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Abstract

In this article, we consider a multi-period portfolio
optimization problem, which is an extension of the
single-period mean-variance model. We discuss several
formulations of the objective function, constraints and
coupling relationships. We then derive three numerical
algorithms that can be used to solve such problems: the
alternating direction method of multipliers, the block
coordinate descent algorithm and the augmented quadratic
programming method. We illustrate the differences
between single-period and multi-period solutions by
considering three asset allocation problems: transition
management (Rattray, 2003), total variation regularized
portfolio (Corsaro et al., 2020) and trading trajectory
modeling (Garleanu and Pedersen, 2013). Finally, we
solve the portfolio alignment problem of Le Guenedal and
Roncalli (2022) when the fund manager has to dynamically
control the carbon footprint of his investment portfolio by
integrating a carbon reduction scenario. Comparing the
single-period and multi-period solutions shows that the
active share between the two portfolios may be greater
than 25%. This figure can also reach 40% if we include
carbon trends and they are increasing.
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Multi-Period Portfolio Optimization

1 Introduction

Multi-period portfolio optimization is a natural extension of the mean-variance optimization
(MVO) model developed by Harry Markowitz in 1952. The goal is to find the dynamic as-
set allocation policy by considering inter-temporal effects such as rebalancing costs, trading
impacts, time-varying constraints, price trends, etc. Since such models include feedback
features, we might think that they are commonly used by the asset management indus-
try. However, while mean-variance optimization was very successful among investors and
portfolio managers, multi-period optimization is mainly an academic research field':

“In practice, multi-period models are seldom used. There are several practical
reasons for that. First, it is often very difficult to accurately estimate return/risk
for multiple periods, let alone for a single period. Second, multi-period models
are in general computationally intensive, especially if the universe of assets con-
sidered is large. Third, the most common existing multi-period models do not
handle real-world constraints. |[...] For these reasons, practitioners typically
use single-period models to rebalance the portfolio from one period to another”
(Kolm et al., 2014).

Recently, developments in computing capacity have renewed the interest in such models.
For instance, we can cite the research by Boyd et al. (2017), Calafiore (2009), Corsaro et
al. (2021), Huang et al. (2021), Li et al. (2022), Rosenberg et al. (2016), Skaf and Boyd
(2009) and Wahlberg et al. (2012). Moreover, alongside transition management and trading
trajectory, which are the two most famous multi-period problems?, a new problem has
emerged these last two years in climate investing. Indeed, portfolio alignment can be viewed
as the dynamic version of portfolio decarbonization:

“While portfolio decarbonization is a static problem, portfolio alignment involves
a dynamic strategy in order to comply with a given climate policy. Therefore,
the dynamic problem is trickier since it involves several rebalancing decisions and
depends on the future behavior of corporate issuers” (Le Guenedal and Roncalli,
2022).

The primary objective of our study is to solve the multi-period portfolio alignment problem
defined by Le Guenedal and Roncalli (2022, pages 36-37). Indeed, if the investor decar-
bonizes its current portfolio by R and he knows that he will decarbonize it by R + AR
during the next period, then it is obvious that the current optimal portfolio is contingent
on the additional reduction AR during the next period.

This research project fits into our previous works on portfolio optimization and the devel-
opment of efficient numerical algorithms for solving asset allocation problems. In particular,
we can cite augmented quadratic programming (Bruder et al., 2013; Roncalli, 2013; Bourg-
eron et al., 2018), coordinate descent (Griveau-Billion et al., 2013; Roncalli, 2015; Richard
and Roncalli, 2015, 2019) and alternating direction method of multipliers (Bourgeron et al.,
2018; Chen et al., 2019). These three numerical algorithms are extensively explained in the
survey of Perrin and Roncalli (2020) in the context of portfolio optimization, e.g., risk par-
ity portfolios, strategic asset allocation, smart beta portfolios, minimum-variance strategies,

1For instance, multi-period portfolio optimization is not available in asset management software such as
MSCI Barra Optimizer or Axioma Portfolio Optimizer.

2Here, we do not consider Merton-like continuous-time models, whose solution follows a Hamilton-Jacobi-
Bellman equation. Indeed, these models mainly concern two assets, but they are not adapted to deal with
a large universe of assets. Nevertheless, they have been successful in solving liability-driven investment
problems or retirement strategies.
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regularized allocation problems and turnover management. In this work, we show how to ap-
ply these algorithms to multi-period portfolio optimization and solve the portfolio alignment
problem.

This article is organized as follows. In section two, we present the multi-period portfolio
optimization problem. We discuss some special cases of the objective function, constraints
and coupling relationships. We develop numerical algorithms and apply them to three asset
allocation problems. The third section is dedicated to the portfolio decarbonization problem.
Finally, section four offers some concluding remarks.

2 Multi-period portfolio optimization
We consider a multi-period optimization problem that we encounter in asset allocation.

After defining the objective problem, we discuss some special cases. Then, we show how we
can solve these multi-period optimization problems using ADMM and QP algorithms.

2.1 General problem with linear and non-linear constraints

Let us consider a universe of n assets. We define the following h-period optimization problem:

o = arg max E[U (@1, .., 3e4n) | Fi (1)
Tt41,Tt425.-
st. e
where z; = ($1,t, ... 71'n7t) is the vector of the portfolio weights at the tth period, z =
(Tt41,Ttq2y .-, Tepn) 1S the vector of the h allocations, U (T¢t1,...,Tryp) is the inter-

temporal utility function, F; is the filtration associated to the probability space?, and = €
is a set of linear and non-linear constraints.

In order to obtain a tractable objective function, we assume that the utility function is
separable in time:

t+h
“E U @egr,- s mgn) | F] = D {s (@) + he (wem1,70) } (2)

s=t+1

where g; and hy are two convex functions. While g5 (z5) only depends on the current
portfolio xs, hs (xs—1,xs) is a convex function that depends on both the current portfolio x
and the previous portfolio xs_1. Therefore, g5 (x5) is the static part of the objective function
whereas the dynamic part is modeled by the coupling function hg (zs—1, ). Similarly, we
split the set of constraints as Q = Q@ NQM) where Q) = ﬂiﬁbﬂ Q4 and Qg corresponds to
the constraints that only relies on x5 and not on the other variables z,, (u # s). Therefore,
Problem (1) becomes:

¥ = arg mm@n {g(z)+h(z)} (3)
st. zeQ9no®
where g (z) = Zi};_l gs (zs), h(x) = Ziif;_l hs (xs—1,zs) and x* = <x§+1,x;‘+2, ... ,x:+h).

Although Problem (3) defines the optimal solution z*, we are only interested in x}, ;. In-
deed, since the filtration at time ¢ + 1 will be updated, the optimal solution x}, , at time

3The stochastic process will be defined later.
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t + 1 is no longer valid. The right formulation of Problem (3) is then:
Ty, = argngn {g(@)+h(z)} (4)
st. ze QW
Remark 1. We could discuss what the goal is when writing the objective function as f (x) =
g (z) + h(x). Indeed, Problem (}) is equivalent to the traditional non-linear optimization
problem x7,; = argmin f (z) s.t. x € Q. In fact, the underlying idea is to separate the

coupling and non-coupling parts. Therefore, we notice that Problem (4) is the overlapping
of two problems:

xf,, =argming (v) s.t. z€ QW 5
ry, . =argminh (z) st. z€ Q)

The first problem is static and corresponds to a traditional single-period optimization problem
since it is equivalent to:
* : St 0l (6)
rf g =argmingsqq (Te41) st @ € QY

The second problem is a dynamic feedback problem. Knowing the optimal solution at time
t+2, it modifies the solution at time t+ 1 because of the feedback effects. In asset allocation,
h(z) is generally a penalty function and not really an objective function. In what follows,
we extensively use the previous breakdown to find the numerical solution.

2.2 Some special cases

In this section, we discuss some special cases. First, we consider different objective functions
that are used in portfolio management. Second, we specify some penalty functions. Finally,
we list the main constraints that are specified when we perform portfolio optimization.

2.2.1 Objective function
Single-period optimization problem When £ is equal to 1, the problem reduces to:

Ty = arg mwin {9t+1 (Te41) + hegr (24, l’t+1)} (7)

st xyp €0

Mean-variance optimization In the mean-variance optimization problem, the objective
function g5 (z5) is equal to (Roncalli, 2013, Section 1.1.1, page 7):

1
9s (xb) = iszsxb - ryx;r,uas (8)
where X is the covariance matrix and g is the vector of expected returns. The parameter
is a coefficient that controls the trade-off between the portfolio’s volatility and its expected

return. Let Ry = (Ri,...,Rn,s) be the vector of asset returns at time s. Since we have:
E[R8|Ft]:E['Rt|Ft]:ﬂt for s >t (9)
and:
var (7'\’,S | .7-}) = var (’R,t | ]-'t) =Y for s >t (10)
we obtain:

RS {1xthxs—vqut} (1)

2 S
s=t+1
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Tracking-error minimization We recall that the tracking error variance of the portfolio
xzs with respect to the benchmark b is equal to:

02 (4 | bs) = (w5 — bs) | 2y (x5 — by) (12)

Therefore, we can show that the objective function gs (x5) is equal to (Roncalli, 2013, Section

1.2.4, page 60):
1

gs (zs) = iszsxs —x]3.b, (13)
Finally, we obtain:
tho
s@) = Y {jem. — ol (1)
s=t+1

If we assume that we do not know the future composition of the benchmark at time s > ¢,
Equation (14) becomes:

t+h

gla)= > {;sztxs—sztbt} (15)

s=t+1

Portfolio optimization with a benchmark We can mix the two approaches. In this
case, the investor would like to maximize the expected excess return of the portfolio with
respect to the benchmark and control the level of the tracking error volatility. The multi-
period objective function becomes (Roncalli, 2013, Section 1.1.4, page 19):

t+h

glx)=>Y {;xzzt% — ] (Siby +7Mt)} (16)

s=t+1

Remark 2. We notice that mean-variance, tracking-error and benchmark optimization prob-
lems can be cast into a quadratic programming problem:

1
9gs (xs) - gx;rsts - I'IRS (17)

where Qs = Xs and Ry is respectively equal to vus, 2sbs and Xgbs + yus. In what follows,
we use this notation and the term ‘mean-variance’ to name these three problems.

Other objective functions Perrin and Roncalli (2020, Table 1, page 29) reviewed the
different objective functions used in portfolio optimization. It includes minimum variance,
most diversified, risk budgeting or Kullback-Leibler portfolios.

2.2.2 Penalty function

Perrin and Roncalli (2020) observed that four regularization penalties are mainly used in
portfolio management: ridge, lasso, log-barrier and entropy.

Ridge penalization In the case of the ridge penalty, we have:

As
h (:Cs—la-rs) = ? Hxs - ‘Ts—ng (18)

where A4 is the scalar penalty value. Garleanu and Pedersen (2013) used quadratic trans-
action costs:

1
hs (xsflvxs) = 5 (xs - "Esfl)—r As (xs - xsfl) (19)

where A; is the Kyle’s matrix for temporary price impact. We notice that the penalization
with quadratic transaction costs generalizes the ridge penalty where Ag; = A\ 1,,.

10
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Lasso penalization Instead of using the £5-norm, we can use the £;-norm:
hs (v5-1,25) = A [|w5 — xs—lul (20)

This regularization can be viewed as a turnover penalization problem.

2.2.3 Portfolio constraints
Linear constraints If the constraints are linear, we have:

Ax =B
reQe Ce<D (21)
r<zr<T

It follows that Q = Q) and Q) = {x € R”h}. In the case where constraints are separable,
we obtain Q = Q) where:

Asxs = Bs
x5 € Qs & ¢ Csxs < Dy (22)
z, < Ty < T

Turnover constraint The turnover constraint is defined as:
Q(h)z{Vs:t+1,...,t—|—h:||acs—xs_1||1§TS} (23)

where 7, is the turnover limit at time s. In the single-period optimization problem, impos-
ing a turnover constraint is equivalent to add a lasso penalization. Therefore, we have a
relationship between 75 and As. In the multi-period optimization problem, we lose the strict
equivalence.

Other constraints We can specify other constraints such as asset class limits, sector
limits, number of active bets, etc. (Perrin and Roncalli, 2020, Table 3, page 30).

2.3 Numerical algorithms
2.3.1 ADMM approach

Derivation of the algorithm Following Perrin and Roncalli (2020), we use the alternat-
ing direction method of multipliers (ADMM) introduced by Gabay and Mercier (1976) to
propose a numerical solution. We note:

o ={ i 250 2

Then, we can rewrite the optimization problem as follows:
vy = argmin {g () + Low (2) + h (2) + Lgm (2)} (25)

Using the first and third tricks given by Perrin and Roncalli (2020), the equivalent ADMM
form is:

{a*,y"} = arg min {fo @)+ fy ()} (26)
r=y
s.t. fo (@) =g (x) + 1w (x)
fy W) =h(y) +Lom (v)
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Boyd et al. (2010) showed that the associated ADMM algorithm consists of the following
three steps:

1. The z-update is:

2
2+ = arg min {f£k+1) () = fo(x) + g Hx —y®) P Hz} (27)

2. The y-update is:
2
y " = argmin {fé'““) () = fy () + % Hx(’““) —y+u® Hz} (28)

3. The u-update is:
WD — (k) (z(kJrl) _ y(k+1)) (29)

In this approach, u(*) is the dual variable of the primal residual » = z—y and ¢ is the £o-norm
penalty variable. The parameter ¢ can be constant or may change at each iteration. The
ADMM algorithm benefits from the dual ascent principle and the method of multipliers. The
difference with the latter is that the z- and y-updates are performed in an alternating way.
In practice, ADMM may be slow to converge with high accuracy, but is fast to converge if
we consider modest accuracy. This is why ADMM is a good candidate for solving large-scale
optimization problems, where high accuracy does not necessarily lead to a better solution.

‘We notice that:

t+h t+h

Z gs (ws) + Z Lo, (vs)
s=t+1 s=t+1

t+h

DORACH (30)

s=t+1

[z ()

where:
fs (@s) = gs (x5) + Lo, (z5) (31)

Using the same partition for y and w than for =, we have:

Y= (Y1, Ye+2, - Yetn) (32)

and:
U= (Ut+1a Ut42, - - - ,Ut+h) (33)
We deduce that:

2 T
Hx_y(k)+“(k)H2 _ (x—y<k>+u<k>) (x—y(k)+u(k))

t+h

% (et 4u) (=l )

s=t+1

It follows that the solution z(**t1) is equal to:
k41
xg-:l_ )
2D = : (34)

(k+1)
Tith

12
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where:
2
xng) = arg min {gs (zs) + Lo, (zs) + % Hxs _ ygk) + ugk)H } (35)
T ?

Here, we exploit the separability property of f, (z). Instead of solving a problem of di-
mension nh, we solve h problems of dimension n. We conclude that the ADMM algorithm
becomes:

1. The z-update is:
2
2+ = arg min {gs (ws) + 1, (vs) + % Hxs —y+ ng)HQ} (36)

where s=t+ 1,t+2,...,t+ h.

2. The y-update is:
. ® ’
y kD) = arg min {fékﬂ) (y) = £y (y) + 3 Hx(kH) Y u(k)Hz} (87)

3. The u-update is:
S N (O (x(kJrl) _ y(chrl)) (38)

The case f, (z,) is a QP problem fs (z4) is a QP problem when the objective function
1
gs (xs) = §x;QSxS — xIRS is quadratic and the constraints x; € €, are linear. This is for

example the case when we perform mean-variance or tracking-error optimization®. It follows
that the z-update reduces to solve a standard QP problem:

1
24D aremin {2@ (Qs + @ln) s — ] (Rs % (ygm - ugm)) } (39)
Ts

Asxs = Bs
s.t. Csxs < Dy
Ts < < T

The case lgu (2) =0 Since there is no coupling constraint, the function f, (y) reduces
to h (y) and we have:

© 2
) = b+ g e -y

2

By + 5 [y— o) (40)

where v*+1D = z(k+1) 4 4, () We deduce that:

1 2
g1 = argnﬁn {@_111(9) + 3 Hy - v(k+1)H2}

= Pprox,-i, (v(’”l)) (41)

4In what follows, we only consider this specification because it corresponds to the standard approach of
portfolio allocation.

13
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where proxg (v) is the proximal operator of the function f at the point v (Perrin and
Roncalli, 2020).

1
We consider the ridge penalization hs (ys—1,ys) = 5 (ys — ys,l)—r As (ys — ys—1). We
have:
| b . )
W =5 2 {(ys —ys1) A (ys —ys1) + o Hys - vﬁ’““)Hz}
s=t+1

The first-order condition is:

af ()

dy = As (Ys — Ys—1) — Nsy1 (Ys+1 —ys) + ¢ (ys - vngrl)) =0, (42)
with the convention A;1p11 = 0, ,. We deduce that:

AsYs—1 + ﬁsys + VsYs+1 = 90ng+1) (43)

where as = —A;, Bs = As + As11 + ¢ and 75 = —Agyr1. We obtain a block-tridiagonal
system:

Biy1 Ye+1 Onn -+ Opn Yit+1 Ot41
arya Birz Yet2 Yit2 Opyo

) = ) (44)
On,n T On,n Qi h 5t+h Yt+h 5t+h

where 5 = cpvng) +1{s=1t+1} Atr1y:. We can easily solve Equation (44) by using the
recurrence algorithm of block-Gaussian elimination.

Remark 3. In the case where the matrices Ag are diagonal, we can exploit their structure
to obtain a better efficient algorithm. Indeed, we notice that fgskﬂ) (y) becomes separable:

I 2
fgSkJrl) (y) = 5 Z Z {)\i,s (yi,s - yi,sfl)2 + ® (yi,s - ’Ul(f:_l)) }

where \; 5 is the it element of the diagonal matriz A,. Using the same analysis as previously,
we obtain a tridiagonal system:

Bit+1 Vi1 0 0 Yit+1 i t+1
Qitr2 Btz Vit+2 Yit+2 Oitt2 (45)
0 e 0 i tvh Bitth Yi,t+h Oit-+h

where o s = —Xis, Bis = AisHNisy1+@, Vis = —Ais+1 and 6 ¢ = <pv<k+1)—|—]1 {s=t+1}

7,8

Nit+1Yit-

The case h (y) is an additively separable function If we assume that:

hs (ysflv ys) = Z hs (yi,sfla yi,s) (46)
i=1

14
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we deduce that:

n t+h

fék—i—l) Z Z { yz s— 17y7, s) + % (yi,s - U§i+1))2} (47)

1=1 s=t+1

Let yu) = (yi’t+1, ... ,yi,Hh) be the h x 1 vector that collects the weights of asset i. The
first-order condition is:

6f15k+1) (y) _ Ohyg (yi,sq,yi,s)
Ay 0

k+1
+ @ (y(,) — ’UEi)Jr )> = Oh (48)
Therefore, we have to solve n problems of dimension h instead of one problem of dimension

nh.

For instance, the lasso penalization hs (ys—1,¥s) = As [|ys — Ys—1]|; is an additively sep-
arable function:

hs (Ys—1,Ys) Z)\ |yzs Yi,s— 1’ (49)
We deduce that:
t+h n
h(y) = Z ZAS |yi,s - yi,sfl|
s=t+1i=1
n t+h
= Z Z >\s |yi,s - yi7571|
i=1 s=t+1
= Z HD()\) Y(i) — M+1€1Yit ) (50)
i=1
where e; = (1,0,...,0) and D (A) is a h X h matrix with diagonal and sub-diagonal entries:
Att1
—Aty2 App2
D(A) = . (51)

—At4h Aith

Therefore, we split the y-update problem and the solution for yégﬂ) is given by the following
optimization problem:

yég'i‘l) = argmin {HD (A) Y@y — Aer1€1¥i . + =

(k+ )H
— ’U
2 v }
(k+1)

= proxg (v(yivieA) (U(i) ) (52)
where the function {, (z;zo, A) is defined as:
Co (w50, A) 1= ot ||D()\)ac—)\161x0H1 (53)

This proximal solution can be found by using the augmented QP problem or other algorithms
(see Appendix C.1 on page 47).

15
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2.3.2 Block coordinate descent

Definition The goal of the coordinate descent algorithm is to find the solution z* =
argmin f () by using a series of optimization problems that are more simple to solve. For
that, we choose a coordinate i € {1,n}, we solve the uni-dimensional problem:

a:ngrl) = arg min f (gcgk), e ,xl(-li)l, xi, xl(-i)l, . ,xﬁP) (54)
we update the solution such that mg-kﬂ) — x§-k) if j # 4 and we iterate the algorithm until

convergence. Coordinate descent is then a variant of the gradient descent and minimizes
the function along one coordinate at each step. The simplest way to choose the coordinate
is to consider cyclic coordinates. In this case, we have:

zgkﬂ) = argmin f (xgkﬂ), . ,xgli'{l), Ti, a:gi)l, .. ,:1:%“) (55)

The previous algorithm can be extended to the case where z; is not a scalar, but a block
of coordinates. In this case, we solve the minimization problem with respect to x; by
considering the blocks xs,...,z, as given. Then, we update the solution z; and we solve
the minimization problem with respect to zo by considering the blocks x1,x3,...,x, as
given. Since each iteration involves a block of coordinates, this algorithm is called “block
coordinate descent” (BCD).

Application to the multi-period optimization problem The function to minimize is
equal to:

t+h

[ (@1, Tegn) = Z (gs (ws) + hs (xs-1, $s)) + 1o (w1, Tegn) (56)
s=t+1

We consider each vector zs as a block of coordinates. We deduce that the BCD algorithm
consists in the following iterations:

:cngrl) = arg n;inf (Ttg1y -y Ts—1,Tsy Tstly- -y Tith)
= argmin fs (335 | m(,s)) (57)
where x(_g) = (Te41,- -+ Ts—1,Tsg1y- s Tegh) and®:
fs (xs | x(—s)) = s (xs) + hs (xsflal's) + hs+1 (CES,l'erl) +
1q, (xs) +Laom (xt+1, o 7xt+h) (58)

In the case where 1o (x) = 0, the function f, (xs | x(_s)) reduces to fs (@5 | Ts_1,Toq1):

fs (ms | $571,$s+1) =Js (xs) + hs (xsfhxs) + hs+1 (CL’S,IE5+1) + ]]-QS (xs) (59)

Therefore, the case 1o () = 0 is appealing since it can be considered as a single-period reg-
ularized optimization problem with two penalty functions® hs (251, 2) and hgyq (75, Tsi1)-

5Because we have Q = Q@) N Q") and Q9 = ﬂi":'iﬂrl Qs.
6If s =t + h, the function hst1 (s, xs+1) is set to 0 and we have only one penalty function.
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The mean-variance-ridge problem We formulate the function g, (z4) as follows:

1
gs (zs) = 556‘:@5,@5 —z] R, (60)
This general formulation encompasses the mean-variance optimization problem, the tracking-

error minimization problem and the portfolio optimization with a benchmark. We have:

fo (@s | mo1,mep1) = %xIsts — ] Ry +1q, (z,)
% (Ts — o 1) Ag(Ts — 2o 1) +
5 o =2 A (a1 — 72)
= %m;r (Qs + A+ Agi1) x5 — ) (Ry + Ams_1 + Agy12541) +
o, (£2) + 2ol aAaecs + 2ol Ao (61)

We deduce that:

1
xgk-s—l) = arg min {ij (Qs +As + Asy1) s — x;r (Rs + Ass—1 + As1s41) + g, (z5)

(62)
If the constraints x, € ), are linear, we obtain a QP problem. The BCD algorithm consists
then in solving a series of QP problems. While the dimension of the original problem is nh,
the dimension of the BCD algorithm reduces to n.

The mean-variance-lasso problem In this case, we have:

. 1
zgk+1) = argmin {2ISTQSLES - z;rRs + A ||zs — 2oty + Aog1 [|Tsp1 — 25, + Lo, (a:s)}

(63)
If the constraints x5 € (), are linear, we can transform this optimization problem into an
augmented QP problem (see Appendix C.4 on page 56).

2.3.3 Quadratic programming

If g (x) + h (z) can be written as a quadratic function and if the constraints x € ) are linear,
we obtain a quadratic programming problem:

1
= argn;in{QxTQx—xTR} (64)

Arx =B
s.t. Ce <D
r<z<7ZT

This is for example the case of the multi-period mean-variance-ridge problem. For this
problem, the matrices 2 and R are given in Appendix C.5 on page 58. If the constraints are
separable with respect to time s, we obtain block linear equality and inequality constraints
(see Appendix C.6 on page 59).

The multi-period mean-variance-lasso problem is not a QP problem since we have:

t+h t+h
h(z) = Z hs (Ts-1,25) = Z As s — o1l (65)
s=t+1 s=t+1
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Nevertheless, we can use the trick of augmented variables:
_ e +
Ty =Ts—1 — Ty + (66)

in order to transform the multi-period mean-variance-lasso problem into an augmented QP
problem. The details are given in Appendix C.7 on page 60.

2.4 Convergence and efficiency of the algorithms

The choice of an algorithm depends on the problem specification and the efficiency of the
algorithm. For instance, in the case where g (z5) is a mean-variance function, hs (xs_1,zs)
is a ridge penalty and the constraints {2 are linear, the QP algorithm is certainly the best
choice. Nevertheless, the dimension of this problem is equal to nh where n is the number
of assets and h is the number of periods. For instance, if n = 200 and h = 5, the ) matrix
of the QP algorithm has a dimension 1000 x 1000. If the investment universe corresponds
to the MSCI world index, n is greater than 1500, and the dimension of the QP problem
is larger than 7500. However, most of QP algorithms are valid for a dimension lower than
2000. Therefore, we need to use sparse QP algorithms, which are not always implemented
in programming languages. The alternative solution is to use the block coordinate descent
algorithm. For instance, in the case of the mean-variance-ridge problem, it consists in solving
a series of QP problems, whose dimension is equal to n whatever the value of h. From a
theoretical point of view, we can show that this algorithm will converge (Tseng, 2001; Xu
and Yin, 2013).

If we consider that g, () is a mean-variance function, hs (zs—1, xs) is a lasso penalty and
the constraints (2 are linear, the best choice is the augmented QP algorithm. Nevertheless,
the dimension of the problem is now equal to 3nh. If we consider an investment universe
of 200 assets and 5 periods, the () matrix of the augmented QP algorithm has a dimension
3000 x 3000. Therefore, it is better to use the block coordinate descent algorithm, because
the dimension of each iterated problem is equal to 600. Nevertheless, we are not sure that
the algorithm will converge (Tseng, 2001). An alternative solution is to use the ADMM
algorithm. Again, the convergence of the algorithm is not guaranteed. Moreover, the con-
vergence depends on the algorithm used for solving the y-step. This can also be the case for
non-linear problems (objective function and/or constraints), which require to use Dykstra
algorithms (Dykstra, 1983; Bauschke and Borwein, 1994; Perrin and Roncalli, 2020).

In this context, we must be careful with the solutions obtained by those algorithms. We
must test several starting values and several algorithms when it is possible before deciding
whether or not the numerical solution is acceptable. In all cases, we must consider how
small changes of the problem impact the numerical solution. Moreover, it is also important
to test the algorithm in degenerate and simplified cases in order to understand its behavior.

2.5 Some examples
2.5.1 Transition management

Example 1. We consider a strategic asset allocation problem. The investment universe
is made up of seven asset classes: three fixed-income classes, three equity classes and one
commodity class. The parameters are given in Appendiz A.1 on page 35. The current
portfolio is equal to x; = (20%, 10%, 15%, 20%, 10%, 15%, 10%) .

Using the expected returns p; and the covariance matrix ¥; defined on page 35, we

compute the long-only mean-variance portfolio: z* = arg min §x—r§]tx—'yx—r pe with v = 1%.
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The solution is z* = (46.21%, 38.21%, 0%, 4.09%, 4.09%, 7.11%,0.30%). Since we notice
that the turnover 7 (4, 2*) = ||o* — a¢||; is equal to 108.82%, it is not possible to directly
implement this strategic asset allocation policy. Indeed, there is a large discrepancy between
the current portfolio x; and the target portfolio x*. Therefore, we generally consider a
transition management approach, whose goal is to change the assets of the portfolio by
minimizing the transaction costs and mitigating the market risks associated with these
changes (Rattray, 2003).

Let us assume that the transition management process consists in changing the compo-
sition of the portfolio in A periods and limiting the turnover at each rebalancing date. We
can proceed in an iterative way and solve the following mean-variance problem:

S

1
ry = argmin{Qm;—ths—ymZut} fors=t+1,....t+h (67)

lzxs =1
s.t. ||x§ — x‘;_lﬂl <7
rs > 0y

where 7 = x4 and 75 is the maximum turnover at time s. For instance, in the previous
example, we had 7 (2, 2*) = 108.82%, implying that we can impose 75 = 25% if we consider
h = 5 rebalancing periods. Results are given in Table 1. We verify that the optimal solution
at time ¢ 4+ 5 is equal to the mean-variance portfolio.

Table 1: Iterative solution in % (transition management)

s t t+1 t+2 t+3 t+4 t+5
1, 20.00 | 20.00 20.04 27.25 39.74 46.21
r2s 10.00 | 22.50 34.96 40.25 40.26 38.21
3,5 15.00 | 15.00 15.00 15.00 3.92  0.00
45 20.00 | 20.00 11.62 5.65 5.57 4.09
5 10.00 | 10.00 9.99 5.65 470 4.09
r6s 15.00 | 7.77 556 516 516  T7.11
r7s 10.00 | 474 282 1.04 064 0.30

Te 25.00 25.00 25.00 25.00 16.83

Another method is to consider the multi-period mean-variance-lasso optimization prob-
lem, which is described on page 63. We have:

t+h

) 1
(hersswiyn) = argmin > {lem w;rut} (68)
s=t+1
llxs =1
s =il <7 _
s.t. 2. >0, fors=t+1,...,t+h
TP = T4

Using the augmented QP (or a-QP) algorithm and the block coordinate descent method”
(or BCD), we obtain the results given in Tables 2 and 3.

We notice that we obtain the same solution for z}, 5, but the path (x;fﬂ, e ,xL_h) is

not the same if we compare the iterative, a-QP and BCD solutions. Moreover, the total

7The BCD algorithm is initialized with 2(9) = (z¢, ..., z¢).
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Table 2: Augmented QP solution in % (transition management)

s t t+1 t+2 t+3 t+4 t+5
r1s 20.00 | 20.00 20.10 28.05 40.52 46.21

s

T2, 10.00 | 22.50 34.90 3945 3948 38.21

s

r3,s 15.00 | 15.00 15.00 15.00 3.83  0.00
x4 20.00 | 20.00 11.43 517 510 4.09
55 10.00 | 10.00 10.00  5.57 4.70  4.09
Tes 15.00 | 776 578 578 578 7.11

5

r7, 10.00 | 474 280 098 059 0.30

>

Ts 25.00 25.00 25.00 25.00 14.02

Table 3: Block CD solution in % (transition management)

s t t+1 t+2 t+3 t+4 t+5
r1s 20.00 | 20.00 20.05 27.72 40.18 46.21

s

z9s 10.00 | 22.50 34.95 39.78 39.82 38.21
35 15.00 | 15.00 15.00 15.00 3.90 0.00
45 20.00 | 20.00 11.61 5.54 537 4.09
5 10.00 | 10.00 10.00 5.61 477  4.09
r6s 15.00 | 7.76 556 533 533 T7.11
r7s 10.00 | 474 282 1.03 063 0.30

Te 25.00 25.00 25.00 25.00 16.52

turnover Zii?H ||lzs — 2% ||, is respectively equal to 116.83%, 114.02% and 116.52%. It is
therefore larger than the figure 108.82% computed previously. This is because we can buy
more than the target at a rebalancing date s and then sell a part at the next rebalancing
date s + 1. As a result, the total turnover may be greater than 108.82%. In order to find
an optimal path, we can introduce transaction costs. For instance, if we consider quadratic
transaction costs, the objective function becomes:

1 1 T
fs (xs) = ixzztxs - ’Yﬂ?jut + 5 (l’s - xs—l) As (I's - xs—l) (69)
Nevertheless, by modifying the mean-variance function, we are not certain to obtain the
right solution. In particular, we can face the following two extreme situations:

1. If the matrix A; is too small, we obtain the previous solutions because the penalization
is too low;

2. If the matrix A is too big, we obtain a solution which is far from optimal. In fact,
the risk is that the solution sticks to the current allocation (v, ; = ... =z}, = x¢)
because the penalization is too prohibitive.

Let x; and z* be the current and target portfolios. A transition management process requires
that the allocation to an asset can only be increasing or decreasing:

*
{ TP 2 Xip = Tis = Tis—1

— 70
P STt = Tis < Tijs—1 (70)

This means that we cannot decrease the allocation to asset i at a given rebalancing date
s if its weight in the target portfolio is larger than its weight in the current portfolio. In
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Appendix C.8 on page 65, we show how to translate the monotonic property into inequality
constraints. We report the results in Tables 11, 12 and 13 on page 36. In this case, we
obtain similar results with each of the three methods.

2.5.2 Total variation regularized portfolio

Example 2. We consider an investment universe of 7 stocks. The values of their idiosyn-
cratic risk o; and beta B; are equal to:

Stock i 1 2 3 4 5 6 7
0 3% 5% 5% 16% 10% 8% 10%
Bi -0.50 -0.50 0.00 0.50 1.00 1.75 2.00

We also assume that the market risk volatility o, is equal to 20%. The current portfolio cor-
responds to the global minimum variance (GMYV) portfolio®: x; = (54.15%,19.50%, 2.30%,
2.14%,5.78%,9.74%,6.39%).

We consider the following £;-regularization problem?:

t+h
. 1
ry,, = argmin Z {233123:3 + As [Jzs — xs—1||1} (72)
s=t+1
ot 10z, =1
o B(zs) > B
where ¥ = 38702 + diag (67,...,562) is the one-factor covariance matrix, A, is the penal-

ization factor at time s, § (zs) is the beta of the portfolio z; and 85 is the minimum beta
at time s. Since we have 8 (z5) = Y1, ;s = x] B, the beta constraint is equivalent to
the system C,x, < D, where Cy = —(3" and D, = —(; . Problem (72) can be solved using
the ADMM algorithm where the z-update corresponds to a series of QP problems and the
y-update is the proximal operator of the function (, (x;z:, A).

Let us assume that 87 = By (s — (t+1)) and Ay = Ao - (s — t). We solve Problem (72)
when By = 0.125 and A takes different values (1%, 2%, 3%, 4%). Moreover, we study the
impact of the time horizon & on the solution. The optimal weights x7,,, are reported in
Figure 1 for the first, second, sixth and seventh assets. If Ay is equal to zero, we can verify
that the optimal solution x},; does not depend on the time horizon h because this is not
a coupling problem!’. If Xy > 0, the optimal solution z},, depends on the time horizon h.
For instance, the weight of the seventh stock increases when h is small and then decreases
when h is high. The weight of the sixth stock does not change and then increases whereas
the weight of the first stock decreases initially and then reaches a floor.

8The GMV portfolio is given by minimizing the portfolio variance without any constraints:
1
¢ = argmin {Ea:TE:p} (71)

st. 1lz=1

where X = EBTU?,L + diag (&f, U &i) is the one-factor covariance matrix.
9This is a special case of total variation regularization problems (Corsaro et al., 2020, 2021).
10Tndeed, Problem (72) reduces to h problems:

1
xi = argmin {5502—2%‘5} (73)

ot 1 zs =1
T Blxs) = Bs

when Ag = 0.

21



Multi-Period Portfolio Optimization

Figure 1: Regularized minimum variance portfolio 7, in % (8y = 0.125)
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2.5.3 Trading trajectory problem

We consider the trading trajectory problem, which consists in finding the optimal trading
strategy while considering trading costs. If we use a mean-variance framework, the objective
function becomes:

1
fs(zs) = 533;—25958 — :zr;rfy,us +
TC, (:rs—la xs) -+ PPI, (l's—la xs) (74)

where TC; (25—1, ;) and Pl (x5_1, ;) are the transaction costs and price impacts. Follow-
ing Géarleanu and Pedersen (2013, page 2320), we have:

1
T(Cs (xs—laxs) = 5 (xs - xs—l)T As (xs - xs—l) (75)
and:
PT, (xs—lvms) = ¢$IF5 (xs - xs—l) - x;r_1rs (:L's - xs—l) -
1
5 (xs - xs—l)T Fs (xs - xs—l) (76)

where ¢ is the mean-reversion parameter of the price distortion, A; and I'y are Kyle’s
matrices for temporary trading costs and permanent price impacts.

Remark 4. To understand the previous formula, we assume that the number n of assets
is equal to one and a linear price impact model (Roncalli et al., 2021). If we continuously

1
sell or buy the security between s — 1 and s, the average change is equal to EAJ?S. The unit
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1
transaction cost is then equal to cs = iksAxs whereas the total transaction cost is:

TCs (z5—1,25) = ¢s - Azg = %)\5 (Axs)2 (77)

At the same time, we observe a price distortion during the period [s — 1,s + 1]. If Axzs > 0,
this implies that the price increases between s — 1 and s. By assuming that the return
increases by Aus = vsAxs, we obtain the following potential gain:

1 1
Gs (.’135_1,3}5) = AMS ’ (1‘3_1 + 2Ax8> = 73-735—1A$s + 575 (Axs)Q (78)

Nevertheless, the price distortion can mean-revert, implying a potential loss between s and
s+ 1:

L, (xsfla xs) = _A,U/s+1 *Ts = (ZSA,U,S *Ts = (ZS’YS'TSA'TS (79)
Finally, we obtain:
]P)]Is (xs—lyxs) == ILs (xs—lyws) *Gs (xs—laxs)
1
= QYT ATs — YsTs_1AT5 — 57 (Axs)2 (80)

Formula (76) is a generalization of this equation in the multi-dimensional case.
Rosenberg et al. (2016) proposed another formulation®!:

1
fs(xs) = §x;rzsxs - xsT’Y,Us +

(xs — xs_l)T N (zg— x5 1) — 2] T (25 — 24_1) (81)

The transaction costs and the price impacts differ slightly. Indeed, the authors did not
breakdown the effects between s—1 and s+1, assumed discrete trading instead of continuous
trading!? and used a net impact'. The two formulations can be cast into the following
function:

1
fs(zs) = §$§Zs$s - x;r (vps — ¢U'sAxs) +
1 1
§A$ZA5A$S —¢€ (ac;rlI‘SAxs + 2AwIF5ALES> (83)
The formulation of Géarleanu and Pedersen (2013) is obtained with ¢ = 1 whereas the
formulation of Rosenberg et al. (2016) corresponds to ¢ = —1, ¢ = 0, Ay = 2A} and

r, =T

HSteinhauer et al. (2020) used an optimization procedure based on simulated bifurcation to solve this
problem, which can be an alternative approach to the quantum annealer suggested by Rosenberg et al.
(2016).

12This explains that the factor 1/2 vanishes.

13We have:

PLs (zs—1,2s) qu;rFsAxs — x;—,IFSA:cS — AIZFSAIS
= d)xZFSA:rS - m;rFsAxS
= —(1—¢)z]sAxs
S e (2)

where I, = (1 — ¢)'s is the Kyle’s matrix for net price impacts, (1 — ¢) is the net factor and I's is the
Kyle’s matrix for gross price impacts.
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In Appendix C.9 on page 66, we show that:

1
fs (ws) = 7$T % Oxs TQO lxs 1 + 2.%'5 IQ;J:ES*I - x;—Rs (84)
where Q%0 = Q, + Ay + (20 — )T, Q% = Ay + oIy, QLT = Ay + ey and Ry = vgpts.
To solve the trading trajectory problem, we can use the block coordinate descent. Let us
introduce the notation fs (xs—1,2s) := fs(xs). A first idea is to consider the following
iterative step:

z* Y = argmin f, (gcgkjll), xs> (85)

Nevertheless, the cyclical BCD algorithm stops after the first cycle and does not converge

because the coupling is between x;_; and x4, implying that the new coordinate xgkﬂ)

has no impact on the previous coordinates x& D for u < s. Empirical experiments show

that this issue remains if we use the random BCD algorithm. Let us consider the function
fs (®s—1, x5, T541), whose coupling concerns xs_1, x5 and Ts11:

1 1
fs (xs—17x87$s+1) = §$TQS’01'3 TQO 11173 1—|-2JU§ 1Q1 Ts—1 — Tg R +
1 2T 2T 0% 1 1,1 T
) 9+1Qs+1x9+1 To1 Qs Ts + 2953 si1Ts — T Rsta (86)

The iterative step becomes:

Y = argmin f, (xgkjl)7 Ts, xgi)l) = argmin f7 (:vgkjl), Zs, xéi)l) (87)
where:
fx (mgkfll), T, .Z‘glj_)1> (QO 0 4 Q5+1) - (R + QO ! (kH) + Q5+1x5+1) (88)

If the constraints are linear, :c( 1 is the solution of a QP problem. Concerning the ADMM
algorithm, this approach is not really appropriate because the objective function is not
separable!. Finally, we can also use the QP problem if the constraints are linear'®.

Example 3. We consider a universe of four assets. Their expected returns are equal to
5%, 6%, 7% and 8% while their volatilities are equal to 15%, 20%, 25% and 30%. The
correlation matriz of asset returns is given by the following matrix:

1.00
c_ | 010 100
0.40 0.70 1.00
0.50 0.40 0.40 1.00
1ndeed, we have:
t+h
fz (z) = i {%IZQSYOZJS - x;rRs} (89)
s=t+1
and: o X
fy (y) = Z {592—71@?1@/5—1 - y;@g’lys—l} (90)
s=t+1

fe (x) is separable, but not fy (y).
15The derivation of the QP problem is given on page 66.
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In what follows, we use the model of Gérleanu and Pedersen (2013). We assume
that the transaction costs and price impacts are proportional to asset volatilities. We
consider the stationary model: X3 = X, us = u, v = 1, Ay = 0AS and 'y = prS,
where S = diag(o1,...,04) is the diagonal matrix of volatilities. We estimate the op-

timal trading trajectory qaf,q,... ,x§+h} by considering that the current portfolio x; is

the equally-weighted portfolio. The mean-variance optimized portfolio is equal to Ty =
(20.39%, 23.11%, 24.74%, 31.76%). 1f we set op = or = 0, we obtain z}, | = ... =z}, =
Tmvo- If oo = 00, we verify that zy,, = ... = xf,;, = ;. In Table 4, we report the opti-
mal trajectory for oo = 5% and two values of gr. Moreover, we consider three values of the
mean-reversion parameter ¢: 0%, 50% and 100%. It is interesting to notice that the solution
at time ¢+ 1 is largely the same, but the solution at time ¢ +5 is very different. In particular,
we notice that the turnover is a decreasing function of the mean-reversion parameter ¢ and
an increasing function of the price impact parameter gor. The mean-reversion effect disap-
pears when ¢ = 0, implying that the trader can create a “momentum ignition”. This is why
we observe a monotonic allocation increase in the third and fourth assets between ¢ + 1 and
t+5. This momentum pattern also depends on the price impact magnitude, which explains
why it is stronger for or = 10% than for or = 1%. When ¢ = 1, the price momentum at
time s is offset by the price reversal at time s + 1. Therefore, the trading gains are limited
and the turnover is reduced.

Table 4: Optimal trading trajectory in % (v =1, on = 5%)

or = 1% or = 10%

‘rl,s 1‘58 JI§S Ly.s ml,s xgs xg,s le(s
t+1 ] 2148 23.60 24.53 30.40 | 21.40 23.34 24.81 30.46
t+2 | 2063 23.24 24.64 3148 | 20.32 22.38 25.58 31.73

0% t+3 | 2040 23.11 24.75 31.74 | 19.20 20.48 27.66 32.66
t+4 | 2020 2297 2491 3192 | 1545 15.18 33.77 35.60

Remark 5. We notice that the momentum ignition implies an arbitrage opportunity in the
last period when ¢ < 1. Indeed, the multi-period optimization does not consider profits and
losses after the period t + h. In order to eliminate this free lunch, we can impose solving
the problem by considering the extended period [t + 1,t + h + 1] and imposing the constraint
Tiph = Tppnt1. Lhis last restriction means that trading is stopped after s > t 4+ h. Since
we include the period s =t + h + 1 in the multi-period optimization problem, the objective
function takes into account profits and losses after the period t+h. This boundary condition
18 particularly relevant when the mean-reversion parameter ¢ is close to zero. Let us consider
the previous example. Results obtained with the boundary condition are reported in Table
14 on page 37. A comparison of the two approaches is provided in Table 5 for the case
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or = 10% and ¢ = 0. Whereas the solution 7,5 is equal to (0%,0%,52.13%, 47.87%)
without the boundary condition, it becomes (12.82%,16.81%,32.08.13%, 38.29%) when the
correction is implemented. The two solutions are very different, because the performance of
the trader is not impacted by the PEL in the period t + 6 in the first approach.

Table 5: Impact of the boundary condition on the optimal solution (v = 1, popo = 5%,
or = 10%7 (b = 0)

Without the boundary condition | With the boundary condition
s Ty T Tl Tl  Ths Ty Ti
t+1 1] 2140 23.34 2481 30.46 21.45 23.53 24.60 30.42
t+2 | 2032 2238 25.58 31.73 20.53 23.01 24.89 31.56
t+3 | 19.20 2048 27.66 32.66 20.01 2242 25.52 32.05
t+4 | 1545 15.18 33.77 35.60 18.61 20.95 27.21 33.23
t+5 1| 0.00 0.00 5213 47.87 12.82 16.81 32.08 38.29

S

Remark 6. In practice, the mean-reversion parameter ¢ is stochastic because we do not
really know how the market will react. Moreover, ¢ also depends on the size of the trade.
Therefore, it is better to consider several values of ¢ in order to analyze the several trading
scenarios and the different possible outcomes.

3 Application to portfolio decarbonization

The aim of portfolio decarbonization is to construct an investment portfolio that tracks
a benchmark portfolio but with a lower carbon risk metric, which is generally the carbon
intensity (Le Guenedal and Roncalli, 2022). The concept of portfolio decarbonization has
been extended by taking into account a carbon trajectory (Le Guenedal et al., 2022). While
portfolio decarbonization is a static problem, portfolio alignment implies a dynamic approach
in order to comply with a given climate policy (e.g. Paris-based benchmark approach or
net zero carbon objective approach). Therefore, the portfolio construction becomes a multi-
period portfolio optimization problem with time-varying constraints. The constraints impose
both a decarbonization path for the dynamic portfolio and a minimum financing level for
sectors that are essential to the transition to a low-carbon economy. Nevertheless, these
constraints are not always coherent since we know that there is a negative correlation between
carbon intensities and green revenues for instance. Therefore, the dynamic portfolio may
involve rebalancing allocations that are not always optimal. For example, the weight of
an asset may increase in a first period and then decrease in a second period because one
constraint becomes tighter with time.

3.1 Definition of the optimization problem

Le Guenedal and Roncalli (2022) consider the following optimization problem:
1
ri,, = argmin Z {691(5t1)202 (xs | bs) + )\36792(57t71)7 (xs_l,xs)} (91)

lzxs =1

s > 0p

CT (z) < (1-R(t,5))-CT(b,)
CISwigh (5) > wezs - CISwign (br)
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where p; and g, are the discount rates, o2 (acs | bs) is the tracking error variance of the
investment portfolio x; with respect to the investment benchmark b,:

o’ (xs | bS) = (@5 — bS)T Es (w5 — bs) (92)
and 7 (z5_1, ) is the turnover ratio between s — 1 and s:
T(xs—lazs) = ”xs —133_1”1 (93)

The objective function defines a classical tracking problem where we would like to minimize
the tracking risk and limit the turnover. However, Problem (91) has two “climate investing”
constraints. The first one imposes that the carbon intensity CZ (xs) of the portfolio at time
s >t is less than the carbon intensity CZ (b;) of the benchmark and the reduction between
t and s is denoted by R (t,s). This constraint defines a decarbonization pathway and we
have:

REt+1)<R@Et+2)<--- <R(t,t+h) (94)

This implies that the carbon intensity of Portfolio z; must decrease with the time. The
second constraint imposes that the portfolio has a minimum exposure on high climate impact

sectors (CIS).

3.2 Numerical solution of the optimization problem

The decarbonization and CIS constraints can be written as:

Y CZ; i < (1-R(ts)) CI(b) (95)
i=1
and: .
> 1 {i € CISnign} - wis > pezs - CLSmign (br) (96)

i=1
Let & = 1 {i € CZS#ign} be the indicator function which is equal to 1 if the asset ¢ belongs
the high CIS class or 0 otherwise. We can combine the two constraints in order to obtain
the inequality system Csxs < D where:

Cs = (97)

(cL CT, - czn)
=& =& - =&

and:

1= R (L)) -CT (b)
D, = ( (—ﬁﬂczs 'Cz&gmgh (be) > (98)

Problem (91) becomes'®:

t+h
r;,, = argmin Z {95 (zs) + hs (ws—1,24) } (99)
s=t+1
Asz, = By
s.t. Csxs < Dy
0, < x4

16We have Ag = ll and Bs = 1.
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The function gs (z;) has a quadratic form:
gs (z5) = %mIsts — 2R, (100)
where Q, = e~ C~t=U¥, and R, = e~ (~t=D ¥, b,. The coupling function hy (z,_1,z)
is a /1-norm penalty function:
he (Ts—1,25) = /\; |zs — xs-1lly (101)

where \, = A\,e~2(5=t=1) Therefore, we can solve Problem (91) using the ADMM, BCD
or a-QP algorithms.

3.3 Illustration
3.3.1 A toy example

Example 4. We consider an investment universe of 10 stocks with the following character-
1stics:

Stock i 1 2 3 4 5 6 7 8 9 10
a; (in %) 15 31 21 19 27 23 41 28 22 21
Bi 0.52 1.15 1.06 029 044 106 139 151 0.67 0.29

b, (in %) | 17.25 1575 13.68 11.40 10.29 9.56 7.56 5.39 5.85 3.27
CZ; 7477 30.05 500.6 5887 111.7 1082 408 29.0 80.1 45.7
& 1 0 1 0 0 1 0 0 1 0

where &; is the idiosyncratic volatility (expressed in %), B; is the beta, b; is the weight in
the benchmark (expressed in %), CI; is the carbon intensity (expressed in tCOze/$ mn) and
& is the high CIS indicator function. We also assume that the market risk volatility o, is
equal to 25%.

At time t, the current portfolio z; exactly replicates the benchmark b;,. Its carbon
intensity is then equal to 362.4 tCOse/$ mn, whereas high climate impact sectors represent
46.34% of the allocation. At time ¢ 4+ 1,t+ 2, ..., we would like to implement the following
decarbonization path: R (¢,t + h) = 15%-h. This means that the carbon intensity is reduced
by 15% every year from the base year. Moreover, we assume that @¢zs is equal to 1, implying
that the exposure to high climate impact sectors must not decrease. The discount rates g1
and g, are set to zero. Results are reported in Tables 6 and 7. The solution x4, the tracking
error o (:cs | bs), the turnover 7 (zs_1, ), the weight CZSy;4n (25) of high climate impact
sectors and the reduction rate R (¢, s) of the carbon intensity are expressed in %, whereas
the carbon intensity CT (x5) of the portfolio is measured in tCOqe/$ mn. If we consider the
single-period solution without turnover control (h =1, A, = 0), the tracking-error volatility
is respectively equal to 1.59% at time ¢ + 1, 3.18% at time ¢ + 2 and 4.81% at time ¢+ 3. In
order to reduce the turnover, we add the £;-norm penalty with Ay = 0.5%. In this case, the
tracking-error volatility is increased by 23 bps on average!”, but the turnover is decreased
by 403 bps for the period [t + 1,t + 3].

If we analyze the multi-period solution, we notice that the optimal portfolio depends on
two parameters: the penalty factor A\g and the number h of periods. We observe that the
tracking-error volatility o (xs | bs) for h > 1 and a given value of A, is greater than the value
obtained for h = 1 without the penalty function and less than the value obtained for h =1
with the penalty function. In fact, the optimal solution x, anticipates the future reductions
of the carbon intensity for the period [s + 1, s + h — 1], which explains that the multi-period
solution better exploits the trade-off between tracking-error volatility and turnover.

17We have T(l’t,iﬂt+1) = 1.81%, T (Qﬁt+1,ﬂft+2) = 347% and T (Z,H,Q,(E,H,g) = 501%
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Table 6: Single-period solution (h = 1)

As=0 | As = 0.5%
s t+1 t+2 t+3' t4+1 t+2 t+3
T, 1445 11.65 6.40 , 1725 1531  7.69
Ta,s 16.12 1649 16.83 ' 15.75 15.75 15.86
T3, 1516 16.65 17.54 | 13.68 13.68 13.68
Ty, 1140 11.40 11.68 1 11.40 11.40 11.40
5, 10.01 972 942 | 10.29 1029 10.29
Te,s 570 1.84 0.00: 413 0.00 0.0
T7s 6.76 597 477 | 756 756  6.63
Ts,s 596 654 7.001 539 539 621
To,s 11.03 1620 2240 | 11.28 17.35 24.97
T10,s 341 355 396, 3.27 327 327
o (x5 ] bs) 159 318 481 181 347 5.01
T (®s-1,25) | 1548 1548 17.18 | 10.85 12.15 17.09
CLSwigh (vs) | 46.34 46.34  46.34 | 46.34 46.34 46.34
CI (x,) 308.1 253.7 199.3 , 308.1 253.7 199.3
R (t,s) -15 30 451 —15 30 —45

L

Table 7: Multi-period solution

(h=2,A=05%) | (h=3,X=05%) | (h=3 A =5%)
s t+1 t+2 t43 ' t+1 t42 t+3 1 t41 t+2 t+3
T1 15.43 1240 8.62 | 14.86 12.29 838, 14.70 12.46 8.74
Ta,s 1575 16.06 16.65 ' 16.01 16.29 16.70 ' 15.75 16.23 16.67
T3, 13.68 13.68 13.68 , 13.68 14.25 14.25 | 13.68 13.68 13.68
Ty 1140 11.40 11.40 ' 11.40 11.40 11.40 1 11.40 11.40 11.40
T5,s 10.29 1029 10.29 | 1029 1029 10.29 | 10.29 10.29 10.29
T6,s 543 244 0001 6.06 243 0.00 583 254 0.00
T7,s 736 623 500, 669 583 479, 756 586 4.79
Ts,s 559  6.41 7.06 1 600 658 7.211 539 6.62 7.24
To,s 11.81  17.82 24.04 | 11.74 17.37 23.71 | 1213 17.66 23.92
T10,s 3.27 327 327, 327 327 327, 327 327 327
o (s | bs) 1.68 328 493 1.64 324 490 1.69 328 493
T (s, ms) | 1232 1427 14.91 | 13.53 14.11 14.76 | 12.55 14.46 14.67
CISwign (vs) | 46.34 46.34 46.34 | 46.34 46.34 46.34 | 46.34 46.34 46.34
CZI () 308.1 253.7 199.3 |, 308.1 253.7 199.3 | 308.1 253.7 199.3
R (t,5) -15 30 —45' —-15 30 —45' —15 30 —45
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3.3.2 Application to the Eurostoxx 50 index

We consider the Eurostoxx 50 index at the end of 2019 and implement the following carbon
reduction pathway:

R (t,s) =1-0.936"1

where the base year t corresponds to January 15¢, 2020. Therefore, we impose a year-on-
year decarbonization of 7% per annum. We test several values of the parameters h and .
Moreover, we consider two rebalancing schemes: yearly and quarterly. We note the optimized
portfolio by x% (h, A\, Ag), where h is the period, As is the penalty factor and Ay is the
rebalancing frequency. Results are reported in Figures 4-19 on pages 38—45. The first panel
represents the tracking-error volatility o (x’; (hy A5, A) | bt) between the optimized portfolio
x% (h, As, Ag) and the current benchmark b;. In the second panel, we compute the turnover
7 (2% (hy As, As), 2% (h, A, A)) between two consecutive optimized portfolios. Finally,
the third panel measures the active share between the multi-period optimized portfolio and
the single-period optimized portfolio:

CT (z,) = (1-R(t,s)) CI (by)
{ g :1( ) (102)

n

1
AS:§Z

i=1

25 (B As, Ay) — a2, (1,0, A,) (103)

We verify that there is a trade-off between the tracking-error volatility and the turnover.
Indeed, the multi-period solution increases the tracking risk, but reduces the turnover. The
active share measures how the multi-period solution is different from the single-period solu-
tion. Figure 2 shows that the relationship between AS and the parameters is not obvious.
For instance, the active share is not necessarily an increasing function of the period. In this
example, the active share is larger when h is equal to two years and X is set to 1%. Similarly,
the active share is not monotonous with respect to the time s. For example, it can increase
and then decrease.

3.3.3 Extension to net zero carbon metrics

The previous analysis assumes that the carbon intensities are constant over time. In terms of
portfolio alignment, we can relax this hypothesis. The carbon footprint constraint becomes:

CZ, (x5) < (1-R(ts))-CT(by) (104)

where 52\[3 (x) is the estimated carbon intensity of the portfolio x at time s. In this case, we
can use the net zero carbon metrics proposed by Le Guenedal et al. (2022) to define CZ (z):

CI,(x)=Y u;-CL;, (105)
=1

where Ei'i,s is the estimated carbon intensity of the issuer i at time s. For example, we can
use the carbon trend or the carbon target. Since carbon intensities are not the same in each
period, multi-period optimization makes more sense.

We can face two situations. In the first case, overall carbon intensities are decreasing over
time. Therefore, it will be easier to decarbonize the portfolio in the future. This implies that
the tracking-error volatility will be reduced. This results in a lower active share between
the single-period solution and the multi-period solution. In the second case, overall carbon
intensities are increasing over time, implying an increase in the tracking-error volatility, and
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Figure 2: Active share in % of decarbonized portfolios (Eurostoxx 50 index)
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a larger active share between the single-period solution and the multi-period solution. For
instance, we are in the first situation with the Eurostoxx 50 Index'® as illustrated in Figure
3 when we use the 2013-2020 carbon trends to estimate éi'” On the contrary, this second
situation is observed for the S&P 500 index (Le Guenedal and Roncalli, 2022). In this case,
the active share between the single-period solution and the multi-period solution can reach
40%.

3.3.4 Dimension of the problem and choice of the algorithm

The choice of the algorithm highly depends on the dimension of the portfolio decarbonization
problem. In Table 8, we have reported the complexity of the three algorithms. In the case of
the ADMM algorithm, we must distinguish the z-update and the y-update. Let n and h be
the number of assets and periods. The z-step requires to solve h QP problems of dimension
n, whereas we solve n QP problems of dimension 3h in the y-step. If we consider the block
coordinate descent, each iteration is made up of h QP problems of dimension 5n. Finally,
the augmented QP algorithm consists in solving one QP problem of dimension 3nh. For a
given value of h, the choice of the algorithm depends then on the number n of assets. If
h is set to 5 periods, we obtain the following results. For a small universe (e.g., n < 100),
we can use the a-QP algorithm. For a medium universe (e.g., 100 < n < 200), the BCD
algorithm is appropriate. Finally, for a large universe (e.g., n > 200), we can only use the
ADMM algorithm.

Table 8: Complexity of the algorithms

Algorithm ADMM-z ADMM-y BCD a-QP

dim(QP) n 3h 5n 3nh
card(QP) h n h 1
Iterations > 1 > 1 > 1 1

4 Conclusion

Multi-period portfolio optimization is the extension of the mean-variance optimization prob-
lem when we consider a dynamic strategy. Nevertheless, it has never been popular for two
reasons. First, it is a tricky problem and solving this optimization problem is not obvi-
ous (Kolm et al., 2014). Second, Merton (1969, 1971) has established equivalence between
the single-period and multi-period solutions under some specific hypotheses on the utility
function and the trend in asset prices. However, the optimization problem is not always sta-
tionary, and the solution may depend on the finite horizon in some cases. For instance, we
face this situation when we consider net zero portfolio alignment or portfolio decarbonization
with a carbon reduction pathway.

In this article, we consider a simple formulation of multi-period optimization problems
that asset managers encounter in real life. By exploiting some separability properties, we
derive three numerical algorithms to optimize the multi-period objective function. They
correspond to the alternating direction method of multipliers (ADMM), the block coordinate
descent (BCD) approach and the augmented quadratic programming (a-QP). We apply these
algorithms to three dynamic problems: transition management, total variation regularized
portfolio and trading trajectory modeling. Finally, we consider the multi-period portfolio
alignment problem of Le Guenedal and Roncalli (2022) and demonstrate how to solve it.

18See for example Figures 20 and 21 on page 46.
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A Data

A.1 Example 1

We use the example of Roncalli (2013, Section 6.2.2, page 286-288). The investment universe
is made up of seven asset classes: (1) US Bonds 10Y, (2) EUR Bonds, (3) IG Bonds, (4) US
Equities, (5) European Equities, (6) EM Equities and (7) Commodities. In Tables 9 and 10,
we report the long-run statistics used to compute the strategic asset allocation.

Table 9: Expected return and volatility (in %)

H @ B, @ 6 6, 7
pi | 42 38 531 92 86 1101 88
o; | 50 50 7.0'150 150 18.0'30.0

T
|
|
|
"

Table 10: Correlation matrix of asset returns (in %)

H 2 B @ 6 6. (@

(1) | 100 i i

(2) | 80 100 l l

3) | 60 40 100 ! |
(W T10 S0 T30 Fioo T T S

(5) | =20 —10 20! 90 100 |

6) | =20 —20 30, 70 70 100 |
(] 0 0 10" 20 20 30100 |
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B Additional results

B.1 Transition management

Table 11: Tterative solution (Example 1, monotonic constraint)

s t t+1 t+2 t+3 t+4 t+5
r1,s 20.00 | 20.00 20.82 29.29 41.79 46.20
x2s 10.00 | 22.50 34.18 38.21 38.21 38.21
r3,s 15.00 | 15.00 15.00 15.00 3.66  0.00
45 20.00 | 20.00 10.24 4.09 4.09 4.09
5 10.00 | 10.00 10.00 5.45 4.66  4.09
T6,s 15.00 | 7.76  T7.11 7.11 711 711
r7s 1000 | 474 265 084 048 0.30

Te 25.00 25.00 25.00 25.00 8.81

Table 12: Augmented QP solution (Example 1, monotonic constraint)

s t t+1 t+2 t+3 t+4 t+5
r1,s 20.00 | 20.00 20.82 29.29 41.79 46.21

s

x2s 10.00 | 22.50 34.18 38.21 38.21 38.21
3,5 15.00 | 15.00 15.00 15.00 3.65  0.00
45 20.00 | 20.00 10.23 418 418 4.09
5 10.00 | 10.00 10.00 5.37 4.58  4.09
z6s 15.00 | 7.76  T7.11 7.11 711 711
x7s 1000 | 474 265 084 048 0.30

To 25.00 25.00 25.00 25.00 8.82

Table 13: Block CD solution (Example 1, monotonic constraint)

s t t+1 t4+2 t4+3 t+4 t+5
r1,s 20.00 | 20.00 20.82 29.29 41.79 46.21

s

z2s 10.00 | 22.50 34.18 38.21 38.21 38.21
r3,s 15.00 | 15.00 15.00 15.00 3.65  0.00
45 20.00 | 20.00 10.23 4.09 4.09 4.09
rs5,, 10.00 | 10.00 10.00 545 4.66 4.09
z6s 15.00 | 7.76  T7.11 711 711 711
x7s 10.00 | 474 265 0.84 048 0.30

Ts 25.00 25.00 25.00 25.00 8.82

36



Multi-Period Portfolio Optimization

B.2 Trading trajectory problem

Table 14: Optimal trading trajectory in % with the boundary condition (y =1, gp = 5%)

¢ s or = 1% or = 10%

‘r,l(,s fEES mg,s xz.s L6 1'55 x§,s st
t+1 | 2148 23.60 24.53 3040 | 21.45 23.53 24.60 30.42
t+2 | 2064 2325 24.63 31.48 | 20.53 23.01 24.89 31.56
t+3 | 2042 23.13 24.73 31.72 | 20.01 2242 25.52 32.05
t+4 2029 23.04 2483 31.84 | 1861 2095 27.21 33.23
t+5 | 1989 22.87 25.04 3220 | 12.82 16.81 32.08 38.29

0%

B.3 DPortfolio decarbonization
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Figure 4: Dynamic portfolio decarbonization (h = 2, A = 0.1%, yearly rebalancing)
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Figure 5: Dynamic portfolio decarbonization (h = 2, A = 1%, yearly rebalancing)
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Figure 6: Dynamic portfolio decarbonization (h = 2, A = 10%, yearly rebalancing)
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Figure 7: Dynamic portfolio decarbonization (h = 2, A = 100%, yearly rebalancing)
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Figure 8: Dynamic portfolio decarbonization (h =5, A = 0.1%, yearly rebalancing)
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Figure 9: Dynamic portfolio decarbonization (h =5, A = 1%, yearly rebalancing)
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Figure 10: Dynamic portfolio decarbonization (h = 5, A = 10%, yearly rebalancing)
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Figure 11: Dynamic portfolio decarbonization (h =5, A = 100%, yearly rebalancing)
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Figure 12: Dynamic portfolio decarbonization (h = 2, A = 0.1%, quarterly rebalancing)
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Figure 13: Dynamic portfolio decarbonization (h = 2, A = 1%, quarterly rebalancing)
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Figure 14: Dynamic portfolio decarbonization (h = 2, A = 10%, quarterly rebalancing)
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Figure 15: Dynamic portfolio decarbonization (h = 2, A = 100%, quarterly rebalancing)
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Figure 16: Dynamic portfolio decarbonization (h = 5, A = 0.1%, quarterly rebalancing)
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Figure 17: Dynamic portfolio decarbonization (h =5, A = 1%, quarterly rebalancing)
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Figure 18: Dynamic portfolio decarbonization (h =5, A = 10%, quarterly rebalancing)
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Figure 19: Dynamic portfolio decarbonization (h =5, A = 100%, quarterly rebalancing)
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Figure 20: Portfolio alignment (h = 2, A = 100%, yearly rebalancing)
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Figure 21: Portfolio alignment (h = 2, A = 100%, quarterly rebalancing)
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C Technical appendix

C.1 Proximal operator of the function (, (z;zg, A)

We note x and A > 0,, the vectors (x1,...,2,) and (A1,..., A,) of dimension n. Let xq be
a scalar. We have:
Co (2320, A) 1=t ||D(A)IIJ7>\161£C0H1 (106)

where e; = (1,0,...,0) and:

A1
=2 Mg
D(A) = | (107)
—An An
The proximal operator is defined as:
z* = prox. (v)=arg mxin { HD Az — /\1€1$0H1 + % |z — v||§} (108)

C.1.1 Augmented QP solution

Following Perrin and Roncalli (2020), we introduce the additional variables:
T =a,o1 —x; + x;" (109)

where 2~ > 0 and 2™ > 0. Let z > 03, be the 3n x 1 vector (z,27,z"). Equation (109) is
equivalent to:

() & DA)z+Ix —ILat =emx
& Az=B (110)

where A = ( D1, I, -I, ) and B = ejxg. We also have:

HD()\)m—)\lelxonl = Z)\i|$i—$i—1\
i=1

i=1

= Az ATzt (111)

+ -
Ty —&;

The objective function becomes:

¥
(*) = ’|D(A)x—)\161$0H1+§||£L‘—U||§
= ANz + ATzt + g (z—v) (z—v)
1 1
= §xT (pl,) z — (vaTm - /\Tx+) + §UT (pl,) v (112)

It follows that:
x*=Tz* (113)
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1
¥ = argmin{QzTQz—zTR}
z

Az =08
s.t. { 2> 05, (114)

The 3n x 3n matrix () and the 3n x 1 vector R are given by:

@In On,n On,n
Q=1 0nn Onp Ony (115)
On,n On,n On,n

and:
v
R = - (116)
-
C.1.2 CCD solution

We can also use the CCD algorithm to find the solution. We note:

@
f(x) = HD ANz — )\161330“1 + 5 ||z — ng
= Z)\z |1‘1 —xi_1| —|— %Z(I‘z _Ui)2 (117)
=1 =1
We notice that:
argmin f (z) = arg min {)\i |2; — @ic1| + N1 | i1 — x| + g (z; — vi)Q} (118)

Therefore, each step of the CCD algorithm consists in solving the following optimization
problem:
xy = argminm (z;; A, Nit1, @, Ti1, Tig1, Vi) fori<n (119)
i

where: a
n(x;a1,az,a3,b1,b2,b3) = a1 | — by| + az |z — ba| + 53 (z — b3)? (120)

and a; > 0, ag > 0 and ag > 0. For ¢ = n, we have:

xy = argmin g (Tn; An, 0,0, 2p_1,0,v,) (121)
We consider the scalar problem:

x*:argmzin{al |z —b1| + as |x—b2|—|—a23(ac—b3)2} (122)

Let us assume that by > b;. The optimality condition is:

{0} €0 (ar]z—bi|) + 0 (az |z —ba]) + V <(123 (z — b3)2)
< {0} € a10|x — b1| + a20 |z — bo| + a3 (x — bs) (123)

where 0 |x — b| is the subgradient of |z — b|. Then, we deduce that:
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If & > by > by, we have 0|z — by| =1, 0|z — bz = 1 and:

61,1-|—L12—|-CL3(3’J*—bg)=0<:>.7J*=bg—M (124)
as
We must verify that:
o =by— BTy, (125)
as

If x = by > by, we have |z — by| =1, O |x — ba| € [-1,1] and ‘a28|x— b2|| < ay. We
deduce that |a18|x—b1| + as (ﬂf—bg,)‘ = |a28|a:—b2|| < a9 and |a1 + as (x—b3)| <
as. We must verify that —as < a1 + as (z — b3) < ag or:

ai + as a; — as

b3 S CE* = b2 S b3 - (126)

as as

If by < & < by, we have |z — by| =1, O|z — bg| = —1 and:
a17a2+a3(1’*7b3):0<:>1’*:b37al;a2 (127)

3
We must verify that:
b <a*=by— L7982 (128)
as

If & = by, we have 0|z — bi| € [-1,1], O]z — by| = —1 and |a10 |z — by|| < a1. We

deduce that |a28 |z — ba| + a3 (z — b3)| = |a18 |z — b1|’ < ap and |—a2 +as (z — b3)| <
a1. We must verify that —a; < —as + a3 (z — b3) < a; or:

by~ T2 o o TR (129)
as as
If © < by, we have 0|z — by| = —1, O]z — be| = —1 and:
—al—ag-i-ag(l‘*—bg):0<:>.T*:b3+m (130)
as
We must verify that:
o=y BTy (131)
as
Putting all the several cases together, we get the following solution:
Y Y L R g
as
2% = by T N e - R ) el
as as
o an=by— L g = by < af < by = a3 (132)
as
o} = b T L Sk g S ML e L RS
as as
P L B TR AP W
as
If b, < by, we use the relationship:
1 (;a1,az,a3,b1,b2,b3) = (v; a, a1, as, ba, by, b3) (133)

The case by = by requires a new result given in the next remark.

49



Multi-Period Portfolio Optimization

Remark 7. If ay = 0, the solution reduces to the soft-thresholding operator:

{0} S a18|x—b1\ + as (1‘— bg)
= {0}6(x—bl)—(bg—bl)+%8|z—b1| (134)
3

Following Perrin and Roncalli (2020, Appendiz A.5 & A.8.3), we deduce that:

T = pI‘OXala;llm (b3 - bl) + b1
= S(bg—bl;al) +b1
as
= by +sign(bs — b) - (|b3 by - ‘“) (135)
as +
bgf% if |b37b1|>2—; .
_ 136
by it by — by <
as

where S (v; \) is the soft-thresholding operator. The direct computation gives:

ai

a:
* * s : * a1 * a1 *
* = $2:b1 if xlzbg—;§$2§b3+;:x3 (137)
3 3
a .
x§:b3+a—1 if 2% < b = a3
3

We can now consider the case b; = by. The first-order condition becomes:
{0} € (a1 + a2) O |x — b1| + a3 (x — b3) (138)

The solution corresponds to the case above, and we have:

o* = by + sign (by — by) - (|b3—b1| - a1+a2) (139)
as +

C.1.3 ADMM solution

We consider the change of variable y = D (A)z — Aje1z9. The ADMM form of the opti-
mization problem (108) is:

@t = g £ 1o ol + Il } (140

)

st. DA)x—y= ez

Using the notations of Perrin and Roncalli (2020), we have f; (v) = % ||z — v||g7 Iy (y) =

lyll;, A =D(X), B=—I, and ¢ = Aje1z¢. The associated ADMM algorithm consists in
the following steps:

1. The z-update is:

/ 2
o+ —argunin {7149 () = £ o ol + 5[0 ) = 5%~ Averao + a9}
(141)
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It follows that:

O fFH (1) = px—v)+¢ DN (D Az —y™ = Aejzo + u(’“))
- ((p[n +oDN D (A)) z—
(wv +e'D(A)" (y(’“) + \ejzg — u(k)>) (142)

Solving the first-order condition gives:
~1
e+ = (cp[n +¢DA)' D (A)) <<pv +¢DA)T (y(k) + \erzg — u(k))) (143)

. The y-update is:

! 2
y D = arg myln{||y|1 + % HD (A) 2 —y — Neymo + U(k)H2}
= pI'OXSD/—lHyH (D (}\) I(k+1) — )\1813)0 + U(k)>
1
= S <D (A) 2D — Nerxg + u); ,) (144)

where S (v; ) = sign (v) ® (Jv| — Aln)+ is the soft-thresholding operator.

. The u-update is:

uF D = 0 4 (D () (kD) g (kD) Alelxo) (145)
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C.2 Single-period mean-variance-ridge optimization

We consider the following optimization problem:

1 1
ri = argmin {QmIsts — x;rRs + 3 (xs — xs_l)T Ag (x5 — xs_l)} (146)
Ts
Asrs = By
s.t. Csxs < Dy

0,<z,<z,<7Ts <1,

The objective function is equal to:

1 1
fs (zs) = 530; (Qs + As) x5 — x;— (Rs — Aszs—1) + §$I_1A5$S—1 (147)

We obtain a QP problem:

1+~ -
xy = argmin {QxZQSwS - xIRS} (148)
Aszs = B,

s.t. Cixs < Dy
T, < x5 < Ty

where Qs = Q, + Ay and Ry = R, — Ayxs_;. This is equivalent to regularize the covariance
matrix Qs with the matrix A, and penalize the vector of expected returns R by the ‘mazimal
marginal’ transaction cost MC1 = Agz,_; of the existing portfolio z,_;. Indeed, we have:

z]Ry=a] R, —x] Ayzo 4 (149)
and:
0 [1
MC () = o (2 (zs — 2g_1) " Ay (x5 — xs_1)>
= As(xs—x5-1) (150)
We deduce that!?:
MCT = sup |MC (xs)} = Az (151)

9The total transaction cost 7C (zs) is then bounded by msTASmsfl.
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C.3 Single-period mean-variance-lasso optimization
C.3.1 Definition of the optimization problem

We consider the following optimization problem:
(1
rr = arg min {Qx;rsts —z] R+ N\ ||zs — $5—1||1} (152)

Asl's - Bs
s.t. Cixs < Dy
0, <z, <2, <7T;<1,

We assume that dim (z,) = n, dim (Bs) = n4 and dim (D;) = ne, meaning that we have n
variables, n 4 equality constraints and ne inequality constraints. Following Roncalli (2013);
Perrin and Roncalli (2020), we introduce the additional variables z; and x} such that:

Ty =2 1 — T, +at (153)

where z; > 0, is the vector of negative weight changes with respect to the previous allo-
cation s, and z} > 0, is the vector of positive weight changes. x; and x¥ correspond
then to selling and buying reallocations. The expression of the lasso penalty becomes:

n

||CE5 - xs—l||1 = Z |xi,s - $i75—1|

i=1

n n
= D)l
i=1 i=1
= 1ya; +1,aF (154)
Since x5 > z, and x, < T5, we obtain:

Ts_1 —xy +at >a,

e ot -2y >z -
z; <max (0,,Ts—1 — )
< { zh > max (0,2, — x5_1) (15)

and:
Ts_1— Ty erj < 7Ts

& xj‘—xs_ <Ts—Ts5_1

xy > max (0,,Ts-1 — Ts)
{ ¥ <max(0,,Ts — Ts_1) (156)
We obtain an augmented QP problem:
1
xy = argmin {zzSTsts — (x;rRs — )\Slzzg — Aﬂlxj)} (157)

Asxs = Bs
Ts+x; —xF =35
Csms S DS

z, < 1wy <Ts
T, STy ST
b <azf <zl

where z; = max (0,,rs_1 — Ts), Ty = max (0,,7s_1 —x,), 27 = max (0,,z, — v5_1) and

75 = max (0,,Ts — T5_1).
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C.3.2 Augmented QP formulation
The augmented QP problem is defined by:

= argmin{;xTQxxTR} (158)

Ax =B
s.t. Ce <D
r<zr<7ZT

where m = 3n and = = (5,27 ,27) is a m x 1 vector. The @ matrix is a m x m matrix

that depends on the quadratic matrix Qs:

Q: On,n On,n Onn (159)

For the R vector, we have:

R
R=| —X1, (160)
_/\a 1n
For the linear equation Az = B, we have:
_ As OnA,n OnA,n
A= < I, I -7 > (161)

and

B— ( fjl ) (162)

For the linear inequality Cz < D, we have:
C=(0Cs Opnon Open ) (163)

and D = Dj. Finally, the lower and upper bounds are z = (z,, z; ,z}) and = = (7,7, , ).

gy 9,

C.3.3 The case ||zs —z5_1]]; <75

We consider a variant of the optimization problem (152):

1
r; = argmin {2:1:;—@5335 - xIRS} (164)

Asrs = By

CS'TS S DS

llzs — xs—1||1 < Ts

0, <z, <z,<7Ts <1,

We use the previous approach for finding the solution. The only differences concern the
specification of the vector R and the inequality constraints Cx < D. We have:

R=| o, (165)
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The turnover constraint ||x5 — 51|, < 75 is equivalent to 1) z; + 1] 2 < 7,. We deduce

that:
— CS Onc,n Onc,n
C= ( of 1t 1T ) (166)

D= ( D ) (167)

and:
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C.4 Double-lasso penalized problem
C.4.1 Definition of the optimization problem

We consider the following optimization problem:

* _ .
Ty = arg n;ln

1
{37 Ques ~ TRt =l + A v =, b (168)

Agzs = B,
s.t. Csxs < Dy
0, S&S <z, <7Ts <1,

We assume that dim (z5) = n, dim (B;) = n4 and dim (D;) = n¢e, meaning that we have n
variables, n 4 equality constraints and n¢ inequality constraints. We introduce the additional
variables z, o}, x , 1, such that z, =z, — 2, + 2} and 241 =25 — 2, + 7).
We have ||zs — zs_1]|; = 1 27 + 1) 2] and ||wg41 — x|, = 1,2, + 1)z, ;. We obtain
the augmented QP problem:

1
xy = argmin ixsTQsl"s — (zJ Rs = A1y 25 — A ad) +

(169)
e )‘s+117—[xs_+1 + )‘s+11;rx:_+1

Asxs = Bs

Tst+x, —xF =15

Ty =T g Tl = T

OSxS S DS

s.t. Ly < Ts < Ts

z; <ap <T;

zt <ot <zl

To) STy STy

+ + =+
gerl S xs+1 S x5+1

C.4.2 Augmented QP formulation
The augmented QP problem is defined by:

1
= argmin{2xTQx—xTR} (170)

Ax =B
s.t. Ce <D
r<z<7T
where m = 5n and x = (:vs, 7, xt, Tyt x;l) is am x 1 vector. The @ matrix is a m xm

matrix that depends on the quadratic matrix Qs:

Q=< Qs Onan > (171)

O4n,n 04n,4n

For the R vector, we have:
Ry
-1,
R = -1, (172)
_/\s+1 1n
*As—i-l]-n
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For the linear equation Ax = B, we have:

As OnA,n OnA,n OnAm OTLA7’I’L

A= In In _In On,n On,n (173)
In On,n On,n *In In

and
B
B = Ts—1 (174)
Ts+1
For the linear inequality Cx < D, we have:
C=(Cs Opoun) (175)

and D = Dg. Finally, the lower and upper bounds are z = (@S,gg,gj,@;ﬂ,@;l> and

(e - _ = T —

T = (xs,xs ,xj‘,ajsﬂ,xsﬂ) where z; = max (0,,25-1 — Ts), T, = max (0,,25-1 — Z,),
_ — _ - - _0 = — +

Qj = max (0n7£3 *xs—l)a z:r = max(On,xS *Is—1)7 Lsy1 = (U Loy = 1,, Lsi1 = 0,

=+ _

Ty =1p.

C.4.3 The case |25 —z,_1|; <75 and |z — 24|} < Toqn

We consider a variant of the optimization problem (168):

xr = arg H;in {;x;—sts - wZRS} (176)
Asms = Bs
CS‘TS S DS
s.t. lzs — xs—1]l; < 7s
[zs+1 — ]l < Topa
0, <z,<z,<7Z:<1,

We use the previous approach for finding the solution. The only differences concern the
specification of the vector R and the inequality constraints Cx < D. We have:

B

3

(177)

S

=y
I
cooo
3

n

The turnover constraints ||z, — zs—1||; < 75 and ||zs11 — z4]]; < Ts41 are equivalent to
iz +1 ol <7 and 1)z, + 1) 2/, <7.41. We deduce that:

Cs Onc;n Onc,n Onc;n Onc,n

c=10l 1} 1) 0, 0, (178)
o' of 0’ 17 17
and:
D,
D= Ts (179)
Ts+1
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C.5 Multi-period mean-variance-ridge optimization

We have: )
gs (zs) = 51:;'—@5% — xZRS (180)
and:
1 T
hs (xs—laxs) = 5 (xs - xs—l) As (xs - xs—l)
1 1
= 5:821\3%5 . W §$Z_1A5$3_1 (181)
We deduce that:
f(x) = g(x)+h(z)
| th t+h |tk
= 3 Z x;r (Qs + As) x5 — Z x;—Asxs,l + 3 Z 55;11\5%71 —
s=t+1 s=t+1 s=t+1
t+h
S oIk
s=t+1
1
= —2'Qz—x' R+ constant (182)

2

where & = (2441, ..

., Zt+n), the matrix @ = Q1 + @2 is a block tridiagonal matrix and:

R Aepizy
Rt+2 On
rR=| 7 |+ ) (183)
Rt+h On
For Q = Q1 + Q2, we have:
Qi1+ A —Asyo 0p.n
—Aipo Qis2 + Ao —Aty3
—Aii3 Qi3+ Apys
Q= ,
“ANetho1 Qign—1 +Aiyn —Aiin
0n.n —Aitn Qi+n + Mitn
(184)
and:
At+2 On,n
Aii3
Q2 = (185)
Aitn
0,.n On,n

3

1
The constant term is equal to ix:AHlxt.
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C.6 Separable linear constraints in a multi-period optimization prob-
lem

If the constraints are fully separable:

Asxs = B,
reNe< Cus <D, (186)
z, <25 < T,
we obtain:
Ax =B
reNe Cx<D (187)
z<z<T

The matrices A and C' are block tridiagonal matrices. We have:

At+1 OnAt+1 n Ti41 Bt+1
At+2 Tt42 Bt+2

Ar =B < . i = . (188)
Ona,,m Atyn Tith Bitn

and:

Ct+1 Onct+1 n Ti41 Dt+1
Cit2 Tpyo Diyo

Cx<D<& . . < . (189)
Onc“rh n Ct+h Li+h Dt+h

For the bounds, we have:

Lyt Tty Ti41

_ Liyo Ti42 Tiq2
2<z<T& ) < . < (190)

Tyt Tiih Tian
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C.7 Multi-period mean-variance-lasso optimization

We extend Appendix C.4 to the multi-period framework.

C.7.1 Definition of the optimization problem

We consider the following optimization problem:

t+h
. 1
r;,, = arg min Z 2l Qs — 1) Ry + X ||lzs — 251, (191)
Tt41,Tt 42,5+ s—t11 2
Agzy = By
s.t. Csxs < Dy

0,<z,<z, <7 <1,

We assume that dim (z5) = n, dim (Bs) = na and dim (Dg) = ne, meaning that we have n
variables, n 4 equality constraints and n¢ inequality constraints. As previously, we introduce
the additional variables z; and z such that 24 = 241 — z; + z7. We reiterate that the
expression of the turnover is ||zs — zs_1]|; = 1, 25 + 1) 2. The treatment of the bounds
is more complicated. For instance, the single-period constraint z; < max (0,,zs—1 — Z,)
is equivalent to the upper bound z; < Z; = max (0,,zs_1 — z,) because xs_; is a given
variable. In the multi-period problem, the constraint z; < max (0,,zs_1 — z,) cannot be
cast into an upper bound since z,_; is an endogenous variable (except for the case s = t).
Therefore, we have:

z; < max(0,,Ts-1 — )
S max (On, fs—l - Qs)
S Ts—1 (192)
and:
z; > max(0,,Ts 1 — Ts)
> max (0,2, — Ts)
> o, (193)

Similarly, we have z7 < T,_; and 7 > 0,,. Nevertheless, the constraint z, < z, < T
imposes that:

z,— w1 Saf —x] <Tg—xe1 (194)
These constraints are difficult to manage. Therefore, we use less restrictive constraints:
z7 <zs_1 and z7 <1, — z5_1. Finally, we obtain an augmented QP problem:

t+h
r{,, = arg min Z 595;625955 - (x;rRs — A1)z — )\Slzxj') (195)

Tt 15Tt 42500+
+1,Tt+2, s=t+1

S
s.t. T
S
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C.7.2 Augmented QP formulation

Objective function The augmented QP problem is defined by:

1
z* = argmin {mTQx mTR} (196)
Ax =B
s.t. Cz <D
r<zr<zx
where m = 3nh and z = (a:t+1,zt_+1,m:r+1, e ,a:t+h,a:t_+h,mzr+h> is a m x 1 vector. The @)
matrix is a m x m matrix that depends on the quadratic matrices Q¢y1, ..., Qirn:
Qi1 03n,3n 031,30
Q _ OSn,Sn Qt+2 (197)
’ 0§n,3n
031,31 03n,3n  Qit+n
and:
~ Qs On,n On,n
Qs = On,n On,n On,n (198)
On,n Onm On,n
For the R vector, we have:
Ry
Rii2
R= . (199)
Ritn
and:
Rs=| —Xsl, (200)
-1,
Linear equality constraints For the linear equation Ax = B, we have:
At+1 OnA,?m OnA,?m
At+2 Ao
A = OnA,?)n OnA,3'rL (201)
fit+h71 Atth 0430
OnA,Sn OnA,Sn At+h At+h
and: }
Byt
Biio
B = . (202)
Bt
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The dimension of the A matrix is m4 x m where ma = (n4 + n) h. The computation of A

requires the following matrices?:

i As OnA,n OnA,n
A, = < I, I, -1 > (203)
and:
v 0 0 0
As — na,mn naA,n na,n 204
< _In On,n On,n ) ( )
The dimension of the B matrix is m4 x 1. We have:
- B,
BS:(O ) fors >t+1 (205)
and:
~ B
B = P (206)
Tt

Linear inequality constraints For the linear inequality Cx < D, we have:

Ciia 0nc,3n 0nc .30
ét+2 ét+2
C= Ope 5n . . One. 5m (207)
Crin Citn—1 Oncn
006,30 O0nc3n Cign Cign
and: ~
Dy
po| P (208)
Diyn

The dimension of the C' matrix is m¢e x m where mg = (n¢ + 2n) h. The computation of
C requires the following matrices?!:

I, O, (209)

and:
Onc,n Onc,n Onc,n
Cy = -1, 0., Onn (210)
In On,n On,n

The dimension of the D vector is mg x 1. We have:

D
D,=1{ o, for s >t+1 (211)
1,
and:
R Dy 1
Dt+1 = Tt (212)
1n — Tt

20 4, and As are two (na +m) X 3n matrices.
21¢; and Cs are two (ng + 2n) X 3n matrices.
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Bounds Finally, the lower and upper bounds are:

g: (£t+170n;0n7'~'7§t+h70n70n) (213)

and:
T = (§t+171na1n7-~-aft+h71n71n> (214)

C.7.3 The case ||z5 —z,_1]|; <75

As previsouly, the only differences concern the specification of the vector R and the inequality
constraints Cxz < D. We have:

R,=| o, (215)

The turnover constraint [lzs —zs_1]|, < 75 is equivalent to 1}z + 1} 2F < 7,. The
dimension of the C' matrix is m¢ x m where me = (ng + 2n + 1) h. The computation of C

requires the following matrices??:

Cs Onc n Onc n
= 0 I 0
Cs _ n,n n n,n 216
On,n On n In ( )

and:

G=| o (217)
ol o o

The dimension of the D vector is mg x 1. We have:

D
D, = (1)” fors>t+1 (218)
Ts
and:
Diy1
~ x
Din=| " (219)
Tt+1
h
C.7.4 The case Z:‘:wl Ty — Too1lly < T

Whereas the constraint ||zs — zs-1]|; < 75 controls the turnover management between s — 1

and s, the constraint ZZL’ZH |zs — xs—1]]; < 7 limits the total turnover over the period
[t + 1,t + h]. We have:

t+h t+h
Z |z —xs—1]]y ST & Z (11335_ + 1Ix:) <7 (220)
s=t+1 s=t+1

22¢ and Cs are two (nc + 2n + 1) X 3n matrices.
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In this case, the dimension of the C' matrix becomes m¢ x m where me¢ = (n¢ + 2n) h + 1.
We have to add a last constraint to the existing constraints Cz < D:

(02 17 17 ... ol 17 1g)gr (221)

We can also mix the single-period turnover constraint and the total turnover constraint.
Again, we add the previous constraint to the existing linear system Cx < D and the dimen-
sion of the matrix C' becomes m¢ x m where me = (nc +2n+ 1) h + 1.

C.7.5 Remark about the constraints

In this section, we have assumed that the number of linear equality As;zs = B, and the
number of linear inequality Cszs < Dy are fixed and do not depend on the time s =
t+1,...,t+h. We can of course consider that the number of constraints vary with respect
to the time s. The notations are more complex since n4 and ne¢ are time-varying. This only
changes the dimension of the null matrices 0, , 3, and Oy, 3n.
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C.8 Transition management constraints

Let x; and z* be the current and target portfolios. The transition management process
requires that the allocation in an asset can only be increasing or decreasing:

{ ‘T: > Tt <~ I’Ls Z Ti,s—1 (222)

*
TP < Tip S Tis < Tis—1

We note € = sign (z* — x;) the vector of 1, where ¢; indicates whether z} > z;, (¢; = +1)

or 7 < x;y (¢, = —1). The condition (222) is equivalent to the system of inequalities
Cx < D where © = (441, ..., Teyn) is the nh x 1 vector of weights. We have:
c Opn
c C
C = ) ) (223)
00 c

where C = diag (—¢), C' = diag (¢) and:

D= , (224)

*
K2

The conditions ] > z;; and 2} < x;, also implies that z; ; <z} and z; s > 27. They can

be implemented using the lower and upper bounds z < x < 7.
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C.9 Trading trajectory problem
C.9.1 Objective function

We consider the optimal trading trajectory problem:

t+h
{,C:+1 = argmin Z fs (xs) (225)
s=t+1
ot 1)z, =1
o s > 0y
where:
1
fs (33‘5) = ix;rsts - x;r (Rs - QSFsAxs) +
1 1
§AmZASAmS —€ (.’L‘ZIFSA.’ES + 2Am;rFSAats> (226)
Since Axgs = x4 — x4_1, it follows that:
1
fs (xs) = 537;@3275 - x;l— (Rs - ¢Fs (xs - ws—l)) +
1
3 (xs — xs,l)T (As —ely) (x5 —x5-1) — 5x§71FS (x5 —x5-1)
1
= 51'2@5555 - x;rRs + x;r (¢Fs) Ts — (E;— ((1251—‘5) Ts_1+
1 1
533; (AS - EFS) Ts — x;r (AS - EFS) Ts—1+ 51/';[1 (As - EFS) Ts—1 —

IGT (srs) Ts—1 + x;r_l (EFS) Ts—1

1 1
T 10,0 To,1 T 1,1 T
= Ty Ty — X Qs Ts—1 + fx,_le Ts_1— Ty R,

2 S S 2 S
where:
Q(S),O = Qs + As + (2(725 - 5) Fs
QY = A+l (227)
Q;’l = As + EFS
C.9.2 QP problem
The QP problem is defined by:
1
¥ = argmin {233TQ$ — xTR}
Ax =B
s.t. Ce <D
rx<zr<Z
where © = (2411, ..., 2Zt+n), the matrix Q = Q1 + Q2 is a block tridiagonal matrix and:
Rt y1 QYL ay
Rt+2 On
R= ) + . (228)
Rt+h On
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For Q = Q1 + @2, we have:

0,0 0,1
@ § _QotérQ 0,1 Onn
—Qiho  Qiis —Qy 5
1 0,0
—Qts Qs
Q1= .
0,1 0,0 0,1
—Quinor Qibpo1r —Quby
0 —QUL Q%0
n,n t+h t+h
and: -
Qt.,|-2 On,n
1,1
Qs
Q2 =
1,1
Qiin
On,n O0n.n

)

C.9.3 Linear constraints

(229)

(230)

If the linear constraints are separable, we use the results given in Appendix C.6 on page 59.
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