =D (w) D () and T (w © q) = (w ® q) (WO q) | =
(ww') ©gq" =T (W) O T (q).

B.5 Equivalent QP problems of basic optimization problems
B.5.1 Without a benchmark

Let us assume that we can express each risk measure Ry, (w) by a quadratic form QF (w; Q, Rk, s)-
We deduce that the global risk measure is also a quadratic form:

1 &
R (w) = §Z<PkRk (w)
k=0
nr 1
= Z ika}' (w; Qg R, sk)

k=0

S 1 1 1
= Z QF <w; §<Pka, §<PkRka 290k5k>
k=0
1 & 1 & 1 &
= QF |wig > orQx, 5 > orRy, 5 D ok
k=0 k=0 k=0

For k = 0, we have:

Ro (w) = w' Lw = QF (w;2%,0,,0)
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while for k£ > 1, we have:

Re(w) = 30 (Coulw-3)’
o (ZM”MM )

3
S

<.
Il
—

3
Q

2

<.
Il
—

I
T[M3
— Q

3

g

(o7 50 00 - 3)
(o7 00300 - 3) (o7 0000 - 3.)'
(o7 50 00 - 3)

wT(;@Mk (§®Mk w—J*-,k)

<.
Il
—

3

g

= SowT (50 M) (6,0 M) wT —2C; T (5,0 My) +C,
j=1

ng
= Y 0F (ws2 (8 © M) (8 © M) ", 2C; . (6 © My) , 1)

j=1
ng T ng ng 5
= OF |w;2) (6; @ My) (§; © My) ,2M © > C5p6;, ) Chy
j=1 j=1 j=1
Regarding the expected return, we have:
p(w) = Z Prprr (w)
k=0
= ¢0Qf( nna_ +Z¢kQ}— (U ak,O)

OF (U); On,n; 7¢OC - Z oro, O)

k=1

We deduce that the quadratic form of the objective function is:

%R (W) —ypw) = 5 (wowTEw +> oy (w)) - (¢owTC + i Drepuk (w))

k=1 k=1

—_

1
= *QD()Q.F(U),QXLO,,L,O)‘F

ng ng
,Z@kQ}‘ (w 22 (6; © My) (6; © My) ,2Mk®Z<C§,k6j,ZC§l) -
j=1 Jj=1

j=1

vQF (w; 05,1, —$0C — Z P, 0)

k=1

= Q-’r(vaaR78)
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where:
nRr ng T
Q= @024-2%2(5;' ® My) (6; © My)
k=1  j=1
nRrR ng ny
R= oxM,©) C;d;+7 | oC+ D dran
k=1 =1 k=1
1T & & e
s=5> @) Cy
k=1 j=1

If we use cluster scores instead of cluster contributions, then:

2

ng n
Rie(w) =Y [ D widi (Mk,i - S;k)
j=1 \i=1

2
This is equivalent to the risk measure Ry (w | b) = zyil (Z?:l w;0; i My ; — (C;k> where
M, ; is replaced by Mj, ; — S;’k and (C;,k = 0. It follows that:

ng T
Ry (w) = OF wﬂ}Z(@@(MWJ%O>(@®(Mh—;Q> 0,0
j=1
We deduce that the quadratic form of the objective function becomes:

%R (w) = yp (w) = QF (w; Q, R, 5)

where:
nr ng T
Q=pe=+> ot Y. <5j o (M - S;)k)) <5j © (M - s;ﬁk)>
k=1  j=1

R=7{¢C+ > drou
k=1
s=0

B.5.2 With a benchmark

The quadratic forms of the risk measures become:
(w—0b)" 3 (w—b)
OF (w—1;2%,0,,0)
oF (w; 933, 250, bTZb)

Ro (w | b)
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and:

2
Ri(w|b) = (Z (w; — b;) 52‘,ij,¢)

ng 2
= Y (w-0)7 (5 0M)-0)
j=1
ng
= Q.F (wb,QZ((;j@Mk) (5j®Mk)TaO7m0)
j=1

~ or (we.angra)

where @ = 2 Z;ﬁl (6j ® Mk) (5j ® Mk)T. Regarding the expected excess return, we have:

(o) =3 e (w]b)

= OF (w - b On,na —¢oC — Z Prag, O)
k=1

k=1 k=1

= OF (w; Oy —$0C — > dra, —ob € — Y ¢kaak>

Finally, we obtain:

SR (w8) = (w D) = QF (w;Q, R, )

where:
nRr ng .
Q= poX + Z%Z (6; © My) (6; © My)
k=1  j=1
nRr ng . i
R=@oSb+ > or Y (86,0 M) (6;© My) b+ [ 6oC+ Y drau
k=1  j=1 Pt
R ng ny,
5= %‘Pomb + % SR b (0,0 M) (3 © My) b+ (%bTC +3° qskaak)
k=1 =1 Pt

In the case where we use cluster scores instead of cluster contributions, the quadratic form

is:

ng

Q= poX+ Z Ok Z ((Sj © (Mk — Sj7k (b))) (5j ® (Mk — Sj,k (b)))T
k=1  j=1
R = @b+~ ¢OC+Z¢kak)

k=1

k=1

n
1 13
s = igpob—rzb +7 (%bTC +)° gzbkaak)
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B.6 Equivalent LP problems of basic optimization problems
B.6.1 Without a benchmark

We first transform the various risk measures into the extended linear form £F (z; c,d,C, D, z*) .
For k > 1, we have:

ng n ng n
R (w) = |3 widigMii = Ciil = 2|3 (91iMia) wi = €
j=1|i=1 j=1|i=1

We deduce that z = { Tw } is the augmented variable, T(k) isang x1 vector, c, = { 10n ] )
(k) "o

T *
d.=0,C,=| (0 Mk)T ~Ing , D, = [ 7((:’: }, and 2z~ = 0,4y, . In the case where
(6 ©® My,) —1In, Ck
we use the cluster scores:
ng n
Ri (w) = Z Zwi5i,j (Mkz - S;,k)
j=1|i=1

we obtain the same parameterization with the following modifications:

0O (Mg —S ! 1,

_ ® —_ §* -I,

CZ _ ( ( k k))T g and DZ _ |: g’ng :|
ng

(50 (M —57))  ~Ing

For k = 0, we have:

We deduce that z = [ } is the augmented variable, 7(gy is a m x 1 vector, ¢, = { On ] ,

T(0) 1,,

LT —I,

dz:O, CZ: LT .y )

D, — { 8m ]7 and 2~ = 0,,.,,. Regarding the expected

m
return:

om n

p(w) = o> wiCit Y ok Y wiak;
i=1 k=1 =1

we obtain z = w, ¢, = ¢oC + ZZil orag, d, =0, and z=— = 0,,.

The aggregation of the different linear forms gives LF (z; ¢, d,C, D, z’) where the aug-

mented variable is the (n +m + ngng) x 1 vector: z = (w, T(0), T(1)5 - - - ,T(nR)>. The objec-

n 1 1 1
tive function is defined by ¢, = (—7 (¢0C + >k (bkak) , §<p01m, 5901 log, -, 5('0”“ 1nG)

and d, = 0. The bounds are 2~ = Opimingng- There are 2 x (m +ngng) inequality
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constraints, defined by D, = (Om,Om, -C3,Cy,. .. —(C;‘LR,(C;(LR) and:
_ T o_r i,
LT -1,
—(6oM)" ~Ip,
Cz = (5 © Ml)T _Ing
—(6© M) —Ing
(50 M,,)" I, |

where blanks are zeros. This can be written in block form:

1 ~1
C, = . .
( 1>®M 0 LLR@(_l)@Ing

(6o M)

==}

where M = : is the (ngrng) x n vertical stack. We have:
(50 M,,)"

C, € R2(m+nrng)Xx(ntm+nrng)

with the following split:

2m x n 2m X m 2m X nrng

dimC, =
i 2nrng XN 2ngng X m  2nrng X nrng

B.6.2 With a benchmark

We first transform the various risk measures into the extended linear form £F (z; c,d,C, D, z_) .
For k > 1, we have:

ng n ng n
Rk (w | b) = Z Z (5 ,]Mk il = Z Z (51"ij’1') w; — ((51"ij’1') bz
j=1]i=1 j=1li=1

We deduce that z = [ } is the augmented variable, 71y is a ng x 1 vector, c, = [ On ] ,

(k) 1o

— (6O M) I, D
GoM)" —IL, |" "
case where we use the cluster scores:

—BoM)" b

d.=0,C, =
[ (6® M) b

1, and z7 = Oy 4n,. In the

Ri(w]|b) =

Z Zwl 615 (M — 1)

j=1]i=1

we obtain the same parameterization with the following modifications:

o —(5®(Mk—82))T —Ing wd D :[ong}
) (5®(Mk—82))T —Ing ) On
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For k = 0, we have:

’LU|b :Z ZLL]'(U)Z—
j=1|i=1

We deduce that z = [ 1
m

- } is the augmented variable, 7(¢) is a m X 1 vector, c, = [ On ] ,
(0)

LT -1, —L"b
LT —I, DZ_[ LT

share approach, we have:

, and z7 = Oy, If we use the active

dzzovcz:[

Ry (w | b) = Z:|wz

We deduce that z = TQ,U is the augmented variable, T(/O) is an x 1 vector, ¢, = { (1)” ] ,
(0) n
-1, -1, —b _ .
d, =0, C, = 1| D, = b | and 2z~ = 0,4,,. Regarding the expected
return:
p(w [ b) = o Z (w; — bi)Crf—Z(bk Z (w; = bi) ag,i
i=1 k=1 =1

we obtain z = w, ¢, = ¢oC + ZZL brag, d, = —clb, and 2~ = 0,,.

In the case of the two-factor risk model, we have:

Rap (w|b) =0y [MDT (w — b)‘ T (w — b)‘ + V1= p v ® (w—b)|,
We deduce that z = Tw } is the augmented variable, 7(op) is a (2 +n) x 1 vector, c, is
(2F)

a (24 2n) x 1 vector, d, =0, C, is a (4 + 2n) X (2 + 2n) matrix, D, is a (4 + 2n) x 1 vector,
and 2z~ = 0249,. More specifically, we have:

[ -MDT -1 0 04, | [ _MDT b |
0, MD" 1 0 0y, MD' b
T T
oy —v 0 -1 04 —v, b
= . C, = s ", and D, = .
¢ N v) 0 -1 01, o vlb
1—p-1, —diag (v;) Op1 0,1 —Ip —u;©b
diag (vs) 0p,1 0,1 —I, v; ©Ob

We assume that we aggregate the different risk measures (Ro, Ry, Ra, - - ,RnR) and al-
pha sources (C’7 W1y 7;4”“). We obtain an extended linear form LF (z; ¢,d,C, D, z_) where

the augmented variable is the (2n + m 4+ ngng) x 1 vector: z = (w, T(0)5 T(/O), T(1)s -+ ,T(nn)).
The objective function is defined by:

1

5¥Pnr 1nG

1 1,1
75()00171’1,7 7900]4!7 §¢1ln(}a ey 2

co= =7 0C+ D dru >
k=1
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and d, = v (d)oC + ZZ; (i)kak)Tb. The bounds are 2~ = O02p4mingng- Lhere are 2 X
(m +n 4+ ngng) inequality constraints defined by:

[ ~LT —I, | [ ~LTh |
LT I, LTb
-1, -1, -b
I, -1, b
—BoM)" —I — (M) b
C, = T ne and D, = T
(6®M1) _Ing ((5@M1) b
. T : T
_(5@MnR)T —I,, —(5®MnR)Tb
(6 Mpy) ~Ing | | (0O My,) b
where blanks are zeros. This can be written in block form:
o ] . -
( . ) ®L ( . ) ® I 0 0
.- | ( Yer, 0 e, 0
1 -1
-1 —1
| oM 0 0 i@ | _| | ®lng
(6o M)"
where M = : is the (ngng) x n vertical stack. We have:
(60 Mug)"

o= RQ(m+n+nR ng)x(2n+m+ngng)

with the following split:

2m xn 2m x m 2m xn 2m X nrng
2n xn 2n xm 2n xn 2n X nrng
2nrng XN 2nrng X m  2ngng XN 2ngng X nrnNg

dimC, =

B.7 Optimization algorithms

This section provides technical details on the different optimization algorithms used in Sec-
tion 2.4 on page 37, which is dedicated to advanced bond portfolio optimization. For a com-
prehensive treatment of ADMM, proximal operators, and Dykstra’s algorithm, the reader is
referred to Perrin and Roncalli (2020). The presentation on genetic algorithms is adapted
from Ben Slimane (2021), while the discussion on mixed integer programming comes from
Ben Slimane and Menchaoui (2023).

B.7.1 Alternating direction method of multipliers

The alternating direction method of multipliers (ADMM) is an algorithm introduced by
Gabay and Mercier (1976) to solve optimization problems which can be expressed as:

oy} =

s.t.

arg zmig fe (@) + fy (y) (62)

)

Az + By =c¢
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where A € RP*" B € RP*™ ¢ € RP, and the functions f, : R* — R U {+o0} and
fy : R™ — RU {400} are proper closed convex functions. Boyd et al. (2011) show that the
ADMM algorithm consists of the following three steps:

1. The z-update is:

2
2+ = arg min {fé"*” (@) = fo(2) + g |42 + By® — ¢+ u® \(2} (63)
T
2. The y-update is:

y Y

0 2
D —argmin { 10 () = £, )+ 5 400 4 By - o0

3. The u-update is:
wFHD = (k) 4 (Ax(kJrl) + Byt — c) (65)

In this approach, u®) is the dual variable of the primal residual r = Az + By — ¢ and 0
is the £o-norm penalty variable. The parameter 6 can be constant or may change at each
iteration. The ADMM algorithm benefits from the dual ascent principle and the method of
multipliers. The difference with the latter is that the x- and y-updates are performed in an
alternating way. In practice, ADMM may be slow to converge with high accuracy, but is
fast to converge if we consider modest accuracy. This is why ADMM is a good candidate
for solving large-scale optimization problems, where high accuracy does not necessarily lead
to a better solution.

B.7.2 Proximal operator

The z- and y-update steps of the ADMM algorithm require solving a £s-norm penalized
optimization problem. Proximal operators are special cases of this type of problem when
the matrices A or B correspond to the identity matrix I,, or its opposite —I,,. Let f : R"™ —
RU {+oc} be a proper closed convex function. The proximal operator prox; (v) : R" — R"
is defined by:

prox; (v) = * = argrrgn {fv (x)=f(z)+ % |z — v||§} (66)

1
Since the function f, (x) = f (z) + 3 |z — v||§ is strongly convex, it has a unique minimum

for every v € R (Parikh and Boyd, 2014). By construction, the proximal operator defines
a point z* which is a trade-off between minimizing f (z) and being close to v. When
f(z) = 1q (x) is the indicator function, the proximal operator is the Euclidean projection
onto

1
prox; (v) = arg min {]lQ (x) + 3 |z — v||§} = argmeisrzl {||x - v||§} = Pq (v)

where Pg (v) is the standard projection of v onto Q. Parikh and Boyd (2014) interpret then
proximal operators as a generalization of the Euclidean projection.
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Here, we give the results of Parikh and Boyd (2014) for some simple polyhedra:

Notation Q Pa (v)
Affineset [A7 B] Axr =B v — AT (A’U — B)
T
—-b
Hyperplane [a/, b] aT{,U =) v — M
Ha||zd
CcC U —
Halfspace [07 d] clx <d 5 +
el

Bog [z7, 2T ] - <z<czt T (v;z—,a™)

where AT is the Moore-Penrose pseudo-inverse of A, and 7 (v;z~,x") is the truncation
operator. If we consider the £,-norm function f (z) = ||z]|,, we have:

P prox, (v)
p=1 S (v;A) =sign(v)© (Jv] - )\171)Jr

A
p= 2 1 e v
< max (A, ||v|2)>

p =00 Slgn (U) © ProXy yax z (|U|)

We can show that the projection onto the £, ball can be deduced from the proximal operator
of the £,-norm function. Let B, (¢, \) = {w ER":lz—(], < )\} be the £, ball with center
¢ and radius A. We have:

p Pp, 0,0 (V) q
b= 1 U_Sign(v)Qproxx\maxw (‘Ul) q=0o
p=2 U = Prozy|jy|, (v) qg=2
p=00 T (v; =M\ ) g=1

B.7.3 Dykstra’s algorithm

We consider the proximal optimization problem where the function f (x) is the convex sum
of basic functions f; (x):

m
. 1 2
= arg min ij (x) + 2 |z — |5
j=1
and the proximal of each basic function is known. Following Dykstra (1983), the solution
can be found by solving the following algorithm:
1. The z-update is:

gk = proxy. ., (x(k) + Z(k+1_m))

2. The z-update is:
L) — (k) 4 (kF1=m) _ (k1)

591n the case of the pointwise maximum function f(x) = maxz, we have prox, ... (v) = min (v, s*)
where s* is the solution of the equation s* = {s ER:, (vi—s), = A}.

108



Bond Portfolio Optimization

where 2(9) = v, 28 = 0, for k < 0 and j (k) = mod (k + 1,m) denotes the modulo operator
taking values in {1,...,m}. The variable z(*) is updated at each iteration while the residual
2(¥) is updated every m iterations. This implies that the basic function fj (z) is related to
the residuals z(), 2(G+m) 2(+2m) etc. Following Tibshirani (2017), it is better to write the
Dykstra’s algorithm by using two iteration indices k¥ and j. The main index k refers to the
cycle, whereas the sub-index j refers to the function/constraint number:

1. The z-update is:
219 = prox ;. (x(k-&-l,j—l) + Z(lm‘)) (67)

2. The z-update is:
kL) — p(k+1=1) o (k) _ g (k+1.7) (63)

where (19 = ¢, 2(k3) = 0, for k = 0 and z(*t1:0) = z(k)  The Dykstra’s algorithm is
particularly efficient when we consider the projection problem:

x* =Pgq (v)

where:

Q=N N---NQ,
Indeed, the solution is found by replacing Equation (67) with:

pkHLI) = Py (x<k+1,j71> n Z(k,n) (69)

Let us consider the case Q = {z € R" : Cx < D} where the number of inequality con-
straints is equal to m. We can write Q2 = ;NQsN- - -NQ,,, where Q; = {m e R™: cz;)a: < d(j)},
CE';-) corresponds to the j* row of C' and d(;) is the 4 element of D. Since Pq, is the

half-space projection, the Dykstra’s algorithm for solving the proximal problem with linear
inequality constraints is the following:

e The z-update is:

el pkt1i=1) 4 o T (kg) _ (. )
LD = (h1G=1) (k) _ ( v v 2 )

2
o]

e The z-update is:
SOHL) (ke 1=1) | () (k1)

Consider the set 2 = {$ eER": Ax =B,Cx < D,xz” <z < x*}. We can decompose () as
the intersection of three basic convex sets: Q = Q1NN NN3 where Oy = {x € R" : Az = B},
Oy = {zeR”":Cx <D} and Q3 = {a? eER":z- <z < x+}. The Dykstra’s algorithm
becomes®?:

(k)

1. xékH) — Ty

2. :rgkﬂ) — xékH) + z§k) — At (AxékH) + Azgk) — B)

O 4O O © 0 0 g

60We initialize x < v and z
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] Z§k+1) - x(()k—i—l) + ng) . m(1Ic—i-1)

. asgﬁ_l) — Pa, (x(lk+1) + zék)) using the previous algorithm to solve the proximal prob-

lem with linear inequality constraints

) ZékJrl) (k+1) + Zék) _ l’ékJrl)

—
. :rékH) «~T (:vékﬂ) + zgk); T, x*)

) Z§k+1) « xékJrl) + Zék) _ l_:())kJrl)
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C Additional results

C.1 Tables

Table 21: Minimum tradable amount (GOBC Index, end of May 2026)

Currency |

MLl Aup cAD cHF EUR GBP JPY uUsp @

0.01 1 ; 1

1 1 2 3

100 3 ‘ 3

1000 | 43 806 347 52 1646 1 2894

2000 92 1 7684 | TTTT

5000 118 452 171 587

10000 | 307 1 1 8, 317

20 000 1 1

25000 1, 1

50 000 2 4 77 21 8

100000 | 34 12 43 4235 774 4 150! 5252

125000 7 | 7

150 000 99 18 1 218 | 336

200000 | 122 38 60 44 17 2044 1 2325

250000 | 32 3 251 | 286

500000 | 15 1 16

1000000 | 31 1 2 56 201 119

2000 000 1 | 1

5000000 | 1 | 1

10000000 | 1 3 ‘ 4

100 000 000 333 333

140 000 000 1 | 1
- Total | 587 1171 557 4663 921 398 12053 ' 20350

Source: ICE BofA & Authors’ calculations.
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Table 22: Tracking error minimization without specific risk (Barra model, ER00 Index, end
of May 2026)

Active share limit AS™

Statistic Benchmark 95%  30%  A0% 100%
Holdings 4663 3444 3234 2784 137
Active share (in %) 25.00 30.00 40.00 97.12
ENB (w) 3940 447 370 276 112
Top 100 weight (in %) 5.36 29.22 33.97 43.59 92.03
o (w|b) (in bps) 12.04 961 7.01  3.77
or (w]b) (in bps) 12.04 961 7.01  3.77
oc (w|b) (in bps) 0.00 0.00 0.00 0.00
Yield (in %) 347 363 363 363 3.61
Bors (w | b) 100 1.21 121 118 1.16
“MD (in year) 448 468 4.68 4.68  4.68
5Y DTS (in bps) 92 192 192 192 192
7Y DTS (in bps) 101 126 126 126 126
10Y+ DTS (in bps) 48 23 23 23 23
Financials DTS (in bps) 128 228 228 228 228
A-rated DTS (in bps) 159 134 134 134 112
BBB-rated DTS (in bps) 193 289 289 271 268

Table 23: Tracking error minimization with specific risk (Barra model, COAQ Index, end of
May 2026)

Active share limit AST

Statistic Benchmark 95%  30%  40% 100%
Holdings 11507 8717 8193 7037 3393
Active share (in %) 25.00 30.00 40.00 73.22
ENB (w) 7121 784 763 672 417
Top 100 weight (in %) 4.79 2449 25.73 29.04 39.51
o (w|b) (in bps) 6.71 580 4.96 4.22
or (w]b) (in bps) 4.49 366 279  1.93
oc (w|b) (in bps) 222 214 217 2.29
Yield (in %) 513 5.28 528 528 527
Bors (w | b) 100 1.09 109 1.09 1.08
“MD (in year) 6.49 669 6.69 6.69 6.60
5Y DTS (in bps) 48 148 148 148 148
7Y DTS (in bps) 67 92 92 92 92
10Y+ DTS (in bps) 209 262 260 254 247
Financials DTS (in bps) 133 233 233 233 233
A-rated DTS (in bps) 203 178 178 178 178
BBB-rated DTS (in bps) 283 345 346 342 330
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Table 24: Tracking error minimization without specific risk (Barra model, COAQ Index, end
of May 2026)

Active share limit AS™

Statistic Benchmark 95%  30%  40% 100%
Holdings 11507 8689 8073 6891 186
Active share (in %) 25.00 30.00 40.00 98.36
ENB (w) 7121 506 440 320 123
Top 100 weight (in %) 4.79 2791 3241 41.84 8581
o (w|b) (in bps) 4.59  3.67 2.60 0.77
or (w|b) (in bps) 459  3.67 260 0.77
oc (w | b) (in bps) 0.00  0.00 0.00 0.00
Yield (in %) 513 529 529 526 5.20
Bots (w | b) 1.00 1.10 1.10 1.09 1.07
" MD (in year) 6.49 669 6.69 6.69 6.69
5Y DTS (in bps) 48 148 148 148 148
7Y DTS (in bps) 67 92 92 92 92
10Y+ DTS (in bps) 209 262 254 252 255
Financials DTS (in bps) 133 233 233 233 233
A-rated DTS (in bps) 203 178 178 178 162
BBB-rated DTS (in bps) 283 356 356 350 349

Table 25: Yield maximization (Barra model, COA0 Index, end of May 2026)

Active share limit AS™

Statistic Benchmark %% 30% 40% 100%
Holdings 11507 8861 8272 7016 103
Active share (in %) 25.00 30.00 40.00 99.29
ENB (w) 7121 401 342 260 101
Top 100 weight (in %) 4.79 2875 33.50  43.11  99.06
o (w|b) (in bps) 77.74 88.64 102.99 148.58
or (w|b) (in bps) 75.56 86.48 100.31 143.76
oc (w|b) (in bps) 218 217 2.69 4.81
Yield (in %) 513 564  5.72 5.85 6.25
Bots (w | b) 1.00  1.27  1.30 1.33 1.52
~MD (in year) 6.49 694 699 699  6.69
5Y DTS (in bps) 48 148 148 148 148
7Y DTS (in bps) 67 92 92 92 92
10Y+ DTS (in bps) 299 270 274 274 274
Financials DTS (in bps) 133 252 271 269 434
A-rated DTS (in bps) 203 178 178 178 178
BBB-rated DTS (in bps) 283 383 383 383 383
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Table 26: Tracking error minimization with specific risk (Barra model, GOBC Index, end of
May 2026)

Active share limit AS™

Statistic Benchmark 95% 30% 40%  100%
Holdings 20350 14810 13946 12284 8661
Active share (in %) 25.00 30.00 40.00 60.12
ENB (w) 12788 1273 1167 1075 920
Top 100 weight (in %) 3.10 16.13 1743 19.16 22.08
o (w]b) (in bps) 194 178 1.62 154
or (w]b) (in bps) 1.25 1.09 091 0.75
oc (w | b) (in bps) 070  0.69 071  0.79
Yield (in %) 462 480 480 479  4.78
Bors (w | b) 100 119 119 118 118
“MD (in year) 583  6.07  6.06  6.06 6.05
5Y DTS (in bps) 62 162 162 162 162
7Y DTS (in bps) 75 100 100 100 100
10Y+ DTS (in bps) 224 199 199 199 199
Financials DTS (in bps) 133 233 233 233 233
A-rated DTS (in bps) 190 165 165 165 165
BBB-rated DTS (in bps) 255 355 355 355 355

Table 27: Tracking error minimization without specific risk (Barra model, GOBC Index, end
of May 2026)

Active share limit AST

Statistic Benchmark 925% 30% 40%  100%
Holdings 20350 14652 13592 11675 19629
Active share (in %) 25.00 30.00 40.00 63.72
ENB (w) 12788 687 591 444 333
Top 100 weight (in %) 3.10 2548 2951 37.91  46.55
o (w | b) (in bps) 0.69 047 020  0.17
or (w|b) (in bps) 069 047 020  0.17
oc (w|b) (in bps) 0.00  0.00  0.00  0.00
Yield (in %) 462 475 475 476 4.76
Bots (w | b) .00 117 117 115 1.13
" MD (in year) 583 611  6.09  6.03  6.03
5Y DTS (in bps) 62 162 162 162 162
7Y DTS (in bps) 75 100 100 100 100
10Y+ DTS (in bps) 224 199 199 191 182
Financials DTS (in bps) 133 233 233 233 233
A-rated DTS (in bps) 190 165 165 165 149
BBB-rated DTS (in bps) 255 355 351 336 322
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Table 28: Yield maximization (Barra model, GOBC Index, end of May 2026)

Active share limit AST

Statistic Benchmark 925% 30% 40%  100%
Holdings 20350 14953 13837 11981 106
Active share (in %) 25.00  30.00 40.00  99.70
ENB (w) 12788 416 345 264 102
Top 100 weight (in %) 3.10 2743 3231 4195 98.60
o (w|b) (in bps) 126.26 144.34 149.80 238.86
or (w|b) (in bps) 125.05 143.11 148.17 236.06
oc (w | b) (in bps) 1.20 1.23 1.63 2.80
Yield (in %) 4.62 5.59 5.74 5.95 6.63
Bots (w | b) 1.00 1.22 1.24 1.31 1.53
“MD (in year) 583  6.06  6.09 633 633
5Y DTS (in bps) 62 162 162 162 162
7Y DTS (in bps) 75 100 100 100 100
10Y+ DTS (in bps) 224 184 187 191 199
Financials DTS (in bps) 133 233 248 283 428
A-rated DTS (in bps) 190 165 165 165 165
BBB-rated DTS (in bps) 255 355 355 355 355

Table 29: Benchmark weight breakdown by sector and maturity (active management, ER00
Index, end of May 2026)

Sector 0-3Y 3-5Y 5-7Y 7-10Y 10Y+ Total
Automotive 2.11% 1.48% 0.81% 0.47% 0.22% 5.09%
Banking 10.03% 9.56% 4.98% 2.97% 0.12% 27.65%
Basic Industry 1.10%  1.20%  0.98%  0.58% 0.29% 4.14%
Capital Goods 1.18% 1.14% 0.73% 0.61% 0.34% 3.98%
Consumer Goods 1.35% 1.63% 1.33% 1.09% 0.88% 6.28%
Energy 0.90% 0.98% 0.88% 0.50% 0.36% 3.61%
Financial Services 1.97% 1.95% 0.96% 0.90% 0.25% 6.02%
Healthcare 1.19% 1.37% 1.03% 0.62% 1.09% 5.31%
Insurance 1.15%  0.79%  0.82%  1.26% 0.13% 4.16%
Leisure 0.14% 0.17% 0.19% 0.12% 0.13% 0.74%
Media 0.31% 0.26% 0.43% 0.17% 0.39% 1.55%
Real Estate 1.18%  1.53%  1.31%  0.72% 0.27% 5.00%
Retail 0.58% 0.72% 0.53% 047% 0.21% 2.51%
Services 046%  0.37%  0.35%  0.09% 1.27%
Technology & Electronics  0.71%  0.55%  0.52%  0.20% 0.13% 2.11%
Telecommunications 1.04%  1.01% 1.24% 1.14% 0.77% 5.21%
Transportation 1.09%  1.12%  0.99%  0.84% 0.50% 4.54%
Utility 2.47% 2.44% 2.35% 2.35% 1.23% 10.85%
Total 28.95% 28.25% 20.42% 15.08% 7.29%  100.00%
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Table 30: Active weights in % by maturity buckets (active management, ER00 Index, A = 0)

Sector 0-3Y 3-5Y 5-7TY 7-10Y 10Y+ Total
Positive views
Banking (++) 0.00 0.00  0.00 0.00 0.00 0.00
Financial Services (+) —0.00 0.00 1.29 0.00 —0.00 1.29
Insurance (+) —0.00 —0.00 0.00 0.71 0.00 0.71
Real Estate (+) —0.00 290 0.00 -0.00 -0.27 2.63
Utility (+) —0.78 0.00  0.00 0.08 0.00 —-0.69
" Negative views
Capital Goods (—) —-1.18 —-0.00 0.00 0.00 —-0.00 -1.18
Retail (—) —0.58 —0.00  0.00 0.54 0.00 —-0.04
Technology & Electronics (—) —0.00 0.00 0.46 0.00 —0.00 0.46
Telecommunications (—) —1.04 0.00  0.00 0.00 0.00 —1.04
Consumer Goods (——) —-1.35 —0.00 0.00 0.00 —0.00 -1.35
- Other sectors ~ —459  1.66 189 046 -0.22 -0.80
Net allocation change —9.51 4.55  3.64 1.80 —0.49 0.00

Table 31: Active weights in % by maturity buckets (active management, ER00 Index, A =

0.20)

Sector 0-3Y 35Y 5 7Y 7-10Y 10Y+ Total
Positive views
Banking (++) 0.00 0.00 3.54 0.00 0.84 4.38
Financial Services (+) 0.00 0.00 1.29 0.00 0.00 1.29
Insurance (+) 0.00 0.00 0.00 0.71 0.00 0.71
Real Estate (+) 0.00 1.97  0.00 0.00 —0.00 1.97
Utility (+) 0.00 0.00 0.00 0.00 0.00 0.00
~Negative views
Capital Goods (—) —1.09 0.00 -0.00 -0.61 -0.34 -2.03
Retail (—) —0.58 —0.00 0.00 0.00 -0.21 -0.79
Technology & Electronics (—) 0.00 0.00 0.00 -0.00 -0.13 -0.13
Telecommunications (—) —0.00 0.00 0.00 -0.00 -0.77 —0.77
Consumer Goods (——) -135 -1.63 -133 —-1.09 —-0.88 —6.28
" Other sectors —0.00  0.00 125 041  0.00  1.66
Net allocation change -3.02 0.34 4.74 -0.57 —1.49 0.00

Table 32: Active weights in % by maturity buckets

0.50)

(active management, ER00 Index, A =

Sector 0-3Y 3-5Y 5-7Y 7-10Y 10Y+ Total
Positive views
Banking (++) 0.00 0.00 3.54 0.00 0.84  4.38
Financial Services (+) 0.00 0.00 1.29 0.00 0.00 1.29
Insurance (+) 0.00 0.00 0.00 0.71 0.00 0.71
Real Estate (+) 0.00 1.97 0.00 0.00 —0.00 1.97
Utility (+) 0.00 0.00 0.00 0.00 0.00 0.00
" Negative views
Capital Goods (—) -0.00 —-0.00 -0.73 —-0.61 —-0.34 -—1.67
Retail (—) -0.00 -0.00 -0.00 —-047 -0.21 -0.68
Technology & Electronics (—) —0.00 —-0.00 -0.48 -0.20 -0.13 -0.81
Telecommunications (—) -0.00 -0.00 -0.00 -1.14 -0.77 -1.91
Consumer Goods (——) —-0.00 -1.63 -1.33 —-1.09 —0.88 —4.93
~ Other sectors 0.00 000 1.25 041  0.00  1.66
Net allocation change —0.00 0.34 3.53 —238 -—1.49 0.00
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Table 33: DTS contributions in bps of optimized portfolios (active management, ER00
Index, end of May 2026)

Confidence A

Sector Benchmark 0 10% 20% 30% 40% 50%

Positive views

Banking (++) 86 8 111 111 111 111 111
Financial Services (+) 22 28 28 28 28 28 28
Insurance (+) 20 27 27 27 27 27 27
Real Estate (+) 24 32 32 32 32 32 32
Utility (+) 49 48 49 49 49 49 49
~Negative views
Capital Goods (—) 12 11 9 5 6 6 4
Retail (—) 9 12 9 6 7 4 4
Technology & Electronics (—) 8 10 6 6 5 5 2
Telecommunications (—) 23 22 16 16 9 9 9
Consumer Goods (——) 24 23 9 0 0 0 1
~ Other sectors 104 115 111 113 113 113 113
Portfolios DTS 382 415 407 394 387 384 380

Table 34: Optimal investable portfolios (Barra model, COA0 Index, end of May 2026, one-
step approach, no cardinality constraint, no active share limit)

Statistic Benchmark Continuous 50 mn 100 mn 500 mn 1 bn
Holdings 11507 103 118 108 109 129
Active share (in %) 99.29  99.25 9927 9929  99.15
ENB (w) 7121 101 102 102 101 107
Top 100 weight (in %) 4.79 99.06  98.74  98.78  99.01  95.07
o (w|b) (in bps) 148.58 147.61  147.65  148.42 146.39
or (w]b) (in bps) 143.76  142.84  142.89  143.62 141.72
oc (w | b) (in bps) 481  4.76 4.76 480  4.68
Yield (in %) 5.13 6.25 6.25 6.25 6.25 6.24
Bors (w | b) 1.00 1.52 1.52 1.52 1.52 1.53
MD (in year) 6.49 6.69 670 670  6.69  6.69
5Y DTS (in bps) 48 158 157 157 158 156
7Y DTS (in bps) 67 92 92 92 92 92
10Y+ DTS (in bps) 299 274 274 274 274 274
Financials DTS (in bps) 133 434 433 433 434 439
A-rated DTS (in bps) 203 178 178 178 178 178
BBB-rated DTS (in bps) 283 383 383 383 383 383
CCasn (M%) 000  0.00 000  0.00
Cash (in 8) 159 850 892 3531
ZGap (in %) 0.48 0.40 0.06 5.35
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Table 35: Optimal investable portfolios (Barra model, COA0 Index, end of May 2026, one-
step approach, at least 150 holdings, no active share limit)

Statistic Benchmark Continuous 50 mn 100 mn 500 mn 1 bn
Holdings 11507 103 151 162 150 151
Active share (in %) 99.29  99.18 99.22 99.28  99.14
ENB (w) 7121 101 102 102 101 107
Top 100 weight (in %) 4.79 99.06  98.61 98.72 99.00  95.05
o (w|b) (in bps) 148.58 14749  147.48 14840 146.37
or (w | b) (in bps) 143.76  142.74  142.73  143.60 141.69
oc (w | b) (in bps) 4.81 4.74 4.75 4.80 4.67
Yield (in %) 5.13 6.25 6.25 6.25 6.25 6.24
Bots (w | b) 1.00 152 1.52 1.52 152 1.53
“MD (in year) 6.49 669 669 669 669  6.69
5Y DTS (in bps) 48 158 157 157 158 156
7Y DTS (in bps) 67 92 92 92 92 92
10Y+ DTS (in bps) 299 274 273 273 274 274
Financials DTS (in bps) 133 434 433 433 434 439
A-rated DTS (in bps) 203 178 178 178 178 178
BBB-rated DTS (in bps) 283 383 383 383 383 383
Ccasn in %) 000  0.00 000  0.00
Cash (in §) 369.04  827.21 23746  53.17
ZGap (in %) 0.54 0.44 0.07 535

Table 36: Optimal investable portfolios (Barra model, COAO Index, end of May 2026, two-
step approach, no cardinality constraint, no active share limit)

Statistic Benchmark Continuous 50 mn 100 mn 500 mn 1 bn
Holdings 11507 103 108 108 106 120
Active share (in %) 99.29  99.23  99.25  99.27  98.73
ENB (w) 7121 101 103 102 101 107
Top 100 weight (in %) 4.79 99.06  98.76  98.82  99.02  95.52
o (w|b) (in bps) 148.58 14729  147.38  148.38 142.71
or (w]b) (in bps) 143.76  142.53  142.61  143.58 137.88
oc (w|b) (in bps) 4.81 4.76 4.76 4.80 4.83
Yield (in %) 5.13 6.25  6.24 6.24 6.25 6.17
Bors (w | b) 1.00 1.52 1.52 1.52 1.52 1.49
“MD (in year) 6.49 669 669 669 669  6.69
5Y DTS (in bps) 48 158 158 158 158 157
7Y DTS (in bps) 67 92 92 92 92 92
10Y+ DTS (in bps) 299 274 274 274 274 262
Financials DTS (in bps) 133 434 432 432 433 425
A-rated DTS (in bps) 203 178 176 176 178 175
BBB-rated DTS (in bps) 283 383 383 383 383 383
Ccasn (M%) 008 004 001 103
Casn (in k$) 38.9 40.4 39.8 10278
ZGap (in %) 0.26 0.23 0.04  3.45
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Table 37: Optimal investable portfolios (Barra model, COAO Index, end of May 2026, two-
step approach, no cardinality constraint, no active share limit, ¢ = 1)

Statistic Benchmark Continuous 50 mn 100 mn 500 mn 1 bn
Holdings 11507 103 120 112 113 193
Active share (in %) 99.20 9925  99.26  99.27  99.19
ENB (w) 7121 101 102 102 101 107
Top 100 weight (in %) 4.79 99.06  98.76  98.81  99.02  95.55
o (w|b) (in bps) 148.58 14740  147.35  148.36 142.19
or (w | b) (in bps) 143.76  142.64 142,58  143.56 137.35
oc (w | b) (in bps) 4.81 4.76 4.77 4.80 4.84
Yield (in %) 5.13 6.25  6.25 6.25 6.25 6.22
Bors (w | b) 1.00 1.52 1.52 1.52 1.52 1.50
“MD (in year) 6.49 669 669 669 669  6.69
5Y DTS (in bps) 48 158 158 158 158 159
7Y DTS (in bps) 67 92 92 93 92 93
10Y+ DTS (in bps) 299 274 274 274 274 263
Financials DTS (in bps) 133 434 433 433 433 424
A-rated DTS (in bps) 203 178 177 177 177 178
BBB-rated DTS (in bps) 283 383 383 383 383 383
Ccasn in %) 000  0.00 000  0.00
Casn (in $) 330 286 531 146
ZGap (in %) 0.30 0.26 0.05  3.97

Table 38: Optimal investable portfolios (Barra model, GOBC Index, end of May 2026, one-
step approach, no cardinality constraint, no active share limit)

Statistic Benchmark Continuous 50 mn 100 mn 500 mn 1 bn
Holdings 20 350 106 117 110 115 133
Active share (in %) 99.70  99.66  99.68  99.68  99.64
ENB (w) 12788 102 105 104 104 105
Top 100 weight (in %) 3.10 98.60 96.69 9741  97.31  96.15
o (w|b) (in bps) 238.86 269.78  237.47  239.38 235.42
or (w]b) (in bps) 236.06 267.29  234.69  236.68 232.62
oc (w|b) (in bps) 2.80 2.48 2.78 2.69 2.80
Yield (in %) 4.62 6.63 6.53 6.58 6.61 6.61
Bors (w | b) 1.00 1.53 1.51 1.53 1.55 1.54
“MD (in year) 583 633 633 633 633 633
5Y DTS (in bps) 62 162 162 162 162 162
7Y DTS (in bps) 75 100 102 100 100 100
10Y+ DTS (in bps) 224 199 198 199 199 199
Financials DTS (in bps) 133 428 433 435 442 429
A-rated DTS (in bps) 190 165 165 165 165 165
BBB-rated DTS (in bps) 255 355 355 355 355 355
Ccasn (M%) 0.00  0.00 000  0.00
Cash (in §) 3 967 3325 132
ZGap (in %) 15.42 7.70 5.22 7.40
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Table 39: Optimal investable portfolios (Barra model, GOBC Index, end of May 2026, one-
step approach, at least 150 holdings, no active share limit)

Statistic Benchmark Continuous 50 mn 100 mn 500 mn 1 bn
Holdings 20350 106 150 150 151 150
Active share (in %) 99.70  99.61  99.65  99.67  99.65
ENB (w) 12788 102 105 104 104 105
Top 100 weight (in %) 3.10 98.60  96.53  97.25  97.45  96.28
o (w | b) (in bps) 238.86 270.73  237.00  240.98 235.53
or (w|b) (in bps) 236.06 268.27  234.21  238.23 232.73
oc (w | b) (in bps) 2.80 2.46 2.79 2.75 2.80
Yield (in %) 4.62 6.63  6.53 6.58 6.61  6.61
Bots (w | b) 1.00 153 1.50 1.53 154  1.54
“MD (in year) 583 633 632 633 633 633
5Y DTS (in bps) 62 162 162 162 162 162
7Y DTS (in bps) 75 100 101 100 100 100
10Y+ DTS (in bps) 224 199 198 199 199 199
Financials DTS (in bps) 133 428 435 432 439 429
A-rated DTS (in bps) 190 165 165 165 165 165
BBB-rated DTS (in bps) 255 355 355 355 355 355
Ccasn (in %) 0.00 000 000 0.0
Casn (in $) 38.58  807.44 19860 9217
ZGap (in %) 14.96 7.86 481  7.23

Table 40: Optimal investable portfolios (Barra model, GOBC Index, end of May 2026, two-
step approach, no cardinality constraint, no active share limit)

Statistic Benchmark Continuous 50 mn 100 mn 500 mn 1 bn
Holdings 20 350 106 126 115 127 136
Active share (in %) 99.70  98.61 98.66  98.62  98.62
ENB (w) 12788 102 111 107 106 108
Top 100 weight (in %) 3.10 98.60 93.16  96.15  96.42  95.23
o (w|b) (in bps) 238.86 232.28  238.43  241.17 235.70
or (w]b) (in bps) 236.06 229.43  235.68  238.42 232.95
oc (w|b) (in bps) 2.80 2.85 2.75 2.75 2.76
Yield (in %) 4.62 6.63 6.24 6.44 6.48 6.46
Bors (w | b) 1.00 1.53 1.46 1.50 1.51 1.49
"MD (in year) 583 633  6.08 626 611  6.03
5Y DTS (in bps) 62 162 162 162 164 162
7Y DTS (in bps) 75 100 100 101 100 100
10Y+ DTS (in bps) 224 199 199 185 189 175
Financials DTS (in bps) 133 428 416 422 428 434
A-rated DTS (in bps) 190 165 161 163 160 165
BBB-rated DTS (in bps) 255 355 355 355 355 355
Ccqen (in%) 200 200 200 200
Cash (in k$) 999.9 1999.8 10000 20000
ZGap (in %) 11.35 4.61 214 419
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Table 41: Optimal investable portfolios (Barra model, GOBC Index, end of May 2026, two-
step approach, no cardinality constraint, no active share limit, ¢ = 1)

Statistic Benchmark Continuous 50 mn 100 mn 500 mn 1 bn
Holdings 20 350 106 141 182 117 283
Active share (in %) 99.70  99.52  99.40  99.67  99.62
ENB (w) 12788 102 108 106 104 105
Top 100 weight (in %) 3.10 98.60 94.72 9594  97.30  96.65
o (w|b) (in bps) 238.86 249.64  237.29  245.17 234.09
or (w]b) (in bps) 236.06 246.99  234.54  242.45 231.29
oc (w|b) (in bps) 2.80 2.65 2.75 2.72 2.80
Yield (in %) 4.62 6.63 6.34 6.49 6.51 6.59
Bots (w | b) 1.00 153 147 1.51 155  1.51
“MD (in year) 583 633 610 632 631  6.03
5Y DTS (in bps) 62 162 175 162 175 164
7Y DTS (in bps) 75 100 100 100 100 100
10Y+ DTS (in bps) 224 199 197 199 198 180
Financials DTS (in bps) 133 428 403 419 431 434
A-rated DTS (in bps) 190 165 165 165 164 164
BBB-rated DTS (in bps) 255 355 354 354 355 355
Ccasn (in %) 000  0.00 001  0.00
Casn (in $) 436 875 67491 0.00
ZGap (in %) 12.36 5.62 3.14 5.20

Table 42: Sector allocation in % (Barra model, GOBC Index, end of May 2026, scope SC1)

Sector Index Reduction rate R

10%  30% 40% 50% 60% 70%  80%  90%
Communication Services 7.18 7.18 7.19 7.19 7.18 7.18 7.17 7.17 7.17
Consumer Discretionary 6.7 | 6.75 6.75 6.75 6.7 6.75 6.75 6.75  6.67
Consumer Staples 580 | 580 580 580 580 580 580 580 5.80
Energy 6.65 | 6.65 6.65 6.65 6.60 636 6.36 6.55 5.68
Financials 34.88 | 34.77 35.35 35.68 35.96 36.35 36.96 37.57 38.92
Health Care 782 | 782 782 782 7.82 782 782 782 7.82
Industrials 870 | 870 871 871 871 870 870 855 879
Information Technology 4.65 | 4.65 467 466 470 474 470 4.66 4.66
Materials 320 | 320 316 3.12 311 3.00 298 2.66 2.46
Real Estate 394 | 394 394 394 394 394 394 394 394
Utilities 1042 | 10.53 9.96 9.67 9.43 935 881 853 8.09

Source: ICE BofA, Trucost & Authors’ calculations.
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Table 43: Sector allocation in % (Barra model, GOBC Index, end of May 2026, scope SC1_3)

Sector Index Reduction rate R

10%  30% 40% 50% 60% T0% 80%  90%
Communication Services 7.18 40 AR E T 0% I YO8 I AR O8I A 0 R 0 G 08 4
Consumer Discretionary 6.75 6.75 6.75 6.75 6.75 6.75 6.70  6.66 6.62
Consumer Staples 580 | 580 580 580 580 580 580 580 5.77
Energy 6.65 | 6.65 6.65 6.6 6.49 6.33 594 471 2.62
Financials 34.88 | 34.84 35.63 36.07 36.53 37.41 38.26 38.83 41.18
Health Care 782 | 782 782 78 783 783 783 7.82 7.82
Industrials 870 | 870 870 870 870 870 860 841 825
Information Technology 4.65 4.66 4.66 4.66  4.65 4.66  4.65 4.65  4.60
Materials 320 320 311 3.06 3.05 295 278 246 2.03
Real Estate 394 | 394 394 394 394 394 394 463 5.39
Utilities 10.42 | 1046 9.75 936 9.09 845 834 885 8.56

Source: ICE BofA, Trucost & Authors’ calculations.

Table 44: Sector allocation in % (Barra model, GOBC Index, end of May 2026, scope SC}* ;)

Reduction rate R
Sector ndex | o0 30%  40%  50%  60% T0%  80%  90%
Communication Services 7.18 7.17 7.17 7.17 7.17 7.17 7.17 7.16 6.84
Consumer Discretionary 6.75 | 6.75 6.75 6.75 6.72 6.64 6.50 5.43 1.79
Consumer Staples 580 | 580 580 578 569 557 474 3.40 1.50
Energy 6.65 | 6.65 6.65 6.26 6.11 477 289 2.08 1.82
Financials 34.88 | 35.03 36.35 37.20 38.54 38.81 41.32 46.84 59.76
Health Care 782 | 782 782 782 7.82 782 782 8.60 12.04
Industrials 870 | 870 870 882 883 10.08 11.10 11.04 6.10
Information Technology 4.65 4.65 4.65 4.65 4.65 4.65 4.63 4.42 2.45
Materials 320 | 319 310 3.03 299 3.02 286 265 259
Real Estate 394 | 394 394 394 394 389 383 3.66 223
Utilities 1042 | 10.30 9.06 858 7.54 758 714 472  2.89

Source: ICE BofA, Trucost & Authors’ calculations.

Table 45: Sector allocation in % (Barra model, GOBC Index, end of May 2026, scope SC1_3)

Sector Index Reduction rate R

10%  30% 40% 50% 60% 70% 80%  90%
Communication Services r18 | 718 r1r viv  vaivr vAr r1v o 71T 717
Consumer Discretionary 6.75 | 6.75 6.75 6.72 6.72 6.72 6.72 620 447
Consumer Staples 580 | 580 580 580 580 580 580 580 5.25
Energy 6.65 | 6.65 6.02 527 4.08 405 384 292 2.00
Financials 34.88 | 34.88 3494 3555 35.83 34.96 33.06 33.17 33.42
Health Care 782 | 782 782 782 7.8 782 782 782 7.82
Industrials 870 | 870 9.17 9.71 10.83 11.65 13.82 15.40 18.92
Information Technology 4.65 | 465 465 464 461 461 462 464 4.63
Materials 320 | 320 3.04 297 292 291 284 2.68 250
Real Estate 394 394 394 394 394 394 394 394 3.87
Utilities 10.42 | 10.42 10.72 10.41 10.29 10.37 10.38 10.25 9.95

Source: ICE BofA, Trucost & Authors’ calculations.
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C.2

Figures
Figure 23: £;-norm efficient frontier (ER00 Index, end of May 2026)
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Figure 24: £y-norm efficient frontier (ER00 Index, end of May 2026)
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Figure 25: Efficient frontier (ER00 Index, end of May 2026, Barra risk model)
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Figure 26: Efficient frontier (COAO Index, end of May 2026, Barra risk model)
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Figure 27: Efficient frontier (GOBC Index, end of May 2026, Barra risk model)
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